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ÏÎÁÓÄÎÂÀ ÏÀÐÈ ÊÎÑÏÅÊÒÐÀËÜÍÈÕ 5-ÐÅÃÓËßÐÍÈÕ
ÃÐÀÔIÂ, ÎÄÈÍ Ç ßÊÈÕ ÌÀ� ÄÎÑÊÎÍÀËÅ

ÏÀÐÓÂÀÍÍß, À IÍØÈÉ � ÍI

Ó öié ñòàòòi ðîçãëÿäàþòüñÿ òiëüêè ïðîñòi íåîði¹íòîâíi ãðàôè. Ïðîáëåìà ïîøóêó äîñêîíà-
ëîãî ïàðóâàííÿ ó äîâiëüíîìó ïðîñòîìó ãðàôi ¹ âiäîìîþ i ïîïóëÿðíîþ â òåîði¨ ãðàôiâ. �¨ çàñòîñî-
âóþòü ó ðiçíîìàíiòíèõ ñôåðàõ, òàêèõ ÿê õiìiÿ, êîìáiíàòîðèêà, òåîðiÿ iãîð òîùî. Ïàðóâàííÿì
M ó ïðîñòîìó ãðàôi G íàçèâàþòü ìíîæèíó ïîïàðíî íåñóìiæíèõ ðåáåð, òîáòî òàêèõ, ùî íå
ìàþòü ñïiëüíèõ âåðøèí. Ïàðóâàííÿ íàçèâàþòü äîñêîíàëèì, ÿêùî âîíî ïîêðèâà¹ óñi âåðøèíè
ãðàôà, òîáòî êîæíà ç âåðøèí ãðàôà iíöèäåíòíà ðiâíî îäíîìó ç ðåáåð ó äîñêîíàëîìó ïàðóâàí-
íi. Çà òåîðåìîþ Êåíiãà, ðåãóëÿðíi äâîäîëüíi ãðàôè äîäàòíîãî ñòåïåíÿ çàâæäè ìàþòü äîñêîíàëå
ïàðóâàííÿ. Ïðîòå ãðàôè, ÿêi íå ¹ äâîäîëüíèìè, ïîòðåáóþòü äîäàòêîâèõ äîñëiäæåíü. Ìóëüòè-
ìíîæèíó âëàñíèõ çíà÷åíü ìàòðèöi ñóìiæíîñòi íàçèâàþòü ñïåêòðîì ãðàôà. Îêðåìîþ öiêàâîþ
çàäà÷åþ òåîði¨ ãðàôiâ ¹ ïîøóê ïîïàðíî íåiçîìîðôíèõ êîñïåêòðàëüíèõ ãðàôiâ, òîáòî íåiçîìîð-
ôíèõ ãðàôiâ ç îäíàêîâèì ñïåêòðîì. Ó öüîìó íàïðÿìi ïðîâîäèëèñü äîñëiäæåííÿ ùîäî ïîøóêó
êîíêðåòíèõ êîíñòðóêöié êîñïåòðàëüíèõ ïàð ãðàôiâ. Êðiì òîãî, öiêàâèìè ¹ çíàõîäæåííÿ êîñïå-
êòðàëüíèõ ãðàôiâ, ÿêi ìàþòü äîäàòêîâi âëàñòèâîñòi, íàïðèêëàä, çíàõîäæåííÿ êîñïåêòðàëüíèõ
ãðàôiâ, äëÿ îäíîãî ç ÿêèõ iñíó¹ äîñêîíàëå ïàðóâàííÿ, à äëÿ äðóãîãî � íi.

