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ÏÎËIÍÎÌIÀËÜÍÅ ÏÐÅÄÑÒÀÂËÅÍÍß ÄÂIÉÊÎÂÈÕ
ÄÅÐÅÂ ÅÍÒÐÎÏIÉÍÈÕ ÁIÍÀÐÍÈÕ ÊÎÄIÂ1

Âàæëèâîþ ñêëàäîâîþ ïîòîêîâîãî îáìiíó âåëèêèìè îá'¹ìàìè iíôîðìàöi¨ ¹ àëãîðèòìè ñòèñêà-
ííÿ iíôîðìàöiéíîãî ïîòîêó, ÿêi ñâî¹þ ÷åðãîþ ïîäiëÿþòü íà àëãîðèòìè ñòèñêàííÿ áåç âòðàò
(åíòðîïiéíi) � Øåíîíà, Õàôìàíà, àðèôìåòè÷íå êîäóâàííÿ, óìîâíî ñòèñêàþ÷i � LZW òà iíøi
ái¹êöi¨ iíôîðìàöiéíîãî êîíóñó, àëãîðèòìè ñòèñêàííÿ ç âòðàòàìè, íàïðèêëàä, mp3, jpeg òà íèçêà
iíøèõ.

Ïiä ÷àñ ïîáóäîâè àëãîðèòìó ñòèñêàííÿ ç âòðàòàìè âàæëèâèì ¹ äîòðèìóâàòèñü ïåâíî¨ ôîð-
ìàëüíî¨ ñòðàòåãi¨. Ñôîðìóëþâàòè ¨¨ ìîæíà òàêèì ÷èíîì: ïiñëÿ îïèñó ìíîæèíè îá'¹êòiâ, ÿêi
¹ àòîìàðíèìè åëåìåíòàìè îáìiíó â iíôîðìàöiéíîìó ïîòîöi, íåîáõiäíî ïîáóäóâàòè àáñòðàêòíó
ñõåìó öüîãî îïèñó, ùî äîçâîëèòü âèçíà÷èòè ìåæó äëÿ àáñòðàêòíèõ çðiçiâ öi¹¨ ñõåìè, çà ÿêîþ
ïî÷èíàþòüñÿ äîïóñòèìi âòðàòè.

Ïiäõîäè äî âèÿâëåííÿ àáñòðàêòíî¨ ñõåìè, ùî ïîðîäæó¹ àëãîðèòìè ñòèñêàííÿ ç äîïóñòèìè-
ìè âòðàòàìè, ìîæóòü áóòè îòðèìàíi ç êîíòåêñòó ïðåäìåòíî¨ îáëàñòi. Íàïðèêëàä, àëãîðèòì
ñòèñêàííÿ àóäiîïîòîêó ìîæå ðîçäiëÿòè ñèãíàë íà ïðîñòi ãàðìîíiêè òà çàëèøà¹ ñåðåä íèõ òi,
ùî ðîçòàøîâàíi â ïåâíîìó äiàïàçîíi ñïðèéíÿòòÿ. Òàêèì ÷èíîì, îòðèìàíèé íà âèõîäi ñèãíàë ¹
ïåâíîþ àáñòðàêöi¹þ âõiäíîãî, ùî ìiñòèòü âàæëèâó iíôîðìàöiþ çãiäíî ç êîíòåêñòîì ñëóõîâî-
ãî ñïðèéíÿòòÿ àóäiîïîòîêó òà ïðåäñòàâëåíèé ìåíøîþ êiëüêiñòþ iíôîðìàöi¨. Ïîäiáíèé ïiäõiä
âèêîðèñòîâó¹òüñÿ â ôîðìàòi mp3, ÿêèé ¹ ñòèñêàþ÷èì ïðåäñòàâëåííÿì.

Íà âiäìiíó âiä àëãîðèòìiâ ñòèñêàííÿ ç âòðàòàìè, åíòðîïiéíi àëãîðèòìè ñòèñêàííÿ íå âè-
ìàãàþòü àíàëiçó êîíòåêñòó, à ìîæóòü áóòè ïîáóäîâàíi çãiäíî ç ÷àñòîòíîþ êàðòèíîþ. Ñåðåä
âiäîìèõ àëãîðèòìiâ ïîáóäîâè òàêèõ êîäiâ ìîæíà çãàäàòè àëãîðèòì Øåííîíà�Ôàíî, àëãîðèòì
Õàôìàíà òà àðèôìåòè÷íå êîäóâàííÿ.

