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Q̃-ÇÎÁÐÀÆÅÍÍß ÄIÉÑÍÈÕ ×ÈÑÅË ßÊ
ÓÇÀÃÀËÜÍÅÍÍß ÊÀÍÒÎÐIÂÑÜÊÈÕ ÑÈÑÒÅÌ

×ÈÑËÅÍÍß

Ðîáîòó ïðèñâÿ÷åíî óçàãàëüíåííþ êàíòîðiâñüêî¨ ñèñòåìè ÷èñëåííÿ, ÿêà âèçíà÷à¹òüñÿ ïîñëi-
äîâíiñòþ îñíîâ (sn), 1 < sn ∈ N i ïîñëiäîâíiñòþ àëôàâiòiâ An = {0, 1, ..., sn − 1}:

[0; 1] ∋ x =
∞∑

n=1

αn

s1s2...sn
, αn ∈ An,

ÿêå íàçâàíå Q̃-çîáðàæåííÿì. Âîíî âèçíà÷à¹òüñÿ íåñêií÷åííîþ ¾ìàòðèöåþ¿ ||qik||, äå i ∈ Ai, k ∈
∈ N , ùî ìà¹ âëàñòèâîñòi

0 < qik < 1,
mk∑
i=0

qik = 1, k ∈ N,
∞∏
k=1

max
i

{qik} = 0,

à ñàìå

[0; 1] ∋ x = ai11 +
∞∑
k=2

[aikk
k−1∏
j=1

qij(x)j ] ≡ ∆i1i2...ik..., äå ainn =
in−1∑
j=0

qjn, in ∈ An, n ∈ N .

Ó ðîáîòi ðîçãëÿíóòî çàñòîñóâàííÿ âêàçàíîãî çîáðàæåííÿ ÷èñåë ó ìåòðè÷íié òåîði¨ ÷èñåë,
òåîði¨ ðîçïîäiëiâ âèïàäêîâèõ âåëè÷èí, òåîði¨ ëîêàëüíî ñêëàäíèõ ôóíêöié òà ôðàêòàëüíîìó àíà-
ëiçi.

Âèâ÷åíî òîïîëîãî-ìåòðè÷íó ñòðóêòóðó ìíîæèíè C[Q̃;Vn] = {x : x = ∆α1...αn..., αn ∈ Vn ⊂
An}. Âèâåäåíî ôîðìóëó äëÿ îá÷èñëåííÿ ¨¨ ìiðè Ëåáåãà:

λ(C) =
∞∏

n=1

λ(Fn)
λ(Fn−1)

=
∞∏

n=1
(1− λ(Fn)

λ(Fn−1)
),

äå F0 = [0; 1], Fn � îá'¹äíàííÿ Q̃-öèëiíäðiâ ðàíãó n, ñåðåä âíóòðiøíiõ òî÷îê ÿêèõ ¹ òî÷êè ìíî-
æèíè C, Fn ≡ Fn−1 \ Fn.

Çíàéäåíî êðèòåðié i äåÿêi äîñòàòíi óìîâè íóëü-ìiðíîñòi öi¹¨ ìíîæèíè. Çà äîäàòêîâèõ óìîâ
íà ¾ìàòðèöþ¿ ||qik|| çíàéäåíî íîðìàëüíó âëàñòèâiñòü Q̃-çîáðàæåííÿ ÷èñåë (âëàñòèâiñòü, ÿêó
ìàþòü ìàéæå âñi ó ðîçóìiííi ìiðè Ëåáåãà ÷èñëà). Îòðèìàíi ðåçóëüòàòè âèêîðèñòàíî äëÿ âñòà-

íîâëåííÿ ëåáåãiâñüêî¨ ñòðóêòóðè i òèïó ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè, öèôðè Q̃-çîáðàæåííÿ
ÿêî¨ ¹ íåçàëåæíèìè âèïàäêîâèìè âåëè÷èíàìè. Äîâåäåíî, ùî öèôðè Q̃-çîáðàæåííÿ ðiâíîìiðíî
ðîçïîäiëåíî¨ íà [0; 1] âèïàäêîâî¨ âåëè÷èíè ¹ íåçàëåæíèìè, i âêàçàíî ¨õ ðîçïîäië.

Äîâåäåíî, ùî ïðè îá÷èñëåííi ôðàêòàëüíî¨ ðîçìiðíîñòi Ãàóñäîðôà�Áåçèêîâè÷à ïiäìíîæèí âiä-
ðiçêà [0; 1] ìîæíà îáìåæèòèñü ïîêðèòòÿìè Q̃-öèëiíäðàìè: ∆c1...cm = {x : x = ∆c1...cki1...in..., in ∈
∈ Ak+n}, ÿêùî ïîòóæíîñòi àëôàâiòiâ îáìåæåíi, à åëåìåíòè ¾ìàòðèöi¿ ||qik|| âiäîêðåìëåíi âiä
íóëÿ.

Äëÿ iíâåðñîðà öèôð Q̃-çîáðàæåííÿ ÷èñåë, òîáòî ôóíêöi¨, îçíà÷åíî¨ ðiâíiñòþ I(x = ∆i1...in...) =
= ∆[m1−i1]...[mn−in]..., mn ≡ sn − 1 äîâåäåíî íåïåðåðâíiñòü, ñòðîãó ìîíîòîííiñòü, à äëÿ îêðåìèõ
âèïàäêiâ ¨¨ ñèíãóëÿðíiñòü (ðiâíiñòü ïîõiäíî¨ íóëþ ìàéæå ñêðiçü ó ðîçóìiííi ìiðè Ëåáåãà).

Êëþ÷îâi ñëîâà: Q̃-çîáðàæåííÿ ÷èñåë, Q̃-áiíàðíi ÷èñëà, Q̃-óíàðíi ÷èñëà, êàíòîðiâñüêà ñèñòåìà
÷èñëåííÿ, öèëiíäð, ðîçìiðíiñòü Ãàóñäîðôà�Áåçèêîâè÷à, íîðìàëüíà âëàñòèâiñòü ÷èñëà, öèëiíäðè÷íà
ïîõiäíà, ñèíãóëÿðíà ôóíêöiÿ.

