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SOLVABLE LIE ALGEBRAS OF DERIVATIONS OF
RANK ONE

Let K be a field of characteristic zero, A = K[x1, . . . , xn] the polynomial ring and R = K(x1, . . . , xn)
the field of rational functions in n variables over K. The Lie algebra Wn(K) of all K-derivations on A is
of great interest since its elements may be considered as vector fields on Kn with polynomial coefficients.
If L is a subalgebra of Wn(K), then one can define the rank rkAL of L over A as the dimension of the
vector space RL over the field R. Finite dimensional (over K) subalgebras of Wn(K) of rank 1 over
A were studied by the first author jointly with I. Arzhantsev and E. Makedonskiy. We study solvable
subalgebras L of Wn(K) with rkAL = 1, without restrictions on dimension over K. Such Lie algebras
are described in terms of Darboux polynomials.
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Introduction

Let K be a field of characteristic zero and
A = K[x1, . . . , xn] the polynomial ring over K.
A K-derivation D on A is a K-linear operator
D : A → A satisfying the Leibniz‘s rule: D(fg) =
= D(f)g + fD(g) for all f, g ∈ A. If D1, D2 are
K-derivations on A and h ∈ A, then D1 +D2, hD1

and [D1, D2] = D1D2 −D2D1 are also derivations
on A. The set Wn(K) of all K-derivations on the
polynomial ring A is a Lie algebra over K (with
respect to the Lie bracket [D1, D2]) and simulta-
neously a free module over the polynomial ring A.
The set of partial derivations

{ ∂

∂x1
,
∂

∂x2
, . . . ,

∂

∂xn
}

forms the standard basis of the A-module Wn(K).
The Lie algebra Wn(K) is of great interest since
its elements may be considered as vector fields on
Kn with polynomial coefficients (see, for example,
[2–5]).

Let R = K(x1, . . . , xn) be the field of rational
functions in n variables over K. Each derivation
D ∈Wn(K) can be uniquely extended to a deriva-
tion on R by the rule:

D
(a
b

)
=
D(a)b− aD(b)

b2
.

If L is a subalgebra of the Lie algebraWn(K), then
one can define the rank rkA L of L over A as the
dimension dimRRL of the vector space RL con-
sisting of all linear combinations of elements aD,
where a ∈ R,D ∈ L. Note that RL is a Lie algebra
over K but not a Lie algebra over R in general.

Finite dimensional subalgebras of rank 1 over
A of the Lie algebra Wn(K) were described in [1].

We study solvable subalgebras (without any re-
strictions on dimension) of rank 1 over A from
the Lie algebra Wn(K). The main result, Theo-
rem 11, states that such a Lie algebra L is deter-
mined by a reduced derivation D ∈ Wn(K) and
elements λ, a, b ∈ A such that

D(a) = λa,D(b) = λb+ c for some c ∈ KerD.

The set
V D, V ⊆ ADλ ,

forms an abelian ideal I of the Lie algebra L with
the abelian factor algebra L/I. The obtained de-
scription can be useful for studying solvable Lie
algebras of small rank over A.

We use standard notations. A nonzero poly-
nomial a ∈ A is called a Darboux polynomial for
a derivation D ∈ Wn(K) if D(a) = λa for some
λ ∈ A. Such a polynomial λ is called a cofactor
for D with respect to a. Some properties of Dar-
boux polynomials and their applications in theory
of differential equations can be found in [7; 8]. We
denote by ADλ the set of all Darboux polynomials
forD ∈Wn(K) with the same cofactor λ and of the
zero polynomial. The set ADλ is obvioulsy a vector
space over K. If V is a subspace of ADλ , then we
denote by V D the set of all derivations fD, f ∈
∈ V. This set is a vector space over the field K. For
polynomials f, g ∈ A, we denote by gcd(f, g) the
greatest common divisor of f and g.

Abelian Lie algebras of rank one

Some auxiliary results are collected in the next
three lemmas (see, for example [6], [8]).
Lemma 1. Let D1, D2 ∈ Wn(K) and a, b ∈ A.
Then
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1. [aD1, bD2] = ab[D1, D2] + aD1(b)D2 −
bD2(a)D1.