Áëàçiê, Êàìiíãñ i Ãàìåðñ äîñëiäèëè, ùî äëÿ êîæíîãî k ≥ 5 iñíó¹ ïàðà êîñïåêòðàëüíèõ çâ'ÿçíèõ
k-ðåãóëÿðíèõ ãðàôiâ, äå îäèí ìà¹ äîñêîíàëå ïàðóâàííÿ, à iíøèé � íi. Ïðè äîâåäåííi öi¹¨ òåîðåìè
àâòîðè âèêîðèñòàëè êîíñòðóêöiþ ïåðåìèêàííÿ Ãîäçiëà�Ìàêêåÿ. Çà äîïîìîãîþ öi¹¨ êîíñòðóêöi¨
ó íàøié ðîáîòi ïîêðîêîâî îïèñàíî ïîáóäîâó ïàðè êîñïåêòðàëüíèõ çâ'ÿçíèõ 5-ðåãóëÿðíèõ ãðàôiâ.
Äëÿ îäíîãî ç ïîáóäîâàíèõ ãðàôiâ iñíó¹ äîñêîíàëå ïàðóâàííÿ, ÿêå íàâåäåíå â öié ñòàòòi. Äëÿ äðó-
ãîãî ïîáóäîâàíîãî ãðàôà äîñêîíàëîãî ïàðóâàííÿ íå iñíó¹. Ïîáóäîâàíi ãðàôè ìàþòü 42 âåðøèíè i
ñêëàäàþòüñÿ ç 5 áëîêiâ, ùî ç'¹äíàíi ìiæ ñîáîþ ìîñòàìè. Çà äîïîìîãîþ êîìï'þòåðíèõ çàñîáiâ
îá÷èñëåíî ñïåêòð ïîáóäîâàíèõ ãðàôiâ. Òàêèì ÷èíîì ïåðåâiðåíî, ùî ïàðà ñïðàâäi ¹ êîñïåêòðàëü-
íîþ.

Êëþ÷îâi ñëîâà: êîñïåêòðàëüíi ãðàôè, ðåãóëÿðíèé ãðàô, äîñêîíàëå ïàðóâàííÿ, ïåðåìèêàííÿ
Ãîäçiëà�Ìàêêåÿ.

Âñòóï

Ïðîáëåìà ïîøóêó äîñêîíàëîãî ïàðóâàííÿ ó
äîâiëüíîìó ãðàôi ¹ äîñèòü ïîøèðåíîþ i äîñëi-
äæó¹òüñÿ ó ðiçíîìàíiòíèõ ñôåðàõ, äå âèêîðè-
ñòîâó¹òüñÿ òåîðiÿ ãðàôiâ, íàïðèêëàä, ó õiìi¨,
êîìáiíàòîðèöi òà îêðåìèõ ãàëóçÿõ òåîði¨ iãîð.
Çà òåîðåìîþ Êåíiãà, ðåãóëÿðíi äâîäîëüíi ãðà-
ôè äîäàòíîãî ñòåïåíÿ çàâæäè ìàþòü äîñêîíàëå
ïàðóâàííÿ. Äëÿ ðåãóëÿðíèõ íåäâîäîëüíèõ ãðà-
ôiâ iñíó¹ äîñòàòíÿ óìîâà iñíóâàííÿ äîñêîíàëî-
ãî ïàðóâàííÿ (äèâ. [1]). Òîäi, ç óðàõóâàííÿì òî-
ãî, ùî çà ñïåêòðîì ìîæíà âèçíà÷èòè äâîäîëü-
íiñòü i ðåãóëÿðíiñòü ãðàôà (äèâ. [2]), ïðèðîäíèì
¹ çàïèòàííÿ, ÷è ìîæíà çà ñïåêòðîì ðåãóëÿðíî-
ãî ãðàôà âèçíà÷èòè iñíóâàííÿ â íüîìó äîñêîíà-
ëîãî ïàðóâàííÿ. Îñêiëüêè iñíóþòü íåiçîìîðôíi
ðåãóëÿðíi çâ'ÿçíi ãðàôè, ÿêi ¹ êîñïåêòðàëüíèìè,
çàëèøà¹òüñÿ äîñëiäèòè ïàðóâàííÿ ó ðåãóëÿðíèõ

ãðàôàõ ç îäíàêîâèìè ñïåêòðàìè. Ïðîòå, ÿê âè-
ÿâëÿ¹òüñÿ, iñíóþòü i òàêi êîñïåêòðàëüíi ïàðè ðå-
ãóëÿðíèõ ãðàôiâ, ó ÿêèõ îäèí ç ãðàôiâ ìà¹ äî-
ñêîíàëå ïàðóâàííÿ, à iíøèé � íi.