Âñòóï

Ó òåîði¨ íåïåðåðâíèõ ëîêàëüíî ñêëàäíèõ
ôóíêöié iç ôðàêòàëüíèìè âëàñòèâîñòÿìè [10],
çîêðåìà ñèíãóëÿðíèõ, íåïåðåðâíèõ íiäå íå ìî-
íîòîííèõ, âêëþ÷àþ÷è íåäèôåðåíöiéîâíi, ôóí-
êöié îáìåæåíî¨ òà íåîáìåæåíî¨ âàðiàöi¨, iñíó-
þòü ìåòîäîëîãi÷íi òðóäíîùi ó ¨õ åôåêòèâíîìó

çàäàííi òà äîñëiäæåííi. Íàéáiëüø äi¹âèì, íà
íàø ïîãëÿä, ¹ âèêîðèñòàííÿ ðiçíèõ ñèñòåì êî-
äóâàííÿ ÷èñåë i àâòîìàòiâ ïåðåòâîðåííÿ öèôð
çîáðàæåííÿ àðãóìåíòà â öèôðè çíà÷åííÿ ôóí-
êöi¨ [3; 4; 7; 11]. Ïðè öüîìó îäíèì iç ïðîñòèõ
ñïîñîáiâ îçíà÷åííÿ ôóíêöi¨ ¹ ïðèéîì iíâåðñóâà-
ííÿ öèôð çîáðàæåííÿ àðãóìåíòà [1; 9]. Íà öüîìó
øëÿõó áóëî îïèñàíî êiëüêà êëàñiâ ôóíêöié i âè-
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â÷åíî ¨õ ñòðóêòóðíi, äèôåðåíöiàëüíi, âàðiàöiéíi
òà ôðàêòàëüíi âëàñòèâîñòi. Ñåðåä íèõ ôóíêöi¨,
âèçíà÷åíi ó òåðìiíàõ ðiçíèõ óçàãàëüíåíü òà àíà-
ëîãiâ êëàñè÷íîãî äâiéêîâîãî çîáðàæåííÿ, à òà-
êîæ ó òåðìiíàõ ëàíöþãîâèõ äðîáiâ (åëåìåíòàð-
íèõ, A2-äðîáiâ òà äðîáiâ Äàíæóà) [2; 8]. Ó öié
ðîáîòi ìè ïðîäîâæó¹ìî äîñëiäæåííÿ, ðîçøèðþ-
þ÷è êëàñè ðîçãëÿíóòèõ ôóíêöié.

Q̃-çîáðàæåííÿ ÷èñåë âiäðiçêà [0; 1]

Íåõàé (mk) � ôiêñîâàíà ïîñëiäîâíiñòü íàòó-
ðàëüíèõ ÷èñåë, Ak ≡ {0, 1, 2, ...,mk} � ïîñëiäîâ-
íiñòü àëôàâiòiâ, L ≡ A1 × A2 × ... � ïðîñòið
(ìíîæèíà) ïîñëiäîâíîñòåé åëåìåíòiâ àëôàâiòiâ;
(q0k, ..., qmkk) � ïîñëiäîâíiñòü äîäàòíèõ ñòîõà-
ñòè÷íèõ âåêòîðiâ-ñòîâïöiâ (k = 1, 2, ...) òàêèõ,
ùî:
1) 0 < qik < 1;

2)
mk∑
i=0

qik = 1, k ∈ N ;

3) äëÿ áóäü-ÿêî¨ (in) ∈ L ìà¹ ìiñöå
∞∏

n=1
qinn = 0 ⇔

∞∏
n=1

max
i

{qin} = 0.

Âiäîìî [7], ùî äëÿ äîâiëüíîãî ÷èñëà x0 ∈ [0; 1]
iñíó¹ ïîñëiäîâíiñòü (ik) ∈ L òàêà, ùî

x0 = ai11+

∞∑
k=2

[aikk

k−1∏
j=1

qij(x0)j ] ≡ ∆i1i2...ik..., (1)

äå aikk =
ik−1∑
s=0

qsk.

Ïîäàííÿ ÷èñëà x0 ó âèãëÿäi ðÿäó (1) íàçèâà-
þòü éîãî Q̃-ïðåäñòàâëåííÿì, ñêîðî÷åíèé çàïèñ
∆i1i2...ik... � éîãî Q̃-çîáðàæåííÿì, ik � k-þ öè-
ôðîþ öüîãî çîáðàæåííÿ.

Ðîçêëàä ÷èñëà x â ðÿä (1) i îá÷èñëåííÿ öèôð
Q̃-çîáðàæåííÿ ÷èñëà çäiéñíþþòü çà òàêèì àëãî-
ðèòìîì:
x0 = ai11 + x1, äå 0 ≤ x1 ≡ x0 − ai11 ≤ qi11,

xn−1 = ainn
n−1∏
j=1

qijj + xn,

äå 0 ≤ xn ≡ xn−1 − ainn
n−1∏
j=1

qijj ≤
n∏

j=1

qijj ;

i1 = {j : ai11 ≤ x0 < ai1+1,1, }

in = {j : ainn
n−1∏
k=1

qikk ≤ xn−1 ≤ an+1,n

n−1∏
k=1

qikk.}

Iñíóþòü ÷èñëà, ùî ìàþòü äâà Q̃-çîáðàæåííÿ,
îñêiëüêè

∆i1...in−1in(0) = ∆i1...in−1[in−1]mn+1mn+2mn+3....

�õ íàçèâàþòü Q̃-áiíàðíèìè. Ðåøòà ÷èñåë ìà-
þòü ¹äèíå Q̃-çîáðàæåííÿ. �õ íàçèâàþòü Q̃-
óíàðíèìè.