2. If a, b ∈ KerD1∩KerD2, then [aD1, bD2] =
= ab[D1, D2].

3. If [D1, D2] = 0, then [aD1, bD2] =
= aD1(b)D2 − bD2(a)D1.

Lemma 2. Let L be an abelian subalgebra of
rank one over A of the Lie algebra Wn(K) and
aD, bD ∈ L for some nonzero D ∈Wn(K), a, b ∈
∈ A, b 6= 0. Then D(ab ) = 0. Moreover, if h =
= gcd(a, b) and a = a1h, b = b1h for some a1, b1 ∈
∈ A, then [a1D, b1D] = 0.
Proof. Using Lemma 1, one can get

[aD, bD] = (aD(b)− bD(a))D = 0,

since L is abelian and aD, bD ∈ L. Then
aD(b)− bD(a) = 0. This implies

D
(a
b

)
=
D(a)b− aD(b)

b2
= 0.

If h = gcd(a, b) and a = a1h, b = b1h, then

D(
a

b
) = D(

a1
b1

) = 0

The last equation implies the equality
[a1D, b1D] = 0. The proof is complete.

We need the following properties of Darboux
polynomials.
Lemma 3. Let D ∈Wn(K). Then

1. If f, g ∈ A are Darboux polynomials with
cofactors λ and µ respectively, then fg is a
Darboux polynomial for D with the cofactor
λ+ µ. Furthermore, if g 6= 0, then

D

(
f

g

)
= (λ− µ)

f

g
.

2. Every irreducible divisor of a Darboux poly-
nomial for D is again a Darboux polynomial
for D.

3. If f and g 6= 0 are coprime polynomials and
D(f/g) = 0, then f and g are Darboux poly-
nomials with the same cofactor.

Proof. See, for example, [7] and Propositions 2.2.1,
2.2.2 in [8].
Lemma 4. Let D ∈ Wn(K). The set A0 ⊆ A of
all Darboux polynomials for the derivation D with
all possible cofactors is closed under multiplication.
The set A1 ⊆ A of all polynomials that are not di-
visible by any non-constant Darboux polynomial for
D has the same property. Moreover, the equality
A = A0 ·A1 holds.
Proof. The multiplicative closure of the set A0 fol-
lows from Lemma 3(1). Let f, g ∈ A1 and suppose
some Darboux polynomial h divides fg. Then by
Lemma 3(3) we may assume without lost of gen-
erality that h is irreducible. Since A is a unique

factorization domain, we get that h divides either
f or g, which is impossible. Thus A1A1 ⊆ A1. The
equality A = A0A1 follows from the multiplicative
closeness of sets A0, A1 and the fact that A is a
UFD. The proof is complete.
Corollary 5. If f ∈ A, f 6∈ K, then f = f0f1 for
the uniquely determined polynomials f0 ∈ A0 and
f1 ∈ A1.
Definition. A derivationD of the polynomial ring
A is called a reduced derivation if the condition
D = fD1 with D1 ∈ Wn(K) and f ∈ A implies
that f is a constant polynomial.

We will use the next statement, which can be
found in [1].
Lemma 6. [1, Lemma2] For every submodule M
of the A-module Wn(K) of rank one over A there
exist an ideal I of A and a reduced derivation D0 ∈
∈ Wn(K) such that M = ID0. The submodule M
defines the derivation D0 uniquely up to a nonzero
scalar.
Theorem 7. Let L be an abelian subalgebra of
rank one over A of the Lie algebra Wn(K) and
dimK L ≥ 2. Then there exist elements D ∈Wn(K)
and λ ∈ A such that L = V D for some K-subspace
V of ADλ = {a ∈ A | D(a) = λa}. Conversely, ev-
ery subalgebra of Wn(K) of such a form is abelian
of rank one over A.
Proof. Since Wn(K) is a free A-module and a sub-
algebra L ⊆ Wn(K) is of rank 1 over A, by
Lemma 6 the subalgebra AL ⊆ Wn(K) is of the
the form AL = ID for an ideal I of the ring A and
some reduced derivation D ∈Wn(K) (note that in
general D 6∈ L). The inclusion L ⊆ AL implies
that every element of the subalgebra L is of the
form aD for some a ∈ A and D ∈ Wn(K). It is
easy to see that the set

U = {a ∈ A|aD ∈ L}

is a vector subspace (over K) of the algebra A. Let
us choose a basis {āi, i ∈ J} of the vector space
U over K, where J is a set of indices, and denote
by h the greatest common divisor of elements ai ∈
∈ A, i ∈ J. Then ai = hai for some ai ∈ A, i ∈ J,
and U = hV, where V is a vector space over K with
a basis {ai, i ∈ J} such that gcdi∈J ai = 1. Hence,
we get

L = hV ·D.

