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ÑÒIÉÊIÑÒÜ Ó ÑÈÌÅÒÐÈ×ÍIÉ ÌÎÄÅËI ÃÐÈ
ÂÈÄÎÁÓÒÊÓ ÐÅÑÓÐÑIÂ IÇ ÊÎÀËIÖIÉÍÎÞ

ÑÒÐÓÊÒÓÐÎÞ

Ãðà âèäîáóòêó ðåñóðñiâ / íàêîïè÷åííÿ êàïiòàëó ¹ ñòîõàñòè÷íîþ ãðîþ ç íåíóëüîâîþ ñóìîþ i
íåîáìåæåíèì ãîðèçîíòîì, ùî óòâîðåíà ðîçøèðåííÿì åêîíîìi÷íî¨ ìîäåëi îïòèìàëüíîãî ðîñòó
(optimal growth) íà m ñòðàòåãi÷íî êîíêóðóþ÷èõ ìiæ ñîáîþ àãåíòiâ, ó ñïiëüíîìó âîëîäiííi ÿêèõ
îïèíÿ¹òüñÿ âiäíîâëþâàëüíèé ðåñóðñ. Ó íàóêîâié ëiòåðàòóði ç òåìàòèêè âåëèêó óâàãó ïðèäiëåíî
iñíóâàííþ ðiâíîâàãè çà Íåøåì â îêðåìèõ ìîäåëÿõ öi¹¨ ãðè, çîêðåìà ñèìåòðè÷íèõ. Ó öié ñòàò-
òi ïðîïîíó¹òüñÿ äîëó÷èòè äî ðîçãëÿäó ñèìåòðè÷íî¨ ãðè âèäîáóòêó ðåñóðñiâ êîàëiöiéíó ñêëàäîâó.
À ñàìå, äîñëiäæó¹òüñÿ ñòiéêiñòü âiäíîñíî êîàëiöiéíèõ âiäõèëåíü ó ãði ç ôiêñîâàíîþ êîàëiöié-
íîþ ñòðóêòóðîþ. Ïðèïóñêà¹òüñÿ, ùî íà ìíîæèíi ãðàâöiâ çàäàíî ðîçáèòòÿ íà êîàëiöi¨, ùî íå
ïåðåòèíàþòüñÿ i çàëèøàþòüñÿ ñòàëèìè ïðîòÿãîì óñi¹¨ òðèâàëîñòi ãðè. Ïðè öüîìó, ó÷àñíèêè
îäíi¹¨ êîàëiöi¨ çäàòíi óçãîäæóâàòè äi¨, çäiéñíþþ÷è ñïiëüíi êîîïåðàòèâíi âiäõèëåííÿ. Òàêèì ÷è-
íîì, âïðîâàäæó¹òüñÿ ïðèðîäíèé êîíöåïò íàÿâíîñòi ñîöiàëüíèõ âçà¹ìîçâ'ÿçêiâ ìiæ àãåíòàìè,
ùî ìîæå âiäòâîðþâàòè ïîòåíöiéíèé êîíòåêñò ó ïðàêòè÷íîìó çàñòîñóâàííi. Ïîíÿòòÿ ñòié-
êîñòi â ìåæàõ ñòàòòi âèçíà÷à¹òüñÿ ÿê ïîëîæåííÿ, âiä ÿêîãî æîäíà çi âñòàíîâëåíèõ êîàëiöié
íå çäàòíà âiäõèëèòèñü, îäíî÷àñíî çáiëüøèâøè ñóìàðíèé âèãðàø óñiõ ¨¨ ÷ëåíiâ. Iñíóâàííÿ òàêî¨
ñòiéêîñòi ðîçãëÿäà¹òüñÿ â ðàìêàõ êîíêðåòíî¨ ñèìåòðè÷íî¨ ìîäåëi ãðè âèäîáóòêó ðåñóðñiâ ç íåî-
áìåæåíèìè ôóíêöiÿìè êîðèñíîñòi ãðàâöiâ. Öÿ ìîäåëü ðàíiøå äîñëiäæóâàëàñÿ ó ðîáîòàõ [12; 13],
äå áóëî âèâåäåíî iñíóâàííÿ Ñòàöiîíàðíî¨ Ìàðêîâñüêî¨ Iäåàëüíî¨ Ðiâíîâàãè â ðàìêàõ ñèìåòðè÷íî¨
òà íåñèìåòðè÷íî¨ ñòðóêòóðè ãðè. Ïåðøîþ îñîáëèâiñòþ ìîäåëi ¹ òå, ùî ôóíêöi¨ êîðèñíîñòi
ãðàâöiâ ïîêëàäåíî ñòåïåíåâèìè òà ñòðîãî îïóêëèìè âãîðó, òîáòî, çãiäíî ç åêîíîìi÷íîþ òåðìi-
íîëîãi¹þ, içîåëàñòè÷íèìè. Ïî-äðóãå, â ÿêîñòi çàêîíó ïåðåõîäó ìiæ ñòàíàìè âçÿòî ãåîìåòðè÷íå
âèïàäêîâå áëóêàííÿ, ïàðàìåòðîì ÿêîãî ¹ ñïiëüíi iíâåñòèöi¨ ãðàâöiâ. Äîâîäèòüñÿ, ùî â îïèñà-
íié ïîñòàíîâöi çàäà÷i iñíó¹ ñòiéêiñòü âiäíîñíî êîàëiöiéíèõ âiäõèëåíü äëÿ áóäü-ÿêîãî ðîçáèòòÿ
ìíîæèíè àãåíòiâ íà êîàëiöi¨. Ìåòîä äîâåäåííÿ öüîãî ôàêòó îäíî÷àñíî îêðåñëþ¹ àëãîðèòì ïî-
áóäîâè âiäïîâiäíèõ ñòiéêîìó ïîëîæåííþ ñòàöiîíàðíèõ ñòðàòåãié, ùî ìîæíà âèêîðèñòîâóâàòè
â ïðàêòè÷íèõ öiëÿõ. Íàïðèêiíöi ðîçãëÿíóòî äâà ïðèêëàäè ç ðiçíîþ ÷èñëîâîþ ïîñòàíîâêîþ, ùî
iëþñòðóþòü ìîæëèâi âàðiàíòè çàëåæíîñòi iíäèâiäóàëüíèõ âèãðàøiâ ãðàâöiâ âiä òîãî, ÿêó êîà-
ëiöiéíó ñòðóêòóðó âñòàíîâëåíî íà ïî÷àòêó ãðè.