ßêùî mk + 1 = s äëÿ áóäü-ÿêîãî k ∈ N , òî
Q̃-çîáðàæåííÿ ¹ Q∗

s-çîáðàæåííÿ ÷èñåë; ÿêùî æ

ïðè öüîìó qik = 1
s äëÿ äîâiëüíîãî i ∈ Ak, k ∈ N ,

òî Q̃-çîáðàæåííÿ ¹ êëàñè÷íèì s-êîâèì çîáðàæå-
ííÿì ÷èñåë âiäðiçêà [0; 1]. Âèïàäîê qik = 1

sk
äëÿ

áóäü-ÿêîãî i ∈ Ak ïðèâîäèòü äî êëàñè÷íî¨ êàí-
òîðiâñüêî¨ ñèñòåìè ÷èñëåííÿ [11], ó ÿêié ðîçêëàä
÷èñëà â ðÿä íàáóâà¹ âèãëÿäó:

x =
α1

s1
+

α2

s1s2
+ ...+

αk

s1s2...sk
+ ....

Òàêèì ÷èíîì, Q̃-êîäóâàííÿ (Q̃-çîáðàæåííÿ) ÷è-
ñåë ¹ óçàãàëüíåííÿì êàíòîðiâñüêî¨ ñèñòåìè ÷è-
ñëåííÿ ç ïîñëiäîâíiñòþ îñíîâ (sk).

Çàóâàæèìî, ùî Q̃-çîáðàæåííÿ çàáåçïå÷ó¹
ñóòò¹âî øèðøi ìîæëèâîñòi äëÿ êîíñòðóþâàííÿ
ìàòåìàòè÷íèõ îá'¹êòiâ (ìíîæèí, ôóíêöié, ìið,
äèíàìi÷íèõ ñèñòåì, ïåðåòâîðåíü ïðîñòîðó) ç ëî-
êàëüíî ñêëàäíèìè âëàñòèâîñòÿìè ñòðóêòóðíî-
ãî, âàðiàöiéíîãî, äèôåðåíöiàëüíî-iíòåãðàëüíîãî
òà ôðàêòàëüíîãî çìiñòó.

Ââåäåìî ïîçíà÷åííÿ:
τ ≡ inf

k
{min

i
{qik}}, ξ ≡ sup

k
{max

i
{qik}}.

Ãåîìåòðiÿ Q̃-çîáðàæåííÿ: Q̃-öèëiíäðè òà

¨õ çàñòîñóâàííÿ

Ãåîìåòðiþ Q̃-çîáðàæåííÿ ðîçêðèâàþòü âëà-
ñòèâîñòi öèëiíäðiâ. Íàãàäà¹ìî, ùî öèëiíäðîì
ðàíãó m ç îñíîâîþ c1...cm íàçèâàþòü ìíîæè-
íó ∆c1...cm ÷èñåë îäèíè÷íîãî âiäðiçêà, ïåðøi m
öèôð Q̃-çîáðàæåííÿ ÿêèõ çáiãàþòüñÿ ç c1,...,cm
âiäïîâiäíî, òîáòî

∆c1...cm = {x = ∆c1...cmi1...in..., (in) ∈ L}. (2)

Öèëiíäðè (Q̃-öèëiíäðè) ìàþòü âëàñòèâîñòi:

1) ∆c1c2...ck =
mk+1⋃
i=0

∆c1c2...cki;

[0; 1] =
m1⋃
c1=0

...
mk⋃
ck=0

∆c1...ck ;

2) Q̃-öèëiíäð ∆c1c2...cm ¹ âiäðiçêîì ç êiíöÿìè
a i b:

a = ai11+

m∑
k=1

(ackk

k−1∏
j=1

qcjj), b = a+

m∏
j=1

qcjj ;

3) max∆c1c2...ck−1i = min∆c1c2...ck−1[i+1],
i ∈ {0, 1, ...,mk − 1};

4) ∆c1...ck = ∆d1...dk
⇔ ci = di, i = 1, k;

5) ∇c1...ck ∩∇d1...dk...dn
=

=

{
∆d1...dk...dn

, ÿêùî di = ci, i = 1, k

∅, ÿêùî di ̸= ci ïðè i < k,

äå ∇c1...ck � âíóòðiøíiñòü öèëiíäðà
∆c1...ck ;

6) |∆c1c2...ck | =
k∏

i=1

qcii;
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7)
|∆c1c2...ck−1i|
|∆c1c2...ck−1

| = qik;

8)
∞⋂
k=1

∆c1c2...ck = ∆c1c2...ck... = x.

Îñòàííþ âëàñòèâiñòü çàáåçïå÷ó¹ óìîâà 3) äëÿ
ìàòðèöi ||qik||.

Ìíîæèíè êàíòîðiâñüêîãî òèïó

Ðîçãëÿíåìî ìíîæèíó

C[Q̃;Vn] = {x : x = ∆α1...αn..., αn ∈ Vn ⊂ An}.

Ëåìà 1. ßêùî íåðiâíiñòü Vn ̸= An âèêîíó¹-
òüñÿ ëèøå ñêií÷åííó êiëüêiñòü ðàçiâ, òî ìíî-
æèíà C ¹ îá'¹äíàííÿì âiäðiçêiâ i ¹ äîñêîíàëîþ
íiäå íå ùiëüíîþ ìíîæèíîþ ó ïðîòèëåæíîìó
âèïàäêó.
Äîâåäåííÿ. ßêùî Vn = An äëÿ âñiõ n ≥ n0,
òî ìíîæèíà C ¹ îá'¹äíàííÿì Q̃-öèëiíäðiâ ðàí-
ãó n0. ßêùî æ Vnk

= Ank
i jk ∈ Ank

\ Vnk
, òî

∇c1...cnk−1jk ∩C = ∅. Òîìó â êîæíîìó ÿê çàâãî-
äíî ìàëîìó iíòåðâàëi (u, v) ëåãêî âêàçàòè éîìó
íàëåæíèé Q̃-öèëiíäð, à â íüîìó öèëiíäð, ñåðåä
âíóòðiøíiõ òî÷îê ÿêîãî íåìà¹ òî÷îê ìíîæèíè
C. Îòæå, C � íiäå íå ùiëüíà çãiäíî ç îçíà÷åí-
íÿì. Ëåìó äîâåäåíî.
Ëåìà 2. Ìiðó Ëåáåãà ìíîæèíè îá÷èñëþþòü
çà ôîðìóëîþ

λ(C) =
∞∏

n=1

λ(Fn)
λ(Fn−1)

=
∞∏

n=1
(1− λ(Fn)

λ(Fn−1)
),

äå F0 = [0; 1], Fn � îá'¹äíàííÿ Q̃-öèëiíäðiâ ðàí-
ãó n, ñåðåä âíóòðiøíiõ òî÷îê ÿêèõ ¹ òî÷êè
ìíîæèíè C,

Fn ≡ Fn−1 \ Fn.