Îñíîâíi òâåðäæåííÿ

Íàãàäà¹ìî îñíîâíi îçíà÷åííÿ.
Îçíà÷åííÿ 1. Ïàðóâàííÿì M ó ãðàôi G íàçè-
âàþòü ìíîæèíó ïîïàðíî íåñóìiæíèõ ðåáåð, òîá-
òî òàêèõ, ùî íå ìàþòü ñïiëüíèõ âåðøèí.
Îçíà÷åííÿ 2. Äîñêîíàëå ïàðóâàííÿ � ïàðóâà-
ííÿ, ùî ïîêðèâà¹ óñi âåðøèíè ãðàôà. Êîæíà ç
âåðøèí ãðàôà iíöèäåíòíà ðiâíî îäíîìó ç ðåáåð
ó äîñêîíàëîìó ïàðóâàííi.

Äîñëiäæåííÿ iñíóâàííÿ íåiçîìîðôíèõ êîñïå-
êòðàëüíèõ k-ðåãóëÿðíèõ ãðàôiâ äëÿ k ≤ 2 ïðî-
âîäèëîñÿ ó ðîáîòi [2]. Äëÿ k ≤ 2 íå âèÿâëåíî
òàêèõ ãðàôiâ.
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Äëÿ êóái÷íèõ ãðàôiâ íåìà¹ ïåðåìèêàííÿ
Ãîäçiëà�Ìàêêåÿ ìiæ ãðàôàìè ç òà áåç äîñêîíà-
ëîãî ïàðóâàííÿ. Òîìó íi÷îãî íå ìîæíà ñêàçà-
òè ïðî iñíóâàííÿ êîñïåêòðàëüíèõ ïàð äëÿ òàêèõ
ãðàôiâ. Íåäîñëiäæåíèì çàëèøà¹òüñÿ i ïèòàííÿ
ùîäî iñíóâàííÿ íåiçîìîðôíèõ êîñïåêòðàëüíèõ
4-ðåãóëÿðíèõ ãðàôiâ.

Äëÿ k ≥ 5 ó ðîáîòi [3] äîâåäåíî iñíóâàííÿ
ïàðè íåiçîìîðôíèõ êîñïåêòðàëüíèõ ãðàôiâ ç òà
áåç äîñêîíàëîãî ïàðóâàííÿ.
Òåîðåìà 1. Äëÿ êîæíîãî k ≥ 5 iñíó¹ ïàðà êî-
ñïåêòðàëüíèõ çâ'ÿçíèõ k-ðåãóëÿðíèõ ãðàôiâ, äå
îäèí ìà¹ äîñêîíàëå ïàðóâàííÿ, à iíøèé � íi.

Íàéìåíøèé ïðèêëàä � öå ïàðà 5-ðåãóëÿðíèõ
êîñïåêòðàëüíèõ ãðàôiâ. Äàëi ïîáóäîâàíî ïðè-
êëàä òàêî¨ ïàðè, ÿêèé  ðóíòó¹òüñÿ íà ðåçóëüòà-
òàõ, îòðèìàíèõ Ãîäçiëîì òà Ìàêêå¹ì (äèâ. [4]).
Òâåðäæåííÿ 2. Íåõàé G � ãðàô, à X,Y � ðîç-
áèòòÿ ìíîæèíè âåðøèí. Ïðèïóñòèìî, ùî X
iíäóêó¹ ðåãóëÿðíèé ïiäãðàô, à êîæíà âåðøèíà

y ∈ Y ñóìiæíà ç 0,
|X|
2

àáî |X| âåðøèí X. Ïî-

áóäó¹ìî iç G íîâèé ãðàô G′ òàêèì ÷èíîì. Äëÿ

êîæíî¨ âåðøèíè y ∈ Y , ùî ñóìiæíà ç
|X|
2

âåð-

øèíàìè â X, âèäàëèìî
|X|
2

ðåáåð ìiæ y òà X

i ïðè¹äíà¹ìî y äî iíøèõ
|X|
2

âåðøèí X. Òîäi G

òà G′ áóäóòü êîñïåêòðàëüíèìè.