Êëþ÷îâi ñëîâà: êîàëiöi¨, ñòîõàñòè÷íà ãðà, ãðà âèäîáóòêó ðåñóðñiâ, íàêîïè÷åííÿ êàïiòàëó, içî-
åëàñòèíà êîðèñíiñòü, ãåîìåòðè÷íå âèïàäêîâå áëóêàííÿ.

Âñòóï

Iãðè âèäîáóòêó ðåñóðñiâ (iíøà íàçâà � iãðè
íàêîïè÷åííÿ êàïiòàëó) âèâ÷àþòü åêîíîìi÷íó
âçà¹ìîäiþ àãåíòiâ ó êîíòåêñòi ñïiëüíîãî âèêî-
ðèñòàííÿ âiäíîâëþâàíîãî ðåñóðñó. Âïåðøå òàêó
ãðó áóëî ñôîðìóëüîâàíî â äåòåðìiíîâàíié âåð-
ñi¨ ó ðîáîòi [1], à ó [2] áóëî âñòàíîâëåíî iñíó-
âàííÿ ðiâíîâàãè Íåøà äëÿ ñèìåòðè÷íî¨ äåòåð-
ìiíîâàíî¨ ãðè ç êîìïàêòíèì ïðîñòîðîì ñòàíiâ.
Îñîáëèâî iñòîòíèé íàóêîâèé iíòåðåñ ãðà âèäî-
áóòêó ðåñóðñiâ ñòàíîâèòü ÿê ðiçíîâèä ñòîõàñòè-
÷íî¨. Iñíóâàííÿ ðiâíîâàãè Íåøà äîñëiäæóâàëîñü
ÿê ó ðiçíèõ ¨¨ ñèìåòðè÷íèõ ìîäåëÿõ [3�7], òàê i
â äåÿêèõ íåñèìåòðè÷íèõ [8�11].

Ó ðîáîòi ðîçãëÿíóòî ñèìåòðè÷íó ìîäåëü ñòî-
õàñòè÷íî¨ ãðè âèäîáóòêó ðåñóðñiâ, â ÿêié ó÷à-
ñíèêè ìàþòü íåîáìåæåíi içîåëàñòè÷íi ôóíêöi¨
êîðèñíîñòi, ïðåäñòàâëåíi ó ñòåïåíåâîìó âèãëÿ-
äi. Âîäíî÷àñ, ïðàâèëî ïåðåõîäó ìiæ ñòàíàìè çà-
äà¹òüñÿ íà íåîáìåæåíîìó iíòåðâàëi ãåîìåòðè-
÷íèì âèïàäêîâèì áëóêàííÿì âiäíîñíî ñïiëüíèõ
iíâåñòèöié âñiõ ãðàâöiâ. Iñíóâàííÿ ðiâíîâàãè Íå-
øà â òàêié ïîñòàíîâöi çàäà÷i áóëî äîâåäåíî ó
ñòàòòi [12]. Ðåçóëüòàò òàêîæ áóëî óçàãàëüíåíî
íà íåñèìåòðè÷íó ãðó ó [13]. Ìåòîþ öi¹¨ ðîáîòè
¹ äîñëiäèòè iñíóâàííÿ ðiâíîâàãè ìiæ ãðàâöÿìè,
ùî ìàþòü ìîæëèâiñòü óçãîäæóâàòè äi¨ â ìåæàõ
ôiêñîâàíèõ ñîöiàëüíèõ ñòðóêòóð. Òàêèé ïiäõiä
âðàõîâó¹ íàÿâíiñòü ñîþçíèõ çâ'ÿçêiâ ìiæ ó÷à-
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ñíèêàìè, ùî öiëêîì ìîæå âiäòâîðþâàòè ïåâíèé
äiéñíèé êîíòåêñò. Ðiâíîâàãà ìiæ ñòàëèìè êîàëi-
öiÿìè ¹ ïðîìiæíèì êîíöåïòîì ó âèâ÷åííi ñòié-
êîñòi ñåðåä òðàäèöiéíî¨ ðiâíîâàãè çà Íåøåì òà
ñèëüíî¨ ðiâíîâàãè, ÿêà â ñâîþ ÷åðãó òðàïëÿ¹òüñÿ
ëèøå ó âèíÿòêîâèõ ñèòóàöiÿõ. Iäåÿ ïåðåõîäó äî
ôiêñîâàíî¨ ñîöiàëüíî¨ îðãàíiçàöi¨ ìiæ ãðàâöÿìè
íå ¹ íîâîþ â òåîði¨ iãîð. Ó ðîáîòi [14] áóëî ââå-
äåíî ïîíÿòòÿ partition equilibrium, ÿêå äëÿ çà-
äàíîãî ðîçáèòòÿ íà êîàëiöi¨ ÿâëÿ¹ ñîáîþ ñòié-
êiñòü âiäíîñíî êîàëiöiéíèõ âiäõèëåíü, ùî ïîêðà-
ùóþòü ñòàíîâèùå õî÷à á îäíîãî ¨¨ ÷ëåíà i íå ïî-
ãiðøóþòü ñòàíîâèùå iíøèõ. Íà ïðîòèâàãó, ïî-
íÿòòÿ ñòiéêîñòi ó öié ñòàòòi ðîçøèðþ¹òüñÿ i íà
êîîïåðàòèâíi âiäõèëåííÿ ãðàâöiâ îäíi¹¨ êîàëi-
öi¨, òîáòî òàêi, ùî çáiëüøóþòü ¨õíié ñóìàðíèé
âèãðàø.