Äîâåäåííÿ. Î÷åâèäíî, ùî C ⊂ Fk ⊂ Fk−1 äëÿ
áóäü-ÿêîãî k ∈ N ,

C = lim
k→∞

Fk =

∞⋂
k=1

Fk; λ(C) = lim
k→∞

λ(Fk).

Òîäi
λ(C) = lim

k→∞
λ(Fk)

λ(Fk−1)
· λ(Fk−1)
λ(Fk−2)

· ... · λ(F1)
λ(F0)

=

= lim
k→∞

k∏
n=1

λ(Fn)
λ(Fn−1)

=
∞∏

n=1

λ(Fn)
λ(Fn−1)

.

Îñêiëüêè Fn = Fn−1 \ Fn, òî

λ(C) =

∞∏
n=1

λ(Fn−1)− λ(Fn)

λ(Fn−1)
=

∞∏
n=1

(1− λ(Fn)

Fn−1
).

Ëåìó äîâåäåíî.

Íàñëiäîê 3. λ(C) = 0 ⇔
∞∑

n=1

λ(Fn)
λ(Fn−1)

= ∞.

Öå òâåðäæåííÿ âèïëèâà¹ ç âiäîìîãî ôàêòó
ïðî âçà¹ìîçâ'ÿçîê çáiæíîñòi íåñêií÷åííèõ äîáó-
òêiâ i ðÿäiâ.

Íàñëiäîê 4. ßêùî ïîñëiäîâíiñòü (mk) ¹ îáìå-
æåíîþ, τ > 0 i íåñêií÷åííó êiëüêiñòü ðàçiâ âè-
êîíó¹òüñÿ íåðiâíiñòü Vn ̸= An, òî λ(C) = 0.

Íîðìàëüíà âëàñòèâiñòü ÷èñåë

Ëåìà 5. ßêùî ïîñëiäîâíiñòü (mk) ¹ ñòàëîþ,
τ > 0 i d1...dm � ôiêñîâàíèé íàáið öèôð, òî
ìiðà Ëåáåãà ìíîæèíè

D[Q̃, d1...dm] = {x = ∆α1...αn..., αk...αk+m =
= d1...dm ∀k ∈ N} äîðiâíþ¹ íóëþ.
Äîâåäåííÿ. Î÷åâèäíî, ùî ∇d1...dm

∩ D = ∅.
Ðîçãëÿíåìî ìíîæèíó ÷èñåë D0 = {x =
= ∆[i1...im][im+1...i2m]..., ikm+1...i[k+1]m ̸= d1...dm}.

Î÷åâèäíî, ùî D ⊂ D0. Ïîêàæåìî, ùî
λ(D0) = 0. Íåõàé En � öå îá'¹äíàííÿ Q̃-
öèëiíäðiâ ðàíãó nm, ñåðåä âíóòðiøíiõ òî÷îê
ÿêèõ ¹ òî÷êè ìíîæèíè D0,

E0 = [0; 1], En = En−1 \ En.

Òîäi D0 ⊂ En ⊂ En−1, D0 = lim
n→∞

En =
∞⋂

n=1
En,

λ(D0) = lim
n→∞

λ(En) = lim
n→∞

n∏
k=1

λ(Ek)
λ(Ek−1)

=

=
∞∏
k=1

λ(Ek)
λ(Ek−1)

=
∞∏
k=1

(1− λ(Ek)
λ(Ek−1)

).

Îñêiëüêè λ(D0) = 0 òîäi é òiëüêè òîäi, êîëè
∞∑
k=1

λ(Ek)
λ(Ek−1)

= ∞.

×åðåç âiäîêðåìëåíiñòü åëåìåíòiâ ìàòðèöi

||qik|| âiä íóëÿ ìà¹ìî, ùî λ(Ek)
λ(Ek−1)

> ε > 0 äëÿ
äåÿêîãî ε.

Òîìó âêàçàíèé ðÿä ¹ ðîçáiæíèì, à îòæå,
λ(D0) = 0. Ëåìó äîâåäåíî.
Íàñëiäîê 6. Ïðè âèêîíàííi óìîâ ëåìè ìíî-
æèíà D1 = {x = ∆α1...αk..., αk...αk+m ̸=
̸= d1...dm äëÿ k ≥ k0} ìà¹ íóëüîâó ìiðó Ëåáåãà.
Òåîðåìà 7. ßêùî ïîñëiäîâíiñòü (mk) ¹ ñòà-
ëîþ (mk = s − 1) i τ > 0, òî âñi (ó ðîçó-
ìiííi ìiðè Ëåáåãà) ÷èñëà âiäðiçêà [0; 1] ó ñâî¨õ

Q̃-çîáðàæåííÿõ äîâiëüíî âèáðàíèé íàáið öèôð
c1...cm ìiñòèòü íåñêií÷åííó êiëüêiñòü ðàçiâ.
Äîâåäåííÿ. ßêùî E � ìíîæèíà ÷èñåë, ó Q̃ ÿêèõ
íàáið öèôð c1...cm ÿê ïîñëiäîâíi öèôðè çîáðà-
æåííÿ ôiãóðó¹ ëèøå ñêií÷åííó êiëüêiñòü ðàçiâ,
òî çãiäíî ç ïîïåðåäíüîþ ëåìîþ λ(E) = 0. Òîäi
ìíîæèíà H ≡ [0; 1]\E ¹ ìíîæèíîþ ïîâíî¨ ìiðè,
òîáòî λ(H) = 1. Òåîðåìó äîâåäåíî.