Ïîáóäîâà

Êðîê 1. Ïî÷íåìî ç ïîáóäîâè íåçâ'ÿçíîãî
îá'¹äíàííÿ 2 øëÿõiâ P2 òà îäíîãî øëÿõó P3.
Ãðàô H5 ¹ äîïîâíåííÿì öüîãî îá'¹äíàííÿ òà íå
ìà¹ äîñêîíàëîãî ïàðóâàííÿ (ðèñ. 1).

Ðèñ. 1. Ãðàô H5

Êðîê 2. Âåðøèíà ïiä íîìåðîì 6 ìà¹ ñòåïiíü
4, à iíøi ìàþòü ñòåïiíü 5. Äàëi ïðè¹äíó¹ìî äî
âåðøèíè 6 ðåáðî ç âèñÿ÷îþ âåðøèíîþ 8 i íàçâå-
ìî îòðèìàíèé ãðàô H̃5 (ðèñ. 2). Ãðàô H̃5, íà âiä-
ìiíó âiä H5, ìà¹ äåêiëüêà äîñêîíàëèõ ïàðóâàíü,
êîæíå ç ÿêèõ ìiñòèòü ðåáðî (6, 8). Íàïðèêëàä,
ìíîæèíà ðåáåð N = {(1, 5), (2, 3), (4, 7), (6, 8)} ¹
äîñêîíàëèì ïàðóâàííÿì. Íàäàëi òàêà âåðøèíà
8 ïîçíà÷àòèìåòüñÿ ÿê v.

Ðèñ. 2. Ãðàô H̃5

Êðîê 3. Íàäàëi íàáîðè âåðøèí X,Y áóäóòü
ïîçíà÷àòè íàáîðè ïðè ïåðåìèêàííi Ãîäçiëà�
Ìàêêåÿ (äèâ. òâåðäæåííÿ 2). Âèçíà÷èìî ãðàô
íàáîðó ïåðåìèêàííÿ X ÿê K3 ∪ C5. Äàëi áóäó¹-
ìî ãðàô Y , ñòâîðèâøè 3 êîïi¨ ãðàôà H̃5. Ìíî-
æèíó êîïié âåðøèí v òðüîõ ãðàôiâ ïîçíà÷èìî
ÿê W . Êîæíó âåðøèíó w ∈ W ïðè¹äíà¹ìî äî
4 âåðøèí ç X òàêèì ÷èíîì, ùîá âåðøèíà w áó-
ëà ñóìiæíîþ iç êîæíîþ âåðøèíîþ òðèêóòíèêà i
æîäíi äâi âåðøèíè áiëüøîãî öèêëó íå âiäðiçíÿ-
ëèñÿ ñòåïåíÿìè áiëüøå, íiæ íà îäèíèöþ (ðèñ. 3).
Ïîçíà÷èìî öåé ãðàô G1.

Ðèñ. 3. Ãðàô G1

Êðîê 4. Äî îòðèìàíîãî ãðàôà äîäà¹ìî ùå

îäíó êîïiþ ãðàôà H̃5 i ç'¹äíó¹ìî éîãî âåðøèíó v
ç 4 âåðøèíàìè, ùî íàëåæàòü áiëüøîìó öèêëó â
X òàê, ùîá ñòåïåíi âåðøèí áiëüøîãî öèêëó âiä-
ðiçíÿëèñÿ íå áiëüøå íiæ íà îäèíèöþ (ðèñ. 4).
Ïîçíà÷èìî öåé ãðàô G2.