Îñíîâíèé ðåçóëüòàò ðîáîòè, à ñàìå iñíóâàí-
íÿ ðiâíîâàãè âiäíîñíî êîàëiöiéíèõ âiäõèëåíü ó
ãði ç áóäü-ÿêèì çàäàíèì êîàëiöiéíèì ðîçáèòòÿì,
ïðåäñòàâëåíî Òåîðåìîþ 1. Äîâåäåííÿ ïðîâîäè-
òüñÿ ÷åðåç äîïîìiæíi Ëåìè 2 i 3, à ñàì ìåòîä ïå-
ðåãóêó¹òüñÿ ç ïiäõîäîì ó ñòàòòi [13]. Íàïðèêií-
öi ðîáîòè íàâåäåíî äâà ïðèêëàäè, ùî ïîêëèêàíi
ïîðiâíÿòè âèãðàøi ãðàâöiâ ó ìiæêîàëiöiéíié ðiâ-
íîâàçi äëÿ òèõ ÷è iíøèõ êîàëiöiéíèõ óòâîðåíü,
à òàêîæ ïðîäåìîíñòðóâàòè øëÿõè çàñòîñóâàííÿ
òåîðåòè÷íèõ ðåçóëüòàòiâ íà ïðàêòèöi.

Ìîäåëü ãðè

Ðîçãëÿäà¹òüñÿ ñèìåòðè÷íà ñòîõàñòè÷íà ãðà
âèäîáóòêó ðåñóðñiâ, ó ÿêié:

(i) P := {1, 2, . . . ,m} � ìíîæèíà ãðàâöiâ (m ∈
∈ N,m ≥ 2);

(ii) S := [0; +∞) � ïðîñòið ìîæëèâèõ ñòàíiâ;
(iii) A(s) := [0; s] � ïðîñòið ðiøåíü äëÿ êîæíîãî

ãðàâöÿ âiäïîâiäíî äî ïîòî÷íîãî ñòàíó s;
(iv) D(s) :=

{
(x1, ..., xm) ∈ A(s)m :

∑m
i=1 xi ≤ s

}
�

ïðîñòið ïðèéíÿòíèõ ñóêóïíèõ ðiøåíü âiäïîâiä-
íî äî ïîòî÷íîãî ñòàíó s;

(v) u : S → [0; +∞) � íåïåðåðâíà ôóíêöiÿ êîðè-
ñíîñòi êîæíîãî ãðàâöÿ;

(vi) β ∈ (0; 1) � ìíîæíèê äèñêîíòóâàííÿ.
Îñîáëèâi ïðèïóùåííÿ ìîäåëi:

A1 u(x) = cxα, äå c ∈ (0; +∞), α ∈ (0; 1).
A2 Êîæåí íàñòóïíèé ñòàí st+1 (t ∈ N) âèçíà÷à-
¹òüñÿ çà ïðàâèëîì

st+1 =

(
st −

m∑
i=1

xti

)
· ξt,

äå st ∈ S � ïîïåðåäíié ñòàí, (xt1, . . . , xtm) ∈
∈ D(st) � ðiøåííÿ ãðàâöiâ ó íüîìó, ξt � íåçàëå-
æíà ðåàëiçàöiÿ íåâiä'¹ìíî¨ âèïàäêîâî¨ âåëè÷èíè
ξ, ðîçïîäië ÿêî¨ ¹ âiäêðèòîþ iíôîðìàöi¹þ.
A3 Âåëè÷èíà l := β · E (ξα) ∈ (0; 1).

Iíòåðïðåòàöiÿ ãðè: m àãåíòiâ ñïiëüíî âî-
ëîäiþòü ïðîäóêòèâíèì ðåñóðñîì ïðîòÿãîì íå-
îáìåæåíîãî ïåðiîäó. Â êîæåí iç äèñêðåòíèõ ìî-
ìåíòiâ ÷àñó ãðàâöi ñïîñòåðiãàþòü ïîòî÷íó êiëü-
êiñòü ðåñóðñó (ñòàí ãðè) é îäíî÷àñíî òà íåçàëå-
æíî îäèí âiä îäíîãî ïðèéìàþòü ðiøåííÿ ïðî
âëàñíèé âèäîáóòîê ó äîçâîëåíèõ ìåæàõ (ïðî-
ñòið ðiøåíü). ßêùî ñóêóïíå ðiøåííÿ ¹ ïðèéíÿ-
òèì, òî êîæåí ãðàâåöü çàëåæíî âiä ñâîãî ðiøåí-
íÿ îòðèìó¹ ìèòò¹âèé âèãðàø (ôóíêöiÿ u), ïiñëÿ
÷îãî ãðà ïåðåõîäèòü ó íàñòóïíèé ñòàí çãiäíî ç
ïðàâèëîì A2. Çàóâàæèìî, ùî s = 0 � ïîãëèíà-
þ÷èé ñòàí. Ñóìàðíèì âèãðàøåì êîæíîãî ó÷à-
ñíèêà ãðè ¹ íåñêií÷åííà äèñêîíòîâàíà ñóìà âñiõ
éîãî ìèòò¹âèõ âèãðàøiâ. Ó âèïàäêó, ÿêùî íà
ÿêîìóñü ç åòàïiâ ñóêóïíå ðiøåííÿ ãðàâöiâ íå âè-
ÿâèëîñÿ ïðèéíÿòèì, áóäåìî âèìàãàòè ïåðåãðà-
âàííÿ, äîïîêè íå áóäå âèçíà÷åíî ïðèéíÿòíå ñó-
êóïíå ðiøåííÿ. Òàêèì ÷èíîì, äîñëiäæóâàòèìó-
òüñÿ ëèøå òi ïðîôiëi ñòðàòåãié, ùî ãåíåðóþòü
ïðèéíÿòíi ðiøåííÿ.