Çàñòîñóâàííÿ: ðîçïîäiëè âèïàäêîâèõ

âåëè÷èí

Ëåìà 8. ßêùî X � âèïàäêîâà âåëè÷èíà, ðiâ-
íîìiðíî ðîçïîäiëåíà íà âiäðiçêó [0; 1], òî öèôðè

¨¨ Q̃�çîáðàæåííÿ ¹ íåçàëåæíèìè âèïàäêîâèìè
âåëè÷èíàìè, ÿêi ìàþòü ðîçïîäiëè

P{τk = i} = qik.
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Äîâåäåííÿ. Îñêiëüêè X � ðiâíîìiðíî ðîçïîäi-
ëåíà âèïàäêîâà âåëè÷èíà íà [0; 1], òî
P{τ1 = i} = |∆i| = qi1,

P{τk = i} = P{X ∈
m1⋃
i1=0

...
mk−1⋃
ik−1=0

∆i1...ik−1i} =

=
m1∑
i1=0

...
mk−1∑
ik−1=0

|∆i1...ik−1i| = qik.

Íåçàëåæíiñòü öèôð τk î÷åâèäíà, îñêiëüêè
P{τk = i⧸τ1 = i1, ..., τk−1 = ik−1} = P{τk = i}.
Ëåìó äîâåäåíî.

Íåõàé (ζn) � ïîñëiäîâíiñòü íåçàëåæíèõ âè-
ïàäêîâèõ âåëè÷èí, ÿêi ìàþòü ðîçïîäiëè:

P{ζn = i} = pin ≥ 0, i = 0,mn, n ∈ N ;

M ≡
∞∏
k=1

max
i

{pin}, L ≡ λ(C+),

C+ ≡C[Q̃, Vn] ={x = ∆i1...in...,pinn > 0, n ∈ N}.
Òåîðåìà 9. ßêùî M > 0, òî ðîçïîäië âèïàä-
êîâî¨ âåëè÷èíè ζ = ∆ζ1ζ2...ζn... ¹ äèñêðåòíèì.
ßêùî M = 0 = L, òî âií ¹ ñèíãóëÿðíèì ðîçïî-
äiëîì êàíòîðiâñüêîãî òèïó.

Äîâåäåííÿ. ßêùî∆c1...cn... = x0 � Q̃-óíàðíà òî-
÷êà, òî

P{ζ = x0} =P{ζn = cn, n ∈ N} =
∞∏

n=1
pcnn.

ßêùî x0 � Q̃-áiíàðíà òî÷êà, òîáòî
x0 = ∆c1...ck(0) = ∆c1...ck−1[ck−1](mk+n), òî
P{ζ = x0} = P{ζ1 = c1, ..., ζk = ck, ζk+1 =

= 0 = ζk+n ∀n ∈ N} + P{ζ1 = c1, ..., ζk =
= ck, ζk+1 = mk+1, ζk+2 = mk+2, ...}, ïðè÷îìó
îäèí ç äîäàíêiâ îñòàííüî¨ ñóìè ðiâíèé 0.

Âðàõîâóþ÷è ñêàçàíå, çà óìîâè M > 0
P{ζ =x∗} > 0, x∗ = ∆c1...cn..., pekk =max

i
{pik}.

Òîäi àòîìàìè ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè
ζ ¹ âñi òî÷êè x, Q̃-çîáðàæåííÿ ÿêèõ ëèøå ñêií-
÷åííîþ êiëüêiñòþ öèôð âiäðiçíÿþòüñÿ âiä âiä-
ïîâiäíèõ öèôð Q̃-çîáðàæåííÿ x∗.

Îñêiëüêè ñóìà âñiõ àòîìiâ ðîçïîäiëó ζ äîðiâ-
íþ¹ 1, òî ζ çà óìîâè M > 0 ìà¹ ÷èñòî äèñêðå-
òíèé ðîçïîäië.

ßêùî M = 0, òî P{ζ = x0} ≤ P{ζ = x∗} = 0,
à îòæå, ðîçïîäië ζ ¹ íåïåðåðâíèì. Àëå, áóâøè
çîñåðåäæåíèì ïðè L = 0 íà íiäå íå ùiëüíié ìíî-
æèíi êàíòîðiâñüêîãî òèïó, ÿêà ìà¹ ìiðó Ëåáåãà 0
(çãiäíî ç ëåìîþ 2), ξ ìà¹ ñèíãóëÿðíèé ðîçïîäië
êàíòîðiâñüêîãî òèïó. Òåîðåìó äîâåäåíî.

Çàñòîñóâàííÿ ó òåîði¨ ôðàêòàëiâ

Ëåìà 10. ßêùî τ > 0 i ïîñëiäîâíiñòü (mk)
îáìåæåíà çâåðõó, ïðè÷îìó max{mk} = M , òî
äëÿ äîâiëüíîãî âiäðiçêà u ⊂ [0; 1] iñíó¹ íå áiëü-
øå íiæ b = 2Mp, äå p � íàéìåíøå íàòóðàëüíå
÷èñëî, ùî çàäîâîëüíÿ¹ íåðiâíiñòü ξp ≤ τ , Q̃-
öèëiíäðiâ, ÿêi ïîêðèâàþòü u i ìàþòü äîâæèíó
íå áiëüøó íiæ äîâæèíà u.

Äîâåäåííÿ. ßêùî âiäðiçîê u ñàì ¹ Q̃-öèëiíäðîì,
òî äîñòàòíüî îäíîãî öèëiíäðà äëÿ ïîêðèòòÿ u,
ÿêå çàäîâîëüíÿ¹ âêàçàíi óìîâè. ßêùî öå íå òàê,
òî iñíó¹ öèëiíäð ∆c1...ck ìiíiìàëüíîãî ðàíãó k,
ÿêèé öiëêîì íàëåæèòü âiäðiçêó u, òîáòî æîäåí
öèëiíäð (k − 1)-ãî ðàíãó íå ¹ ïiäìíîæèíîþ u.
Òîäi iñíó¹ äâà Q̃-öèëiíäðè ω0 i ω1 ðàíãó (k− 1),
îá'¹äíàííÿ ÿêèõ ìiñòèòü u (àëå íå ìà¹ ãàðàíòi¨,
ùî ¨õ äiàìåòðè ìåíøi íiæ |u|). Íåõàé maxω0 =
= minω1, u0 = ω0 ∩ u, u1 = ω1 ∩ u. Îäíîìó ç
âiäðiçiâ u0 òà u1 íàëåæèòü öèëiíäð ∆c1...ck .