Ðèñ. 4. Ãðàô G2
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Äàëi äîäà¹ìî îäíó êîïiþ P2 i ïðè¹äíà¹ìî
îáèäâi éîãî âåðøèíè äî 4 âåðøèí áiëüøîãî öè-
êëó â X, òàêèì ÷èíîì, ùîá âñi âåðøèíè iç íà-
áîðó X ìàëè ñòåïiíü 5 (ðèñ. 5). Ïîçíà÷èìî öåé
ãðàô G3.

Ðèñ. 5. Ãðàô G3

Îòðèìàíèé ãðàô ¹ 5-ðåãóëÿðíèì i çâ'ÿçíèì,
à X ¹ íàáîðîì ïåðåìèêàííÿ Ãîäçiëà�Ìàêêåÿ.
Òàêèé ãðàô íå ìà¹ äîñêîíàëèõ ïàðóâàíü, àäæå
äî íüîãî âõîäÿòü 4 êîïi¨ ãðàôà H̃5, i êîæíà ç 4
âiäïîâiäíèõ âåðøèí v ìà¹ âõîäèòè äî ïàðóâàí-
íÿ. Òîäi äëÿ òîãî, ùîá öåé ãðàô ìàâ äîñêîíàëå
ïàðóâàííÿ, òðè âåðøèíè, ùî âõîäÿòü äî ìåíøî-
ãî öèêëó, ïîâèííi ìàòè äîñêîíàëå ïàðóâàííÿ ó
ìåæàõ öèêëó, àäæå ñóìiæíi ç íèìè âåðøèíè v
âæå âõîäÿòü äî ïàðóâàííÿ. Î÷åâèäíî, ùî òðè-
êóòíèé öèêë äîñêîíàëîãî ïàðóâàííÿ íå ìà¹, à
îòæå, i ãðàô íà ðèñóíêó 5 íå ìà¹ äîñêîíàëîãî
ïàðóâàííÿ.

Êðîê 5. Âèêîíà¹ìî ïåðåìèêàííÿ Ãîäçiëà-
Ìàêêåÿ äëÿ îòðèìàíîãî ãðàôà. Ó íàáið Y âõî-
äÿòü âåðøèíè {16, 24, 32, 40, 41, 42}, ÿêi ñóìi-
æíi ðiâíî iç ïîëîâèíîþ âåðøèí iç íàáîðó X,
òîáòî iç ÷îòèðìà. Âèäàëèìî ðåáðà ìiæ öèìè
âåðøèíàìè iç Y òà X òà ç'¹äíà¹ìî âåðøèíè
{16, 24, 32, 40, 41, 42} iç iíøîþ ïîëîâèíîþ âåð-
øèí iç X. Îòðèìàëè ãðàô, ùî íà ðèñ. 6. Ïîç-

íà÷èìî öåé ãðàô G4.

Ðèñ. 6. Ãðàô G4

Ïiñëÿ ïåðåìèêàííÿ ãðàôG4 ìàòèìå äåêiëüêà
äîñêîíàëèõ ïàðóâàíü. Íàïðèêëàä, îäíå iç íèõ
M = {(1, 42), (2, 3), (4, 5), (6, 41), (7, 8), (9, 12),
(10, 11), (13, 15), (14, 16), (17, 20), (18, 19), (21, 23),
(22, 24), (25, 28), (26, 27), (29, 31), (30, 32), (33, 36),
(34, 35), (37, 39), (38, 40)}.

Òîäi, çà òåîðåìîþ 1 ìà¹ìî, ùî ãðàôè
G3 i G4 êîñïåêòðàëüíi. Ó öüîìó òàêîæ ìî-
æíà ïåðåñâiä÷èòèñÿ, ïîðiâíÿâøè ¨õíi õàðàêòå-
ðèñòè÷íi ïîëiíîìè. Äëÿ îá÷èñëåííÿ ñïåêòðiâ
ãðàôiâ áóëî âèêîðèñòàíî àëãîðèòì Ôàä¹¹âà�
Ëå Âåð'¹, ÿêèé çàïðîãðàìîâàíèé íà ñàéòi
https://planetcalc.com/8267/.