Íåõàé F � ìíîæèíà âñiõ áîðåëåâèõ ôóíêöié
f : S → S, òàêèõ ùî f(s) ∈ A(s) äëÿ ∀s ∈ S.
Ìàðêîâñüêîþ ñòðàòåãi¹þ íàçèâàþòü ïîñëiäîâ-
íiñòü (f1, f2, . . . ), äå ft ∈ F � ôóíêöiÿ âèáîðó,
ÿêîþ ïîñëóãîâó¹òüñÿ ãðàâåöü ó ìîìåíò ÷àñó t ∈
∈ N. Ìàðêîâñüêà ñòðàòåãiÿ, ó ÿêié âñi ft ðiâíi
ìiæ ñîáîþ (t ∈ N), ¹ ñòàöiîíàðíîþ. Îñêiëüêè
ñòàöiîíàðíà ñòðàòåãiÿ ¹ ñòàëîþ ïîñëiäîâíiñòþ,
áóäåìî îòîòîæíþâàòè ¨¨ ç ïåâíèì âiäîáðàæåí-
íÿì f ∈ F .

Íåõàé Π � ìíîæèíà âñiõ ìîæëèâèõ ìàðêîâ-
ñüêèõ ñòðàòåãié îêðåìîãî ãðàâöÿ; Φ � ïðîñòið
óñiõ ïðîôiëiâ (π1, . . . , πm), òàêèõ, ùî ∀i ∈ P

πi = (f
(i)
1 , f

(i)
2 , . . . ) ∈ Π, ïðè÷îìó ∀t ∈ N, ∀s ∈ S∑m

i=1 f
(i)
t (s) ≤ s.

Äëÿ êîæíîãî ïî÷àòêîâîãî ñòàíó s1 = s ∈
∈ S i ïðîôiëþ ñòðàòåãié π ∈ Φ ìîæåìî âèçíà-
÷èòè éìîâiðíiñíó ìiðó Pπs i ñòîõàñòè÷íèé ïðî-
öåñ {St, Xt} â êàíîíi÷íèé ñïîñiá (äèâ. Ðîçäië 7
ó [15]), äå âèïàäêîâi âåëè÷èíè St i Xt âiäïîâi-
äàþòü ñòàíó i âåêòîðó âèáîðiâ ãðàâöiâ ó ìîìåíò
÷àñó t ∈ N. Òîäi, î÷iêóâàíèé äèñêîíòîâàíèé âè-
ãðàø ãðàâöÿ i ∈ P , çàëåæíèé âiä ïî÷àòêîâîãî
ñòàíó s ∈ S òà ïðîôiëþ ñòðàòåãié π ∈ Φ, äîðiâ-
íþ¹

γi(π)(s) = Eπs

( ∞∑
t=1

βt−1 u(Xti)

)
,

äå Xti � öå i-òà êîîðäèíàòà âåêòîðà Xt, à Eπs �
ìàòåìàòè÷íå ñïîäiâàííÿ âiäíîñíî ìiðè Pπs .

Êîàëiöiéíà ñêëàäîâà

Ïîçíà÷åííÿ: Ñóêóïíiñòü ñòðàòåãié ìíîæèíè
ãðàâöiâ K ⊆ P (òîáòî êîàëiöi¨) ó ïðîôiëi π ∈ Φ
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ïîçíà÷èìî πK . Çàïèñîì (κ, π−K) áóäåìî âèðà-
æàòè ïðîôiëü π ∈ Φ, ó ÿêîìó ñòðàòåãi¨ êîàëiöi¨
K ⊆ P çàìiíåíi íà κ ∈ Π|K|.
Îçíà÷åííÿ 1. Ïðîôiëü ñòðàòåãié π ∈ Φ íàçè-
âàþòü ñòiéêèì âiäíîñíî êîîïåðàòèâíîãî âiäõè-
ëåííÿ êîàëiöi¨ K ⊆ P , ÿêùî ∀s ∈ S, ∀(κ, π−K) ∈
∈ Φ ∑

i∈K
γi(π)(s) ≥

∑
i∈K

γi(κ, π−K)(s).

Íàäàëi ââàæàòèìåìî, ùî íà ìíîæèíi ãðàâöiâ
çàäàíî ôiêñîâàíó êîàëiöiéíó ñòðóêòóðó ó âèãëÿ-
äi ðîçáèòòÿ C = (C1, C2, . . . , CN ) (2 ≤ N ≤ m),
äå
⋃
i∈[N ] Ci = P , ïðè÷îìó Ci∩Cj = ∅ äëÿ ðiçíèõ

i, j ç ìíîæèíè [N ] = {1, . . . , N}.
Îçíà÷åííÿ 2. Ïðîôiëü (ñòàöiîíàðíèõ) ñòðàòå-
ãié, ùî ¹ ñòiéêèì âiäíîñíî êîîïåðàòèâíîãî âiä-
õèëåííÿ áóäü-ÿêî¨ êîàëiöi¨ Ci ∈ C, íàçèâàþòü
(ñòàöiîíàðíîþ) C-ñòiéêîþ ðiâíîâàãîþ.
Òåîðåìà 1. Ó ãði âèäîáóòêó ðåñóðñiâ iç âëà-
ñòèâîñòÿìè (i)�(vi), A1�A3 òà äîâiëüíèì êî-
àëiöiéíèì ðîçáèòòÿì C iñíó¹ ñòàöiîíàðíà C-
ñòiéêà ðiâíîâàãà.

Äîâåäåííÿ

Çàôiêñó¹ìî ðîçáèòòÿ C i âèçíà÷èìî ÷èñëà
mi := |Ci|, äå Ci ∈ C.

Î÷iêóâàíèì ñóìàðíèì âèãðàøåì êîàëiöi¨
Ci ∈ C, ùî âiäïîâiäà¹ ïðîôiëþ ñòðàòåãié π ∈ Φ
òà ïî÷àòêîâîìó ñòàíó s ∈ S, ¹

∑
j∈Ci

γj(π)(s) =
∑
j∈Ci

Eπs
( ∞∑
t=1

βt−1 u(Xtj)

)
=

= Eπs
( ∞∑
t=1

βt−1
∑
j∈Ci

u(Xti)

)
.