Let us fix an arbitrary element b ∈ V and show
that b is a Darboux polynomial for the deriva-
tion D. By definition of the vector space V, we get
hbD ∈ L. Then for each basic element ai, i ∈ J, the
relation [hbD, haiD] = 0 holds. We therefore have
D(b/ai) = 0 by Lemma 2. Denote di = gcd(b, ai),
i ∈ J. Then

ai = cidi, b = bidi
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for some coprime polynomials bi and ci, i ∈ J.
Since D(bi/ci) = 0, Lemma 3(3) implies that
bi and ci are Darboux polynomials for D. By
Lemma 3(2), each irreducible divisor of the poly-
nomial ci, i ∈ J, is a Darboux polynomial for the
derivation D.

Let us show that each irreducible divisor of the
polynomial b is a divisor of at least one of poly-
nomials bi, i ∈ J. Suppose to the contrary that
there is an irreducible polynomial r such that r | b
and r - bi for all i ∈ J. But then r | di for all
i ∈ J. One can easily show that the last relations
imply r | ai, i ∈ J. The latter is impossible because
gcdi∈Jai = 1. The obtained contradiction shows
that every divisor of the polynomial b is a divisor
of at least one of polynomials bi, i ∈ J. Then by
Lemma 3(2) each divisor of b is a Darboux poly-
nomial for D and thus, b also is a Darboux poly-
nomial for D.

Let now b1, b2 ∈ V be arbitrary elements. Then

D(b1) = λ1b1, D(b2) = λ2b2

for some λ1, λ2 ∈ A as noted above. Since
[hb1D,hb2D] = 0 we get λ1 = λ2 and then b1, b2 ∈
∈ ADλ , where λ = λ1 = λ2. It follows from the last
relation that V ⊆ ADλ . Denoting by D the deriva-
tion hD, we obtain L = V D.

The converse statement can be proven by a
straightforward check.

Remark 1. It follows from the proof of Theorem 7
that under conditions of the theorem the Lie al-
gebra L can be written in the form L = hV D for
some reduced derivationD ∈Wn(K), a polynomial
h ∈ A, and a subspace V ⊆ ADλ .

Nonabelian solvable Lie algebras of
derivations of rank 1

Lemma 8. [6, Lemma 7] Let L be a solvable non-
abelian subalgebra of rank 1 over A from the Lie
algebra Wn(K). Then the derived length s(L) = 2.
Lemma 9. Let L be a solvable nonabelian subalge-
bra of Wn(K) of rank 1 over A. Then L contains a
maximal (with respect to inclusion) abelian ideal I
of the form I = hV D for a derivation D ∈Wn(K)
and a subspace V ⊆ ADλ , λ ∈ A. Moreover, each
element from L \ I is of the form bD, where b ∈
∈ A, and [bD, ahD] = µahD for some µ = µ(b) ∈
∈ KerD.
Proof. By Lemma 8, the Lie algebra L is solvable
with the derived length s(L) = 2. Let I be a max-
imal abelian ideal of L that contains the abelian
ideal L′ = [L,L]. Then I = hV D for a reduced
derivation D ∈Wn(K) and a subspace V ⊆ ADλ by
Theorem 7. Since the set of Darboux polynomi-
als for D is multiplicatively closed (Lemma 2), we

may assume without lost of generality that h is not
divisible by any non-constant Darboux polynomial
for D.

Let ahD ∈ I, a ∈ V, a 6= 0, and bD ∈ L\I, b ∈
∈ A be arbitrary elements. Then

[bD, ahD] = (bD(ah)− ahD(b))D ∈ I.

Since a ∈ V, we have D(a) = λa by definition of
the set V. Therefore

bD(ah)−ahD(b) = λabh+abD(h)−ahD(b) ∈ hV

and we obtain

λabh+ abD(h)− ahD(b) = ah (1)

for some polynomial a ∈ V.
Since h is not divisible by any non-constant

Darboux polynomial for D, it follows from the
equation (1) that each divisor of a divides the poly-
nomial a. Then a divides a and ā = µa for some
polynomial µ ∈ A. We have D(a/a) = 0, since
a, a ∈ V ⊆ ADλ . Therefore µ = a/a ∈ KerD and
we get the relation

λabh+ abD(h)− ahD(b) = µah. (2)

The latter means that

[bD, ahD] = µahD (3)

for some µ ∈ KerD.
Let us show that the element µ ∈ KerD de-

pends only on the element bD ∈ L \ I and doesn’t
depend on ahD ∈ I.