Ïðîâåäåìî çàãàëüíi ìiðêóâàííÿ ñòîñîâíî
âiäðiçêà u0, íåçâàæàþ÷è íà òå, ÷è íàëåæèòü éî-
ìó öèëiíäð ∆c1...ck , ÷è íi. Äëÿ âiäðiçêà u1 âîíè
àíàëîãi÷íi.

Î÷åâèäíî, ùî iñíó¹ Q̃-öèëiíäð ∆b1...bnmn+1

ìiíiìàëüíîãî ðàíãó n+1, ÿêèé öiëêîì íàëåæèòü
u0 (ó ÷àñòèííîìó âèïàäêó öå ìiã áóòè öèëiíäð
∆c1...ck), òîáòî æîäåí ç öèëiíäðiâ ðàíãó n íå
íàëåæèòü u0 öiëêîì. Òîäi öèëiíäð ∆b1...bn ïî-
êðèâà¹ u0. Âií ¹ îá'¹äíàííÿì Q̃-öèëiíäðiâ ðàíãó
(m+p), ¨õ êiëüêiñòü ¹ äîáóòêîì mn+1 ·mn+2 · ... ·
mn+p ≤ Mp.

Îñêiëüêè ξp ≤ τ , òî êîæåí ç öèõ öèëiíäðiâ
ðàíãó (n+p) ìà¹ äîâæèíó, ùî íå ïåðåâèùó¹ äîâ-
æèíè öèëiíäðà ∆b1...bnmn+1 , à îòæå, i äîâæèíè
u0. Òàêèì ÷èíîì, äëÿ ïîêðèòòÿ u0 äîñòàòíüî íå
áiëüøå íiæ Mp Q̃-öèëiíäðiâ. Òàêî¨ æ êiëüêîñòi
öèëiíäðiâ äîñòàòíüî äëÿ ïîêðèòòÿ âiäðiçêà u1.
Ëåìó äîâåäåíî.
Òåîðåìà 11. ßêùî E � äîâiëüíà ïiäíîæèíà
âiäðiçêà [0; 1], WQ̃ � ìíîæèíà âñiõ Q̃-öèëiíäðiâ
ñêií÷åííîãî ðàíãó, òî ÷èñëî

α∗ = inf{α : Ĥα(E) = 0} = sup{α : Ĥα(E) = ∞},

äå Ĥα(E) = sup
ε>0

{ inf
|ωi|≤ε

∑
i

|ωi|α : E ⊂
⋃
i

ωi, ωi ∈

∈ WQ̃}, äîðiâíþ¹ ôðàêòàëüíié ðîçìiðíîñòi
Ãàóñäîðôà�Áåçèêîâè÷à ìíîæèíè E.
Äîâåäåííÿ. Ïîêàæåìî, ùî äëÿ äîâiëüíî¨ ìíî-
æèíè E ⊂ [0; 1] âèêîíó¹òüñÿ

mα
ε (E) ≤ lαε (E) ≤ 2Mpmα

ε (E),

äå mα
ε (E) = inf

|ui|≤ε
{
∑
i

|ui|α :
⋃

ui ⊃ E},

lαε (E) = inf
|ωi|≤ε

{
∑
i

|ωi|α :
⋃

ui ⊃ E}.

Ëiâà íåðiâíiñòü ¹ î÷åâèäíîþ, îñêiëüêè êëàñ
ïîêðèòòiâ, ÿêi áåðóòü ó÷àñòü ó êîíñòðóêöi¨ mα

ε ,

øèðøèé, íiæ êëàñ ïîêðèòòiâ Q̃-öèëiíäðàìè.
Ïðàâà íåðiâíiñòü âèïëèâà¹ ç ëåìè 10.
Ñïðàâäi, íåõàé

⋃
ui � äîâiëüíå ε-ïîêðèòòÿ

ìíîæèíè E âiäðiçêàìè,
∑

|ui|α � α-îá'¹ì öüîãî
ïîêðèòòÿ.

Çãiäíî ç ïîïåðåäíüîþ ëåìîþ, iñíó¹ ïîêðèò-
òÿ
⋃
ωi âiäðiçêà 2Mp öèëiíäðàìè ç äîâæèíàìè,

ùî íå ïåðåâèùóþòü |u|, îòðèìó¹ìî ïîêðèòòÿ ç
α-îá'¹ìîì 2mp

∑
i

|ui|.
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Îòæå,
∑
i

|ωi|α ≤ 2Mp
∑
i

|ui|α i

lαε (E) ≤ 2Mpmα
ε (E).

Âèêîíàâøè ãðàíè÷íèé ïåðåõiä ïî ε → 0, ìà-
¹ìî

Hα(E) ≤ Ĥα(E) ≤ 2MpHα(E).

Çâiäêè áà÷èìî, ùî Ĥα(E) i Hα(E) îäíî÷à-
ñíî ïåðåòâîðþþòüñÿ íà íóëü òà íåñêií÷åííiñòü,
à îòæå, ôðàêòàëüíà ðîçìiðíiñòü Ãàóñäîðôà-
Áåçèêîâè÷à α0(E) äîðiâíþ¹ ÷èñëó α∗. Òåîðåìó
äîâåäåíî.

Îñíîâíèé îá'¹êò äîñëiäæåííÿ

Ðîçãëÿíåìî ôóíêöiþ, âèçíà÷åíó ðiâíiñòþ

I(x = ∆i1...in...) = ∆[m1−i1]...[mn−in].... (3)

Ôóíêöiÿ I, âèçíà÷åíà ðiâíiñòþ (3), ¹ êîðåêòíî
îçíà÷åíîþ, îñêiëüêè äëÿ k ∈ N ìà¹ ìiñöå

I(∆i1...in(0)) = ∆[m1−i1]...[mn−in](mn+k) =

= ∆[m1−i1]...[mn−in+1](0) = I(∆i1...[in−1](mn+k)).