Òîäi ôóíêöiîíàëüíå ðiâíÿííÿ Áåëìàíà äëÿ
âèãðàøó êîàëiöi¨ Ci ∈ C ¹ òàêèì:

Vi(s) = sup
(x1,...,xmi )∈Di

(
s,yi(s)

)
{

mi∑
j=1

u(xj)+

+β EVi
((

s− yi(s)−
mi∑
j=1

xj

)
ξ

)}
,

äå yi(s) ∈ A(s) � ñóìà ðåàëiçàöié ñòàöiîíàðíèõ
ñòðàòåãié óñiõ ãðàâöiâ k ∈ P\Ci ó ïîëîæåííi s, i

Di(s, y) :=

{
(x1, . . . , xmi) ∈ A(s)mi :

mi∑
j=1

xj ≤ s− y
}
.

Ñôîðìóëþ¹ìî ïðîìiæíi ðåçóëüòàòè äëÿ äî-
âåäåííÿ Òåîðåìè 1.

Ëåìà 2. Äëÿ áóäü-ÿêîãî s ∈ S òà (b1, . . . , bN ) ∈
∈ (0; +∞)N iñíó¹ ¹äèíèé ðîçâ'ÿçîê ñèñòåìè

i = 1, N :
(
a
(1)
i , . . . , a

(mi)
i

)
=

= arg max
(x1,...,xmi )∈Di(s,Ai)

{ mi∑
j=1

u(xj)+

+bi

(
s−Ai −

mi∑
j=1

xj

)α}
,

äå Ai :=

N∑
k=1
k 6=i

mk∑
j=1

a
(j)
k .

(1)

Äîâåäåííÿ. Ç îïóêëîñòi âãîðó ôóíêöi¨ u òà íå-
ðiâíîñòi �íñåíà âèïëèâà¹, ùî äëÿ áóäü-ÿêèõ n ∈
∈ N, (x1, . . . , xn) ∈ [0; +∞)n,

n∑
j=1

u(xj) ≤ nu
(

1

n

n∑
j=1

xj

)
.

Òîìó, øóêàþ÷è àðãóìåíò ìàêñèìiçàöi¨ êî-
æíîãî ðiâíÿííÿ ñèñòåìè (1), äîñòàòíüî çîñåðå-
äèòèñÿ íà òàêèõ (x1, . . . , xmi) ∈ Di(s,Ai), ùî
x1 = · · · = xmi .

Äëÿ êîæíîãî i çíàéäåìî çíà÷åííÿ ai, ÿêå ìà-
êñèìiçó¹ ôóíêöiþ

wi(x) := miu(x) + bi(s−Ai −mix)α

íà îáëàñòi [0; (s − Ai)/mi]. Ïðèïóñêà¹òüñÿ, ùî
Ai ∈ [0; s].

Äîñëiäèìî íåòðèâiàëüíèé âèïàäîê Ai 6= s.
Íåîáõiäíà óìîâà ïåðøîãî ïîðÿäêó åêñòðåìóìó
ôóíêöi¨ wi(x) ¹ òàêîþ:

cxα−1 = bi(s−Ai −mix)α−1;

x =
s−Ai

mi + (bi/c)
1

1−α
∈
(
0; (s−Ai)/mi

)
.

Ïðè öüîìó, äëÿ âñiõ x ∈
(
0; (s−Ai)/mi

)
∂2

∂x2
wi(x) = micα(α− 1)xα−2+

+biα(α− 1)m2
i (s−Ai −mix)α−2 < 0.

Îòæå, ai = (s − Ai)
(
mi + (bi/c)

1
1−α

)−1
. Çà-

óâàæèìî, ùî öåé âèðàç çàëèøà¹òüñÿ êîðåêòíèì
i â òðèâiàëüíîìó âèïàäêó Ai = s.

Ñèñòåìà (1) ïåðåïèñó¹òüñÿ â òàêó:
i = 1, N :

(
mi + (bi/c)

1
1−α

)
ai =

=
(
s−

∑N
j=1
j 6=i

mjaj

)
,∑N

j=1mjaj ≤ s.

(2)
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Ðîçâ'ÿçóþ÷è ïåðøi N ðiâíÿíü ñèñòåìè (2),
îòðèìó¹ìî, ùî

(b1/c)
1

1−α a1 = · · · = (bN/c)
1

1−α aN =

=

(
s−

N∑
j=1

mjaj

)
,

çâiäêè ∀i ∈ [N ]

ai = s

(
b

1
1−α
i

(
c

−1
1−α +

N∑
j=1

mjb
−1
1−α
j

))−1
.

Ëåãêî ïåðåñâiä÷èòèñü, ùî öi çíà÷åííÿ çàäî-
âîëüíÿþòü ñèñòåìó (2) ïîâíiñòþ. Òàêèì ÷èíîì,
çíàéäåíî ¹äèíèé ðîç'ÿçîê ñèñòåìè (2), çâiäêè
îòðèìó¹ìî, ùî ¹äèíèì ðîçâ'ÿçêîì ñèñòåìè (1)

¹ âåêòîðè
(
a
(1)
i , . . . , a

(mi)
i

)
= (ai, . . . , ai), äå i =

= 1, N. �
Íåõàé U :=

{
v : S → [0; +∞) | v(s) =

= K · sα, K ∈ (0; +∞)
}
.

Ëåìà 3. Iñíó¹ íàáið ôóíêöié (V1, . . . , VN ) ∈
∈ UN , ùî îäíî÷àñíî çàäîâîëüíÿþòü N ðiâíî-
ñòåé äëÿ êîæíîãî i ∈ [N ]:

Vi(s) =

=

mi∑
j=1

u
(
a
(j)
i

)
+ β EVi

((
s−

N∑
k=1

mk∑
j=1

a
(j)
k

)
ξ

)
=

= max
(x1,...,xmi )∈Di(s,Ai)

{
mi∑
j=1

u(xj)+

+ β EVi
((

s−Ai −
mi∑
j=1

xj

)
ξ

)}
, (3)

äå Ai =

N∑
k=1
k 6=i

mk∑
j=1

a
(j)
k .

Äîâåäåííÿ. Íåõàé Vi(s) = Kis
α, äå Ki ∈

∈ (0; +∞) ∀i ∈ [N ]. Òîäi ïðàâi ÷àñòèíè ðiâíî-
ñòåé (3) çàïèøóòüñÿ òàêèì ÷èíîì:

mi∑
j=1

u
(
a
(j)
i

)
+Kil

(
s−Ai −

mi∑
j=1

a
(j)
i

)α
=

= max
(x1,...,xmi )∈Di(s,Ai)

{ mi∑
j=1

u(xj)+

+Kil
(
s−Ai −

mi∑
j=1

xj

)α}
.