Çíàõîäæåííÿ iíôîðìàöiéíî¨ åíòðîïi¨ äëÿ çàäàíîãî êîäó Øåííîíà ¹ òðèâiàëüíîþ çàäà÷åþ.
Îáåðíåíà çàäà÷à, à ñàìå ïîøóê âiäïîâiäíèõ êîäiâ Øåííîíà, ùî ìàþòü íàïåðåä çàäàíó åíòðî-
ïiþ òà ç íåâèçíà÷åíèìè éìîâiðíîñòÿìè, ùî ¹ âiä'¹ìíèìè öiëèìè ñòåïåíÿìè äâiéêè, ¹ äîñòà-
òíüî ñêëàäíîþ. Âîíà ìîæå áóòè âèðiøåíà ïðÿìèì ïåðåáîðîì, àëå ñóòò¹âèì íåäîëiêîì öüîãî
ïiäõîäó ¹ éîãî îá÷èñëþâàíà ñêëàäíiñòü. Ó öié ñòàòòi çàïðîïîíîâàíî àëüòåðíàòèâíèé ïiäõiä äî
ïîøóêó òàêèõ êîäiâ. Îïèñàíà òåõíiêà ïîëiíîìiàëüíîãî ïðåäñòàâëåííÿ äâiéêîâèõ äåðåâ áiíàðíèõ
êîäiâ Øåííîíà ç iìîâiðíîñòÿìè, ùî ¹ âiä'¹ìíèìè öiëèìè ñòåïåíÿìè äâiéêè, äà¹ çìîãó áóäóâàòè
âiäïîâiäíi êîäè çà âiäîìèì çíà÷åííÿì iíôîðìàöiéíî¨ åíòðîïi¨.

Êëþ÷îâi ñëîâà: êîä Øåííîíà, iíôîðìàöiéíà åíòðîïiÿ, áiíàðíå äåðåâî.

Âñòóï

Áiíàðíèé êîä Øåííîíà [1] äëÿ àëôàâiòó ïî-
òóæíîñòi n òà ç iìîâiðíîñòÿìè, ùî ¹ âiä'¹ìíèìè
öiëèìè ñòåïåíÿìè äâiéêè, ìîæå áóòè çàäàíèé
äâiéêîâèì êîðåíåâèì äåðåâîì ç n ëèñòàìè. Â
ïðèðîäíié êîîðäèíàòèçàöi¨ äâiéêîâîãî êîðåíå-
âîãî äåðåâà ëèñòè, øëÿõ âiä êîðåíÿ äî ÿêèõ ìi-
ñòèòü áiëüøå ðåáåð, áóäóòü çíàõîäèòèñÿ ëiâiøå.
Äëÿ ëèñòà êiëüêiñòü ðåáåð, ùî çâ'ÿçóþòü éîãî
ç êîðåíåì, áóäåìî íàçèâàòè ðiâíåì öüîãî ëèñòà.
Ïðè òàêîìó ïðåäñòàâëåííi äâiéêîâå êîðåíåâå äå-
ðåâî, ùî çàäà¹ äàíèé êîäØåííîíà, áóäå ¹äèíèì

ç òî÷íiñòþ äî içîìîðôiçìó. Çàóâàæèìî, ùî ïîëi-
íîìiàëüíå ïðåäñòàâëåííÿ àëãåáðà¨÷íèõ îá'¹êòiâ
ó áàãàòüîõ âèïàäêàõ íàäà¹ çðó÷íó òåõíiêó äëÿ
ðîçâ'ÿçàííÿ íèçêè ïðîáëåì [2�4].
Îçíà÷åííÿ 1. Çà çàäàíèì äåðåâîì Tn êîäîì
ïîáóäó¹ìî âiäïîâiäíèé ïîëiíîì

p[Tn](x) = b1x+ · · ·+ blx
l,

äå bi äîðiâíþ¹ êiëüêîñòi ñòði÷îê äîâæèíè i ó
âiäïîâiäíîìó êîäi.
Ïðèêëàä 1. Êîä Øåííîíà:

0, 1

1Çà ÷àñòêîâî¨ ïiäòðèìêè ïðî¹êòó ¾Còâîðåííÿ öåíòðó öèôðîâèõ iííîâàöié ÍÀÍ Óêðà¨íè¿ Öiëüîâî¨ ïðîãðàìè
íàóêîâèõ äîñëiäæåíü ÍÀÍ Óêðà¨íè ¾Ìàòåìàòè÷íå ìîäåëþâàííÿ ó ìiæäèñöèïëiíàðíèõ äîñëiäæåííÿõ ïðîöåñiâ i
ñèñòåì íà îñíîâi iíòåëåêòóàëüíèõ ñóïåðêîìï'þòåðíèõ, ãðiä- i õìàðíèõ òåõíîëîãié¿ íà 2021�2025 ðð. (äåðæàâíèé
ðå¹ñòðàöiéíèé íîìåð: 0121U110979).
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2 ñòði÷êè äîâæèíè 1
Åíòðîïiÿ:

E[T2] = 1 ·
(
1

2

)1

+ 1 ·
(
1

2

)1

= 1.

Ïîëiíîì:

p[T2](x) = 2x.

Ïðèêëàä 2. Êîä Øåííîíà:

00, 01, 1

2 ñòði÷êè äîâæèíè 2, 1 � äîâæèíè 1
Åíòðîïiÿ:

E[T3] = 2 ·
(
1

2

)2

+ 2 ·
(
1

2

)2

+ 1 ·
(
1

2

)1

=
3

2
.

Ïîëiíîì:

p[T3](x) = 2x2 + x.

Îñíîâíà ÷àñòèíà

Òåîðåìà 1.

p[Tn](x) = 2x+ (2x2 − x)k(x).

Äîâåäåííÿ. Äiéñíî, êîæíå äåðåâî êîäó, ùî ìà¹
n ëèñòiâ, ìîæíà îòðèìàòè ç äåðåâà, ùî ìà¹ n−1
ëèñòiâ äîäàâàííÿì äâîõ ðåáåð äî ïåâíîãî ëèñòà.
Â ðåçóëüòàòi çíèêíå îäèí ëèñò ðiâíÿ t òà äîäà-
äóòüñÿ äâà ëèñòà ðiâíÿ t+1. Â ïîëiíîìiàëüíîìó
ïðåäñòàâëåííi öÿ îïåðàöiÿ ìà¹ òàêèé âèãëÿä:

p[Tn](x) = p[Tn−1](x) + 2xt+1 − xt =

= p[Tn−1](x) + (2x− 1) · xt.

Äëÿ êîæíîãî n äåðåâî Tn ìîæíà iíäóêòèâ-
íî îòðèìàòè ç T2 çà äîïîìîãîþ îïèñàíî¨ âèùå
îïåðàöi¨.

Äëÿ äåðåâà T2 ìà¹ìî:

p[T2](x) = 2x.

Îòæå, äëÿ áóäü-ÿêîãî n ìà¹ ìiñöå ðiâíiñòü:

p[Tn](x) = 2x+ (2x2 − x)k(x).

Ëåìà 2.

p[Tn]

(
1

2

)
= 1.

Äîâåäåííÿ. Çãiäíî ç òåîðåìîþ 1 ìà¹ìî:

p[Tn]

(
1

2

)
= 2 · 1

2
+ 0 · k

(
1

2

)
= 1.

Ëåìà 3.

p[Tn](1) = n.

Äîâåäåííÿ. Äiéñíî, p[Tn](1) äîðiâíþ¹ ñóìi êî-
åôiöiåíòiâ öüîãî ïîëiíîìà, à îòæå, çãiäíî ç
îçíà÷åííÿì 1, äîðiâíþ¹ êiëüêîñòi ëèñòiâ äåðåâà
Tn.
Îçíà÷åííÿ 2.

e[Tn](x) = x
∂p[Tn](x)

∂x
.

Ëåìà 4.

e[Tn]

(
1

2

)
= E[Tn].

Äîâåäåííÿ. Äiéñíî, äëÿ êîäó, ùî ïðåäñòàâëåíèé
ïîëiíîìîì p[Tn](x) = b1x + · · · + blx

l, iíôîðìà-
öiéíà åíòðîïiÿ äîðiâíþ¹:

E[Tn] = b1 ·
1

2
+ ...+ bl · l ·

(
1

2

)l

=

=
1

2
·

(
b1 + ...+ bl · l ·

(
1

2

)l−1
)
.

À îòæå ìà¹ ìiñöå ðiâíiñòü:

E[Tn] = e[Tn]

(
1

2

)
.