Take arbitrary elements a1hD, a2hD ∈ I and
denote

[bD, a1hD] = µ1a1hD, (4)

[bD, a2hD] = µ2a2hD (5)

for µi ∈ KerD, i = 1, 2. We consider two cases.
Firstly, let rkKerD I = 1. Then for a1hD,

a2hD ∈ I there exist nonzero elements ν1, ν2 ∈
∈ KerD such that

ν1a1hD + ν2a2hD = 0. (6)

Thus
a1hD = −ν2

ν1
a2hD

and obviously D(ν2/ν1) = 0. Therefore

[bD, a1hD] = [bD,−ν2
ν1
a2hD] =

= −ν2
ν1

[bD, a2hD]. (7)

Using equalities (4), (5) and (7), we get

[bD, a1hD] = −ν2
ν1
µ2a2hD = µ1a1hD. (8)
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From the last relations we obtain

−(ν2/ν1)µ2a2h = µ1a1h

and thus
µ1ν1a1 + µ2ν2a2 = 0.

By (6) ν1a1 = −ν2a2, so we have

µ2ν2a2 − µ1ν2a2 = 0,

and thus µ1 = µ2. Therefore,

[bD, ahD] = µ · ahD

for an arbitrary a ∈ V, and µ = µ(b) ∈ KerD
depends only on b.

Now, let rkKerD I > 1 and elements
a1hD, a2hD ∈ I be linearly independent over
KerD. We use notations (4), (5) from the above
considered. From the relation (2) we get

λa1bf + a1bD(h)− a1hD(b) = µ1a1h,

λa2bf + a2bD(h)− a2hD(b) = µ2a2h.
(9)

Furthermore, for an element (a1 + a2)hD ∈ I we
have

[bD, (a1 + a2)hD] = ν(a1 + a2)hD (10)

for some ν ∈ KerD. It follows from (9) that

[bD, (a1 + a2)hD] = (µ1a1 + µ2a2)hD. (11)

Using (10) and (11), we obtain

µ1a1 + µ2a2 = ν(a1 + a2).

Since a1, a2 are linearly independent over KerD,
it follows from the last relation µ1 = µ2 = ν. As in
the case of rkKerD I = 1, it is easy to see that

[bD, ahD] = µahD

for the same µ and an arbitrary element ahD ∈ I.
The proof is complete.
Corollary 10. Under conditions of the lemma, if
KerD = K, then ad bD acts as a scalar linear op-
erator on the ideal I.
Theorem 11. Let L be a solvable nonabelian sub-
algebra of the Lie algebra Wn(K) with rkA L = 1.
Then L contains an abelian ideal I of the form
I = V hD for a derivation D ∈ Wn(K), a poly-
nomial h ∈ A, a subspace V ⊆ ADλ and each ele-
ment from L \ I is of the form bD for b ∈ A such
that D(b) = λb+ c for some c ∈ KerD. Moreover,
[bD, ahD] = c · ahD for an arbitrary ahD ∈ I.
Proof. In view of Lemma 8, L is solvable of de-
rived length s(L) = 2. Therefore, L′ = [L,L] is
an abelian ideal. Let us denote by I any maximal

abelian ideal of L that contains L′. Then the cen-
tralizer CL(I) = I and L/I is an abelian quotient
algebra. By Theorem 7 I = hV D for a reduced
derivation D ∈ Wn(K), a subspace V ⊆ ADλ , and
a polynomial h ∈ A. Without lost of generality,
we may assume that h is not divisible by any non-
constant Darboux polynomial for D.

Let us choose an arbitrary element bD ∈ L \ I.
By Lemma 9,

[bD, ahD] = µahD

for some µ = µ(b) ∈ KerD. As in Lemma 9 it is
easy to show that

λbh+ bD(h)− hD(b) = µh. (12)

It follows from the equation (12) that
gcd(b, h) 6= 1. Indeed, otherwise, D(h) is divisible
by h and h is a Darboux polynomial for D, which
contradicts our assumption. Thus, we may choose
an element b0D ∈ L \ I with the highest degree
deg gcd(b0, h). Denote h0 = gcd(b0, h), h0 6= const .