Óòâîðèâøè ñèñòåìó ïî âñiì i ∈ [N ], çãi-
äíî ç Ëåìîþ 2 îòðèìó¹ìî, ùî ∀i ∈ [N ](
a
(1)
i , . . . , a

(mi)
i

)
= (qiQs, . . . , qiQs), äå qi =

= (c/Kil)
1

1−α , Q =
(

1 +
∑N
j=1mjqj

)−1
.

Òåïåð ïåðåòâîðèìî ëiâi ÷àñòèíè ðiâíî-
ñòåé (3):

Kis
α = mic(qiQs)

α +Kil
(
s−Qs

N∑
k=1

mkqk

)α
=

= (Qs)α
(
micq

α
i +Kil

)
= (Qs)αKil

(
miqi + 1

)
.

Ìà¹ìî ñèñòåìó

i = 1, N : 1 = Qαl
(
miqi + 1

)
(4)

Äëÿ äîâåäåííÿ òîãî, ùî ñèñòåìà (4)
ðîçâ'ÿçíà, ðîçãëÿíåìî äîïîìiæíó ôóíêöiþ
g : [1; +∞)→ R:

g(z) =
1

z

(
N
zα

l
−N + 1

)
,

äëÿ ÿêî¨ ñïðàâåäëèâî:
(à). g(z) íåïåðåðâíà íà [1; +∞);
(á). g(1) > 1 (âíàñëiäîê A3);
(â). limz→+∞ g(z) = 0.

Ç âëàñòèâîñòåé (à)�(â) âèïëèâà¹, ùî iñíó¹ òî-
÷êà z∗ ∈ (1; +∞), òàêà ùî g(z∗) = 1.

Ïîêëàäåìî äëÿ êîæíîãî i ∈ [N ]

qi =

(
z∗
)α − l
mil

∈ (0; +∞),

i ïîìiòèìî, ùî âèêîíó¹òüñÿ âiäíîøåííÿ

z∗ = N

(
z∗
)α
l
−N + 1 =

N∑
j=1

((
z∗
)α
l
− 1

)
+ 1 =

=

N∑
j=1

mjqj + 1.

Òîäi ∀i ∈ [N ]

qi =

(∑N
j=1mjqj + 1

)α
− l

mil
,

øî åêâiâàëåíòíî ðiâíÿííÿì ñèñòåìè (4). �
Äîâåäåííÿ Òåîðåìè 1. Íåõàé ôóíêöi¨ Vi =
= K∗i s

α îäíî÷àñíî çàäîâîëüíÿþòü ðiâíîñòi (3)
äëÿ êîæíîãî i ∈ [N ].

Âèçíà÷èìî ñòàöiîíàðíi ñòðàòåãi¨ fi(s) :=

= (c/K∗i l)
1

1−α

(
1 +

∑N
j=1mj(c/K

∗
j l)

1
1−α

)−1
s äëÿ

âñiõ i ∈ [N ]. Ç âèáîðó ñòðàòåãié fi ñëiäó¹, ùî

Vi(s) =

=

mi∑
j=1

u
(
fi(s)

)
+ β EVi

((
s−

N∑
k=1

mk∑
j=1

fk(s)
)
ξ

)
=

= max
(x1,...,xmi )∈A(s)mi

{
mi∑
j=1

u(xj)+

+ β EVi
((

s−
mi∑
j=1

xj −
N∑
k=1
k 6=i

mk∑
j=1

fk(s)
)
ξ

)}
(5)
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äëÿ âñiõ s ∈ S òà i ∈ [N ].
Âèçíà÷èìî ñòàöiîíàðíèé ïðîôiëü ñòðàòåãié

π∗ ∈ Φ òàêèì ÷èíîì, ùî π∗Ci = (fi, . . . , fi), òîá-
òî fi � ñòàöiîíàðíà ñòðàòåãiÿ êîæíîãî ãðàâöÿ
êîàëiöi¨ Ci.

Ëåãêî ïåðåñâiä÷èòèñü, ùî äëÿ ∀i ∈ [N ],
∀S1 = s ∈ S òà ∀κ ∈ Πmi , òàêîãî ùî π =
= (κ, π∗−Ci) ∈ Φ,

lim
t→∞

Eπs
[
βt−1Vi(St)

]
= lim
t→∞

βt−1K∗i E
π
s

[
(St)

α
]

=

= lim
t→∞

βt−1K∗i E
π
s

[(
St−1 −

m∑
i=1

Xti

)α
ξαt−1

]
≤

≤ lim
t→∞

βt−1K∗i E
π
s

[(
St−1

)α
ξαt−1

]
≤ . . . ≤

≤ lim
t→∞

βt−1K∗i E
π
s

[(
S1

)α
ξα1 · . . . · ξαt−1

]
=

= K∗i s
α lim
t→∞

βt−1 E
[
ξα1 · . . . · ξαt−1

]
=

= K∗i s
α lim
t→∞

(
β E [ξα]

)t−1
= 0. (6)

Âëàñòèâîñòi (5), (6) òà ïðèíöèï îïòèìàëüíî-
ñòi äèíàìi÷íîãî ïðîãðàìóâàííÿ çà óìîâ íåâè-
çíà÷åíîñòi äîçâîëÿþòü ñòâåðäæóâàòè, ùî äëÿ
∀i ∈ [N ], ∀s ∈ S i ∀κ ∈ Πmi , òàêîãî ùî
(κ, π∗−Ci) ∈ Φ,

Vi(s) =
∑
j∈Ci

γj(π
∗)(s) ≥

∑
j∈Ci

γj(κ, π
∗
−Ci)(s),

òîáòî π∗ ¹ C-ñòiéêîþ ðiâíîâàãîþ. �

Ïåðåõiä äî iíäèâiäóàëüíèõ âèãðàøiâ

ãðàâöiâ

Ìåòîþ öüîãî ðîçäiëó ¹ îöiíèòè, ÿêèì ÷è-
íîì çìiíþþòüñÿ iíäèâiäóàëüíi âèãðàøi ãðàâöiâ
ó C-ñòiéêié ðiâíîâàçi çàëåæíî âiä ðîçáèòòÿ C.