Îçíà÷åííÿ 3. Îçíà÷èìî ïîðîäæóþ÷èé ïîëi-
íîì äëÿ êîäó Øåííîíà, ùî çàäàíèé äåðåâîì Tn,
òàêèì ÷èíîì:

k[Tn](x) =
p[Tn]− 2x

2x2 − x
.

Çãiäíî ç òåîðåìîþ 1 îçíà÷åííÿ 3 ¹ êîðå-
êòíèì.
Òåîðåìà 5. k[Tn](x) = a0 + · · ·+ atx

t, ai ∈ Z+ ¹
ïîðîäæóþ÷èì ïîëiíîíîì äëÿ ïåâíîãî áiíàðíîãî
äåðåâà êîäó Øåííîíà òîäi, i òiëüêè òîäi, êî-
ëè 0 ≤ a0 ≤ 2, òà ïîñëiäîâíiñòü a0,

a1

21 . . . , at

2t ¹
ñïàäíîþ.
Äîâåäåííÿ. Çãiäíî ç ðîçêëàäîì ç òåîðåìè 1 òà
îçíà÷åííÿ 3 ìà¹ìî:

p[Tn](x) = 2x+ (2x2 − x) · k[Tn](x).

Äëÿ iñíóâàííÿ âiäïîâiäíîãî äåðåâà êîäó Øåí-
íîíà íåîáõiäíî i äîñòàòíüî, ùîá êîåôiöi¹í-
òè ðåçóëüòóþ÷îãî ïîëiíîìó p[Tn](x) áóëè íå-
âiä'¹ìíèìè öiëèìè ÷èñëàìè. Öÿ óìîâà âiäïîâi-
äà¹ òàêèì îáìåæåííÿì íà êîåôiöi¹íòè ïîëiíîìà
k[Tn](x):

a0 6 2

ai+1 6 2ai

0 6 at

ùî ðiâíîñèëüíî òîìó, ùî ïîñëiäîâíiñòü
a0,

a1

21 . . . , at

2t ¹ ñïàäíîþ.



22 ISSN 2617-7080. Ìîãèëÿíñüêèé ìàòåìàòè÷íèé æóðíàë. 2021. Òîì 4

Ëåìà 6.

k[Tn](1) = n− 2.

Äîâåäåííÿ. Çãiäíî ç îçíà÷åííÿì 3:

k[Tn](1) = p[Tn](1)− 2.

Òà, çãiäíî ç ëåìîþ 3, ìà¹ìî ïîòðiáíå òâåðäæåí-
íÿ:

k[Tn](1) = n− 2.

Îçíà÷åííÿ 4.

Ẽ[Tn] = 2(E[Tn]− 1).

Òåîðåìà 7.

k[Tn]

(
1

2

)
= Ẽ[Tn].

Äîâåäåííÿ. Ìàþòü ìiñöå òàêi ñïiââiäíîøåííÿ:

(2x+ x(2x− 1)k(x))′ = 2 + (x(2x− 1))′k(x)+

+x(2x−1)k′(x) = 2+(4x−1)k(x)+(2x2−x)k′(x).
Îòæå, çãiäíî ç îçíà÷åííÿì 3:

e[Tn](x) = x · ∂p[Tn](x)

∂x
=

= x·
(
2 + (4x− 1)k[Tn](x) + (2x2 − x) · ∂k[Tn](x)

∂x

)
.

Òîìó, çãiäíî ç ëåìîþ 4:

E[Tn] = e[Tn]

(
1

2

)
=

1

2
·
(
2 + k[Tn]

(
1

2

))
.

Îñòàòî÷íî ìà¹ìî:

k[Tn]

(
1

2

)
= 2(E[Tn]− 1) = Ẽ[Tn].

Ïðèêëàä 3. Íåõàé åíòðîïiÿ êîäó Øåííîíà ç äå-
ðåâîì Tn äîðiâíþ¹ 3

2 .

Ẽ[Tn] = 2(
3

2
− 1) = 1.

Íåõàé

k[Tn](x) = a0 + a1x+ ...atx
t.

Îòæå, çà òåîðåìîþ 7

a0 +
a1
2

+ ...
at
2t

= 1

i ¹äèíèé ðîçâ'ÿçîê â óìîâàõ òåîðåìè 5 � a0 =
= 1, ai = 0, i > 0. Çâiäñè

k[Tn](x) = 1

p[Tn](x) = 2x+ (2x2 − x) = 2x2 + x.