Îòðèìàíî, ùî ñïåêòðè ãðàôiâ G3 i G4 çáiãà-
þòüñÿ i ðiâíi σ = {−2.91645,−2.61776,−2.48344,
−2.47449,−2.13741,−2.09165, (−2)5,−1.72311,
(−1)7,−0.60907,−0.39471, 08, 0.0954, 0.43207,
0.6305, 0.65025, 1, 1.50185, 1.6419, 4.06681, 4.70625,
4.90255, 4.90281, 4.91771, 5}.

Âèñíîâêè

Îòðèìàíèé ïðèêëàä íàî÷íî äåìîíñòðó¹, ùî
çà ñïåêòðîì íåìîæëèâî âèçíà÷èòè iñíóâàííÿ
äîñêîíàëîãî ïàðóâàííÿ ó ãðàôàõ.

Ñïèñîê ëiòåðàòóðè

1. Cioaba S. M., Gregory D., Haemers W. H. Matching
in regular graphs from eigenvalues. Journal of Combi-

natorial Theory. 2009. Vol. 99. Pp. 287�297.
2. van Dam E. R. , Haemers W. H. Which graphs are

determined by their spectrum? Linear Algebra and its

Applications. 2003. � 373. Pp. 241�272.

3. Blazsik Z. L., Cummings J., Haemers W. H. Cospectral
regular graphs with and without a perfect matching.
Discrete Mathematics. 2015. �338. Pp. 199�201.

4. Brouwer A. E., Haemers W. H. Spectra of Graphs New
York. Springer, 2011. P. 250.

References

1. S. M. Cioaba, D. Gregory andW. H. Haemers, "Matchi-
ng in regular graphs from eigenvalues Journal of Combi-
natorial Theory. 99, 287�297 (2009).

2. E. R. van Dam and W. H. Haemers, "Which graphs are
determined by their spectrum? Linear Algebra and its
Applications. 373, 241�272 (2003).

3. Z. L. Blazsik, J. Cummings and W. H. Haemers,
"Cospectral regular graphs with and without a perfect
matching Discrete Mathematics. 338, 199�201 (2015).

4. A. E. Brouwer and W. H. Haemers, Spectra of Graphs
(New York, Springer, 2011), p. 250.



Ñîáîë¹â Â. Î., Ñîëîìêî Â. Î. Ïîáóäîâà ïàðè êîñïåêòðàëüíèõ 5-ðåãóëÿðíèõ ãðàôiâ. . . 27

V. Sobolev, V. Solomko

CONSTRUCTING THE MATE OF COSPECTRAL
5-REGULAR GRAPHS WITH AND WITHOUT A

PERFECT MATCHING

The problem of finding a perfect matching in an arbitrary simple graph is well known and popular
in graph theory. It is used in various fields, such as chemistry, combinatorics, game theory etc. The
matching of M in a simple graph G is a set of pairwise nonadjacent edges, ie, those that do not have
common vertices. Matching is called perfect if it covers all vertices of the graph, ie each of the vertices
of the graph is incidental to exactly one of the edges. By Koenig’s theorem, regular bipartite graphs
of positive degree always have perfect matching. However, graphs that are not bipartite need further
research.

Another interesting problem of graph theory is the search for pairwise nonisomorphic cospectral
graphs. In addition, it is interesting to find cospectral graphs that have additional properties. For
example, finding cospectral graphs with and without a perfect matching.

The fact that for each k ≥ 5 there is a pair of cospectral connected k-regular graphs with and without
a perfect matching had been investigated by Blazsik, Cummings and Haemers. The pair of cospectral
connected 5-regular graphs with and without a perfect matching is constructed by using Godsil-McKay
switching in the paper.

Keywords: cospectral graphs, regular graph, perfect matching, Godsil-McKay switching.
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