Çàâäÿêè òîìó, ùî îïòèìàëüíi âèãðàøi âñiõ
êîàëiöié, ÿêi ïåðåáóâàþòü ó C-ñòiéêié ðiâíîâàçi,
äîñÿãàþòüñÿ çàñòîñóâàííÿì iäåíòè÷íèõ ñòðàòå-
ãié ãðàâöÿìè âñåðåäèíi êîæíî¨ ç íèõ, òî ïðèðî-
äíî ïðèïóñêàòè, ùî ïîäàëüøîãî ïåðåðîçïîäiëó
ñóêóïíîãî âèãðàøó â êîàëiöiÿõ íå âiäáóâà¹òüñÿ.
Äiéñíî, ÿêùî êîæåí ãðàâåöü j ∈ Ci îòðèìó¹ âè-
ãðàø γj(π

∗)(s), äå s ∈ S � ïî÷àòêîâèé ñòàí, òî
öå âiäïîâiäà¹ ÿê ïîäiëó ïðèáóòêó ïîðiâíó, òàê i
ïîäiëó çãiäíî ç âíåñêàìè.
Ïðèêëàä 1. Íåõàé ãðà âèäîáóòêó ðåñóðñiâ âiäáó-
âà¹òüñÿ ìiæ 4 ó÷àñíèêàìè ç ïàðàìåòðàìè u(x) =
= 2x0.45, β = 0.9. Ðiâíÿííÿì ñòàíó ∀t ∈ N ¹

st+1 =

(
st −

4∑
i=1

xti

)
· eη,

äå (xt1, . . . , xt4) ∈ D(st) � âèáîðè ãðàâöiâ ó ñòà-
íi st, à η � âèïàäêîâà âåëè÷èíà çi ñòàíäàðòíèì
íîðìàëüíèì ðîçïîäiëîì N(0, 1).

Òîäi

l = β eα
2/2 = 0.9958979 . . .

Äëÿ êîæíîãî îêðåìîãî ðîçáèòòÿ C, iíäèâiäó-
àëüíi âèãðàøi ãðàâöiâ ó C-ñòiéêié ðiâíîâàçi ìî-
æíà îá÷èñëèòè, âèêîðèñòîâóþ÷è çíà÷åííÿ z∗ ç
äîâåäåííÿ Ëåìè 3. Çà äîïîìîãîþ ñòàíäàðòíèõ
÷èñåëüíèõ ìåòîäiâ çíàéäåìî òî÷êó z∗ ïåðåòèíó
ôóíêöi¨ g(z) ç òîòîæíîþ îäèíèöåþ íà îáëàñòi
(1; +∞). Òîäi âèãðàø êîæíîãî ãðàâöÿ êîàëiöi¨
Ci äîðiâíþ¹

K∗i s
α
1

mi
=

c sα1
mi l q

1−α
i

=
c sα1

mα
i l
α
(
(z∗)α − l

)1−α , (7)

äå s1 ∈ S � ïî÷àòêîâèé ñòàí ãðè.

Äëÿ ïîðiâíÿííÿ âêëþ÷èìî òàêîæ ñèòóàöiþ,
ó ÿêié âñi ãðàâöi êîîïåðóþòüñÿ, òîáòî ¹ ÷à-
ñòèíîþ îäíi¹¨ êîàëiöi¨. Ïîêëàâøè N = 1, ç
ôîðìóë, âèâåäåíèõ ó äîâåäåííi Ëåì 2 i 3,
ìîæíà ëåãêî îòðèìàòè, ùî îïòèìàëüíèì âè-
áîðîì êîæíîãî ãðàâöÿ ó êîîïåðàöi¨ ¹ a =

=
(
1− l

1
1−α
)
s/m, à âiäïîâiäíi âèãðàøi äîðiâíþ-

þòü c
(
1− l

1
1−α
)α−1(

s/m
)α
.

Çàïèøåìî òàáëèöåþ îá÷èñëåíi çíà÷åííÿ ií-
äèâiäóàëüíèõ âèãðàøiâ ãðàâöiâ ó C-ñòiéêié ðiâ-
íîâàçi äëÿ ðiçíèõ ðîçáèòòiâ C, à òàêîæ îïòè-
ìàëüíi âèãðàøi ó âèïàäêó, êîëè âñi ãðàâöi êîî-
ïåðóþòüñÿ:

Êîàëiöiéíå
ðîçáèòòÿ íà
ìíîæèíi
ãðàâöiâ

Âåêòîð âèãðàøiâ iç
òî÷íiñòþ äî sα1 · 10−2

{1}, {2}, {3}, {4} (1.77, 1.77, 1.77, 1.77) · sα1
{1, 2}, {3}, {4} (1.98, 1.98, 2.70, 2.70) · sα1
{1, 2}, {3, 4} (9.11, 9.11, 9.11, 9.11) · sα1
{1, 2, 3}, {4} (7.59, 7.59, 7.59, 12.45) · sα1
{1, 2, 3, 4} (15.86, 15.86, 15.86,

15.86) · sα1

Öiêàâèì íàñëiäêîì ôîðìóëè (7) ¹ òå, ùî
äëÿ êîæíî¨ C-ñòiéêî¨ ðiâíîâàãè ãðàâöi êiëüêiñíî
ìåíøèõ êîàëiöié îòðèìóþòü áiëüøi ïðèáóòêè.
Ïîìiòèìî òàêîæ, ùî â öüîìó ïðèêëàäi áóäü-ÿêi
çëèòòÿ êîàëiöié ïðèíîñÿòü âèãîäó ó÷àñíèêàì.
Ïðîòå ó çàãàëüíié ïîñòàíîâöi çàäà÷i öå íå çàâ-
æäè òàê, ùî iëþñòðó¹ òàêèé ïðèêëàä.
Ïðèêëàä 2. Âiäêîðèãó¹ìî óìîâó Ïðèêëàäó 1,
ïîêëàâøè α = 0.5 i β = 0.7. Òîäi l =
= 0.7932039 . . . , i âiäïîâiäíà òàáëèöÿ ïåðåòâî-
ðèòüñÿ íà òàêó:
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Êîàëiöiéíå
ðîçáèòòÿ íà
ìíîæèíi
ãðàâöiâ