Ëåìà 12. Iíâåðñîð I öèôð Q̃-çîáðàæåííÿ ÷è-
ñåë ¹ íåïåðåðâíîþ ñòðîãî ñïàäíîþ ôóíêöi¹þ íà
[0; 1].
Äîâåäåííÿ. Äëÿ äîâåäåííÿ íåïåðåðâíîñòi ôóí-
êöi¨ I â òî÷öi x0 ïîêàæåìî, ùî âèêîíó¹òüñÿ ðiâ-
íiñòü

lim
xn→x0

|I(xn)− I(x0)| = 0 (4)

ó Q̃-áiíàðíèõ i Q̃-óíàðíèõ òî÷êàõ. Íåõàé x0 =
= ∆i1...in−1in... � äîâiëüíà Q̃-óíàðíà òî÷êà îáëà-
ñòi âèçíà÷åííÿ. Âèáåðåìî ÿê ïîñëiäîâíiñòü xn =
= ∆i1...in−1i′n...

, äå in ̸= i′n. Òîäi xn → x0 ⇔
n → ∞.

Îñêiëüêè
I(x0) = I(∆i1...in−1in...) =

= ∆[m1−i1]...[mn−1−in−1][mn−in]...;
I(xn) = I(∆i1...in−1i′n...

) =
= ∆[m1−i1]...[mn−1−in−1][mn−i′n]...

,
òî î÷åâèäíî, ùî
lim

xn→x0

|I(xn)− I(x0)| =
= lim

n→∞
|∆[m1−i1]...[mn−1−in−1][mn−i′n]...

−
−∆[m1−i1]...[mn−1−in−1][mn−in]...| = 0.

Îòæå, ôóíêöiÿ I ¹ íåïåðåðâíîþ íà ìíîæè-
íi Q̃-óíàðíèõ ÷èñåë. Íåïåðåðâíiñòü ôóíêöi¨ íà
ìíîæèíi Q̃-áiíàðíèõ ÷èñåë ¹ íàñëiäêîì êîðå-
êòíîñòi îçíà÷åííÿ ôóíêöi¨.

Ïîêàæåìî, ùî ôóíêöiÿ ¹ ñòðîãî ñïàäíîþ íà
âñié îáëàñòi âèçíà÷åííÿ. Ðîçãëÿíåìî

x1 = ∆i1...ik−1ik... < x2 = ∆i1...ik−1i′k...
,

ïðè÷îìó ik(x1) < i′k(x2) i ÿêùî
ik(x+ 1) = i′k(x1)− 1,

òî iñíó¹ n ∈ N òàêå, ùî

(ik+n(x1); ik+n(x2)) ̸= (mk+n; 0).
Òîäi

I(x1 = ∆i1...ik−1ik...)− I(x1 = ∆i1...ik−1i′k...
) =

= ∆[m1−i1]...[mk−1−ik−1][mk−ik]...−
−∆[m1−i1]...[mk−1−ik−1][mk−i′k]...

.
Çâiäêè ìà¹ìî, ùî mk − ik > mk − i′k. Îñêiëü-
êè âiäïîâiäíi öèôðè çíà÷åííÿ ôóíêöi¨ ïåðåáó-
âàþòü ó âiäíîøåííi áiëüøå, òî I(x1) > I(x2).
Ïðè÷îìó I(x1) = I(x2) ëèøå, òîäi êîëè

mk − ik = mk − i′k + 1 i
(mk+n − ik+n(x1); (mk+n − ik+n(x2)) = (0;mk+n)
äëÿ áóäü-ÿêîãî n ∈ N , ùî ñóïåðå÷èòü òîìó, ùî
x1 ̸= x2. Îòæå, ôóíêöiÿ I(x) ¹ ñòðîãî ìîíîòîí-
íîþ, ïðè÷îìó ñòðîãî ñïàäíîþ.

Äèôåðåíöiàëüíi âëàñòèâîñòi ôóíêöi¨

Ëåìà 13. ßêùî äëÿ åëåìåíòiâ ¾ìàòðèöi¿
||qik|| âèêîíóþòüñÿ ðiâíîñòi

qinn = q[mn−in]n, n ∈ N, (5)

òî

amn−in = 1− ain+1, n ∈ N. (6)

Äîâåäåííÿ. Ñïðàâäi, ìà¹ ìiñöå ðÿä ïåðåòâîðåíü

amk−ik =q0k + q1k + ...+ q[mk−ik−1]k =

=qmkk + q[mk−1]k + ...+ q[ik+1]k =

=1− (q0k + q1k + ...+ qik) = 1− aik+1,

îñêiëüêè âèêîíóþòüñÿ qikk = q[mk−ik]k, k ∈ N .
Òåîðåìà 14. Iíâåðñîð ¹ ëiíiéíîþ ôóíêöi¹þ
I(x) = 1 − x òîäi é òiëüêè òîäi, êîëè äëÿ
åëåìåíòiâ ¾ìàòðèöi¿ ||qik|| âèêîíóþòüñÿ ðiâ-
íîñòi (5).

Äîâåäåííÿ. Äîâåäåìî ñïî÷àòêó, ùî ÿêùî ìàþòü
ìiñöå ðiâíîñòi (5), òî I(x) = 1− x. Íåõàé ìàþòü
ìiñöå ðiâíîñòi (5), òîäi çãiäíî ç ïîïåðåäíüîþ ëå-
ìîþ ìà¹ ìiñöå ðÿä ïåðåòâîðåíü

I(x) = I(∆i1i2i3...) = am1−i1 + am2−i2q[m1−i1]1+

+ am3−i3q[m1−i1]1q[m2−i2]2 + ... =

= 1− ai1+1 + (1− ai2+1)qi11+

+ (1− ai3+1)qi11qi22 + ... =

= 1− ai1 − qi11 + (1− ai2 − qi22)qi11+

+ (1− ai3 − qi33)qi11qi22 + ... =

= 1− ai1 − qi11 + qi11 − ai2qi11 − qi11qi22+

+ qi11qi22 − ai2qi11qi22 − qi11qi22qi33 − ... =

= 1− ai1 − ai2qi11 − ai3qi11qi22 − ... = 1− x.