�äèíèì äâiéêîâèì êîäîì Øåííîíà ç åíòðîïi¹þ
3
2 áóäå òàêèé:

00, 01, 1

2 ñòði÷êè äîâæèíè 2, 1 � äîâæèíè 1.

Ïðèêëàä 4. Íåõàé åíòðîïiÿ êîäó Øåííîíà ç äå-
ðåâîì Tn äîðiâíþ¹ 2.

Ẽ[Tn] = 2(2− 1) = 2.

Íåõàé

k[Tn](x) = a0 + a1x+ · · ·+ atx
t.

Îòæå

a0 +
a1
2

+ · · ·+ at
2t

= 2

i ¹äèíèé ðîçâ'ÿçîê äëÿ êîæíîãî n â óìîâàõ òå-
îðåìè äëÿ Tn � öå

ai = 1, i 6 (n− 5)

an−4 = 2.

Çâiäñè

k[Tn](x) = 1 + x+ · · ·+ 2xn−2

p[Tn](x) = 2x+ (2x2 − x)(1 + x+ · · ·+ 2xn−2).

Íàïðèêëàä

p[T4](x) = 2x+ (2x2 − x)2 = 4x2,

òîìó ¹äèíèì äâiéêîâèì êîäîìØåííîíà ç åíòðî-
ïi¹þ 2 òà äåðåâîì T4 áóäå òàêèé:

00, 01, 10, 11,

ùî ìiñòèòü 4 ñòði÷êè äîâæèíè 2.

Äëÿ n = 5 ìà¹ìî:

p[T5](x) = 2x+ (2x2 − x)(1 + 2x) = 4x3 + x,

òîìó ¹äèíèì äâiéêîâèì êîäîìØåííîíà ç åíòðî-
ïi¹þ 2 òà äåðåâîì T5 áóäå òàêèé:

000, 001, 010, 011, 1,

ùî ìiñòèòü 4 ñòði÷êè äîâæèíè 3 òà îäíó ñòði-
÷êó äîâæèíè 1.

Âèñíîâêè

Îïèñàíà òåõíiêà ïîëiíîìiàëüíîãî ïðåäñòàâ-
ëåííÿ äâiéêîâèõ äåðåâ áiíàðíèõ êîäiâ Øåííîíà
ç éìîâiðíîñòÿìè, ùî ¹ âiä'¹ìíèìè öiëèìè ñòåïå-
íÿìè äâiéêè, äîçâîëÿ¹ áóäóâàòè âiäïîâiäíi êîäè
çà âiäîìèì çíà÷åííÿì iíôîðìàöiéíî¨ åíòðîïi¨.
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D. Morozov

POLYNOMIAL REPRESENTATION OF BINARY TREES
OF ENTROPY BINARY CODES

An important component of streaming large amounts of information are algorithms for compressing
information flow. Which in turn are divided into lossless compression algorithms (entropic) - Shannon,
Huffman, arithmetic coding, conditional compression - LZW, and other information cone injections and
lossy compression algorithms - such as mp3, jpeg and others.

It is important to follow a formal strategy when building a lossy compression algorithm. It can be
formulated as follows. After describing the set of objects that are atomic elements of exchange in the
information flow, it is necessary to build an abstract scheme of this description, which will determine
the boundary for abstract sections of this scheme, which begins the allowable losses.

Approaches to the detection of an abstract scheme that generates compression algorithms with al-
lowable losses can be obtained from the context of the subject area. For example, an audio stream
compression algorithm can divide a signal into simple harmonics and leave among them those that are
within a certain range of perception. Thus, the output signal is a certain abstraction of the input,
which contains important information in accordance with the context of auditory perception of the audio
stream and is represented by less information. A similar approach is used in the mp3 format, which is
a compressed representation.

Unlike lossy compression algorithms, entropic compression algorithms do not require context analysis,
but can be built according to the frequency picture. Among the known algorithms for constructing such
codes are the Shannon-Fano algorithm, the Huffman algorithm and arithmetic coding.

Finding the information entropy for a given Shannon code is a trivial task. The inverse problem,
namely finding the appropriate Shannon codes that have a predetermined entropy and with probabilities
that are negative integer powers of two, is quite complex. It can be solved by direct search, but a significant
disadvantage of this approach is its computational complexity. This article offers an alternative technique
for finding such codes.

Keywords: Shannon code, information entropy, binary tree.
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