Let us show that b is divisible by h0 and b/h0 is
coprime with h for an arbitrary element bD ∈ L\I.
By Lemma 9, we have

[bD, ahD] = µahD, [b0D, ahD] = µ0ahD

for an arbitrary ahD ∈ I and some µ, µ0 ∈ KerD.
It is obvious that

[µ0bD − µb0D, ahD] = 0

for an arbitrary ahD ∈ I. Since CL(I) = I, we get

µ0bD − µb0D ∈ I,

that is
µ0b− µb0 = a0h (13)

for some a0 ∈ V. Since b0 is divisible by h0 =
= gcd(b0, h), it follows from (13) that µ0b is divisi-
ble by h0. Note that µ0 and h0 are coprime polyno-
mials. Indeed, suppose to the contrary that h̄0 =
= gcd(µ0, h0) is a non-constant polynomial. Then
h0 is a Darboux polynomial for D since h0 divides
µ0 ∈ KerD. But h0 divides h0 and h0 divides h,
so h0 divides h, which contradicts our assumption
on the element h.

Relations (13) and gcd(µ0, h0) = 1 imply that
b is divisible by h0. Hence, it is easy to see that
b/h0 is a coprime polynomial to h for an arbitrary
bD ∈ L \ I.

Let us denote b = b/h0. Then bD = bh0D for
an arbitrary bD ∈ L \ I. We (for convenience) use
the following notations

D1 = h0D, h1 =
h

h0
, λ1 = h0λ.

Then

I = hV D = h1h0V D = h1V1D1,
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where V1 ⊆ AD1

λ1
.Moreover, each element from L\I

may be presented in the form b1D1 for b1 ∈ A and
D1 = h0D. Note that without lost of generality we
may choose an element h1 = h/h0 such that h1 is
not divisible by any non-constant Darboux poly-
nomial for D1. As in Lemma 9, one can show that
for an arbitrary element a1h1D1 ∈ I there exists
µ ∈ KerD1 (note that KerD1 = KerD) such that

[b1D1, a1h1D1] = µa1h1D1.

Then the equality

λ1b1h1 + b1D1(h1)− h1D1(b1) = µh1 (14)

holds and this equality implies that b1D1(h1) is
divisible by h1. By the proved above

gcd(b1, h) = 1 = gcd(b1, h1).

These equalities imply that D1(h1) is divisible
by h1, whence h1 is a Darboux polynomial for

D1. The last contradicts our choice of h1 and
thus h1 = const . Then it follows from (14) that
λ1b1 −D(b1) = µ for some µ ∈ KerD1, that is

D(b1) = λ1b1 + µ, µ ∈ KerD1.

Replacing notations, we obtain the statement of
the theorem.
Example 1. Let I and B be vector spaces of deriva-
tions of W2(K) of the following forms:

I = K〈x2 ∂
∂x1

, x2
2 ∂
∂x1

, . . . x2
m ∂
∂x1

, . . .〉

B = K〈x2x1 ∂
∂x1

, x2
2x1

∂
∂x1

, . . . x2
mx1

∂
∂x1

, . . .〉
Then one can easily check that I and B are

abelian subalgebras ofW2(K) and [B, I] ⊆ I. Thus,
L = B + I is a metabelian Lie algebra of rank 1
over A. This Lie algebra is of type described in
Theorem 11 when we put D = ∂

∂x1
, λ = 0, h = 1.
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Петравчук А. П., Сисак К. Я.

РОЗВ’ЯЗНI АЛГЕБРИ ЛI ДИФЕРЕНЦIЮВАНЬ
РАНГУ ОДИН

Нехай K – довiльне поле характеристики нуль, A = K[x1, . . . , xn] – кiльце многочленiв та R =
= K(x1, . . . , xn) – поле рацiональних функцiй вiд n змiнних над K. Алгебра Лi Wn(K) всiх K-
диференцiювань кiльця A становить великий iнтерес, оскiльки її елементи можуть розглядатися
як векторнi поля на Kn з полiномiальними коефiцiєнтами. Якщо L пiдалгебра iз Wn(K), то можна
визначити ранг rkAL пiдалгебри L над кiльцем A як розмiрнiсть векторного простору RL над
полем R. Скiнченновимiрнi (над K) пiдалгебри рангу 1 над A вивчалися першим автором разом
з I. Аржанцевим та Є. Македонським. Ми вивчаємо розв’язнi пiдалгебри L алгебри Лi Wn(K) з
rkAL = 1, без обмежень на розмiрнiсть над K. Дано опис таких алгебр Лi в термiнах многочленiв
Дарбу.

Ключовi слова: алгебра Лi, розв’язна алгебра Лi, диференцiювання, многочлен Дарбу, кiльце
многочленiв.
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