Âåêòîð âèãðàøiâ iç
òî÷íiñòþ äî sα1 · 10−2

{1}, {2}, {3}, {4} (1.19, 1.19, 1.19, 1.19) · sα1
{1, 2}, {3}, {4} (1.03, 1.03, 1.46, 1.46) · sα1
{1, 2}, {3, 4} (1.42, 1.42, 1.42, 1.42) · sα1
{1, 2, 3}, {4} (1.16, 1.16, 1.16, 2.02) · sα1
{1, 2, 3, 4} (1.64, 1.64, 1.64, 1.64) · sα1

Òåïåð ìîæíà ñïîñòåðiãàòè, ùî â áiëüøîñòi
âèïàäêiâ îá'¹äíàííÿ êîàëiöié íå âèãiäíå õî÷à á
äëÿ îäíi¹¨ çi ñòîðií.

Äîäàòêîâó óâàãó çâåðíiìî íà ïåðøèé i îñòàí-
íié ðÿäêè òàáëèöü. Ó ïåðøîìó ðÿäêó çàïèñà-
íi âèãðàøi ãðàâöiâ, ùî ïåðåáóâàþòü ó ðiâíîâà-
çi Íåøà, ïðè÷îìó ñèìåòðè÷íié, à â îñòàííüîìó
íàâåäåíî îïòèìàëüíi âèãðàøi çà óìîâè êîîïå-
ðàöi¨. Ïðèáóòêè â êîîïåðàöi¨ ¹ î÷iêóâàíî áiëüø
âèãiäíèìè äëÿ êîæíîãî ãðàâöÿ, îñêiëüêè âîíè

îòðèìàíi ÿê ìàêñèìàëüíi íà ìíîæèíi âñiõ ñèìå-
òðè÷íèõ ñòðàòåãié, ÿêà âêëþ÷à¹ òàêîæ i ñèìå-
òðè÷íó ðiâíîâàãó Íåøà.

Êiíöåâîþ ìåòîþ óòâîðåííÿ êîàëiöié ¹ çèñê
ãðàâöiâ âiä ñïiëüíèõ äié â óìîâàõ ñåðåäîâèùà çi
âçà¹ìíîþ äîâiðîþ. Ïîêàçîâèé ìîìåíò ñèòóàöi¨
Ïðèêëàäó 2 ïîëÿãà¹ â òîìó, ùî öÿ ìåòà äîñÿ-
æíà ëèøå çà óìîâè óçãîäæåíèõ äié âñiõ ãðàâöiâ.
ßêùî õî÷à á îäèí ó÷àñíèê âiäìîâëÿ¹òüñÿ âñòó-
ïàòè â êîàëiöiþ, òî æîäíi ãðóïîâi îá'¹äíàííÿ íå
¹ äîðå÷íèìè. Â òàêîìó âèïàäêó êîæíîìó ãðàâ-
öåâi çàëèøà¹òüñÿ äiÿòè ñàìîñòiéíî, à ñàìå �
îáèðàòè ñòðàòåãiþ, ùî ïðîäóêó¹ ðiâíîâàãó Íå-
øà.

Íàâåäåíi ïðèêëàäè äåìîíñòðóþòü íå òiëü-
êè àëãîðèòìi÷íèé ñïîñiá çíàõîäæåííÿ âèãðàøiâ
äëÿ ðiâíîâàãè ìiæ ñòàëèìè êîàëiöiÿìè, à é òå,
íàñêiëüêè ñóòò¹âî ïàðàìåòðè ãðè âïëèâàþòü íà
ìîòèâàöiþ ãðàâöiâ âñòàíîâëþâàòè òi ÷è iíøi ñî-
öiàëüíi çâ'ÿçêè.
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I. Sylenko

EQUILIBRIUM IN A SYMMETRIC GAME OF RESOURCE
EXTRACTION WITH COALITIONAL STRUCTURE

The game of resource extraction / capital accumulation is a stochastic nonzero-sum infinite horizon
game, obtained as an extension of the well-known optimal growth model to m strategically competing
players, who jointly posses a renewable resource. The existence of a Nash equilibrium in different, of-
ten symmetric, frameworks of the game received a significant attention in the scientific literature on
the topic. The focus of this paper is to introduce the coalitional component to the symmetric problem.
Specifically, we examine whether the game with a fixed coalitional structure admits stability against prof-
itable coalitional deviations. It is assumed that the set of all players is partitioned into coalitions which
do not intersect and remain consistent throughout the game. The members of each coalition are able to
coordinate their actions and perform joint deviations in a cooperative manner. Such setting incorporates
a natural concept of established social ties, which may reflect a potential context appearing in practical
applications. The corresponding notion of equilibrium in the paper is expressed as a position, from which
none of the set coalitions can deviate in a manner to increase a total reward of its members. Its existence
is studied in the context of a certain symmetric resource extraction game model with unbounded utilities
of the players. This model was studied in [12; 13], concluding a Stationary Markov Perfect Equilibrium
existence in both symmetric and non-symmetric game structure. The first feature of the model is that the
preferences of the players are considered to be isoelastic in the form of strictly concave power functions.
Furthermore, the law of motion between states is set to follow a geometric random walk in relation
to players’ joint investments. We prove that the game within the formulated settings admits stability
against profitable coalitional deviations for any partition on the set of agents. The method provides an
algorithm for building the corresponding stationary strategies, which can be useful for practical purposes.
Finally, we use two examples with different numerical configurations to illustrate possible patterns of
how the individual rewards of the players vary depending on a coalitional structure, which is set at the
beginning of the game.

Keywords: coalitions, stochastic game, resource extraction game, capital accumulation, isoelastic
utility, geometric random walk.
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