Òåïåð ïîêàæåìî, ùî êîëè I(x) = 1 − x, òî
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ìàþòü ìiñöå ðiâíîñòi (5). Ðîçãëÿíåìî âèðàç

I(x = ∆i1i2i3...) = ∆[m1−i1][m2−i2][m3−i3]... =

=am1−i1 + am2−i2q[m1−i1]1+

+am3−i3q[m1−i1]1q[m2−i2]2 + ... =

=(1− q[m1−i1]1 − q[m1−i1+1]1 − ...− qm11)+

+(1− q[m2−i2]2 − q[m2−i2+1]2 − ...− qm22)·
·q[m1−i1]1+

+(1− q[m3−i3]3 − q[m3−i3+1]3 − ...− qm33)·
·q[m1−i1]1q[m2−i2]2 + ... =

=1− q[m1−i1]1 − q[m1−i1+1]1 − ...− qm11+

+q[m1−i1]1−
− (q[m2−i2]2 + q[m2−i2+1]2 + ...+ qm22)·
·q[m1−i1]1 + q[m1−i1]1q[m2−i2]2−
−(q[m3−i3]3 + q[m3−i3+1]3 + ...+ qm33)·
·q[m1−i1]1q[m2−i2]2 + ...,

i âèðàç

I(x = ∆i1i2i3...) =

= 1−∆i1i2i3... = 1− ai1 − ai2qi11 − ... =

= 1− (q01 + q11 + ...+ q[i1−1]1)−
− (q02 + q12 + ...q[i2−1]2)qi11−
− (q03 + q13 + ...q[i3−1]3)qi11qi22 − ...

îñêiëüêè öÿ ðiâíiñòü âèêîíó¹òüñÿ äëÿ áóäü-ÿêîãî
in ∈ An, òî îäíî÷àñíî ìàþòü ìiñöå ðiâíîñòi:
1− q[m1−i1+1]1 − ...− qm11 =
= 1− (q01 + q11 + ...+ q[i1−1]1),
(q[m2−i2+1]2 + ...+ qm22)q[m1−i1]1 =
= (q02 + q12 + ...+ q[i2−1]2)qi11,
(q[m3−i3+1]3 + ...+ qm33)q[m1−i1]1q[m2−i2]2 =
= (q03 + q13 + ...+ q[i3−1]3)qi11qi22,
i ò.ä.

Çâiäêè q[m1−i1]1 = qi11, q[m2−i2]2 = qi22, ..., ùî
é òðåáà áóëî äîâåñòè.
Ëåìà 15. ßêùî äëÿ åëåìåíòiâ ¾ìàòðèöi¿
||qik|| ìàþòü ìiñöå ðiâíîñòi

{
q[m1−i1]1 ̸= qi11,

q[mn−in]n = qinn, n = 2, 3, ...,
(7)

òî ôóíêöiÿ ¹ ëiíiéíîþ íà öèëiíäðàõ 1-ãî ðàíãó,
òîáòî ôóíêöi¹þ âèäó

I(x) = am1−i1(x)+1 −
q[m1−i1(x)]1

qi1(x)1
(x− ai1(x)).

Äîâåäåííÿ. Ñïðàâäi, îñêiëüêè ìàþòü ìiñöå ðÿä

ðiâíîñòåé

I(x = ∆i1i2i3...) =

= am1−i1 + am2−i2q[m1−i1]1 + ... =

= am1−i1 + (1− ai2 − qi22)q[m1−i1]1 + ... =

= am1−i1 + q[m1−i1]1−
− ai22q[m1−i1]1 − q[m1−i1]1qi22 + ... =

= am1−i1+1−
q[m1−i1]1

qi11
(−ai1+ ai1+ ai2qi11+ ...) =

= am1−i1+1 −
q[m1−i1]1

qi11
(x− ai1),

òî î÷åâèäíî, ùî ôóíêöiÿ I(x) çà óìîâè âèêîíàí-
íÿ ðiâíîñòåé (7) ¹ ëiíiéíîþ íà êîæíîìó öèëiíäði
ïåðøîãî ðàíãó.
Íàñëiäîê 16. ßêùî äëÿ åëåìåíòiâ ¾ìàòðèöi¿
||qik|| âèêîíóþòüñÿ ðiâíîñòi{

q[mk−ik]1 ̸= qikk, k = 1, 2, ..., n− 1

q[mn−in]n = qinn, 1 ̸= n ∈ N,
(8)

òî iíâåðñîð I(x) ¹ êóñêîâî-ëiíiéíîþ ôóíêöi¹þ,
ïðè÷îìó ëiíiéíîþ íà öèëiíäðàõ (n− 1)-ãî ðàíãó

I(x) =
n−2∑
k=1

amk−ik

k−1∏
j=1

q[mj−ij ]+

+amn−1−in−1+1

n−2∏
j=1

q[mj−ij ]j+

+
n−1∏
j=1

q[mj−ij ]j

qijj
(x−

n−1∑
k=1

aik
k−1∏
j=1

qijj).

Ëåìà 17. ßêùî â Q̃-óíàðíié òî÷öi x0 =
= ∆i1...in... iñíó¹ ïîõiäíà I ′(x0) ôóíêöi¨ I, òî
¨¨ ìîæíà çíàéòè çà ôîðìóëîþ

I ′(x0) = −
∞∏

n=1

q[mn−in]n

qinn
. (9)

Òâåðäæåííÿ âèïëèâà¹ ç òåîðåìè 3.11.1 ç [8],
îñêiëüêè ó âèïàäêó iñíóâàííÿ ïîõiäíî¨

I ′(x0) = − lim
n→∞

|∆[m1−i1]...[mn−in]|
|∆i1...in |

.

Òåîðåìà 18. ßêùî ïîñëiäîâíiñòü (mk) ¹ ñòà-
ëîþ (mk = m) i lim

k→∞
qik = qi, i = 0,m, ïðè÷îìó

iñíó¹ òàêå s, ùî qs ̸= 1
m+1 , òî ôóíêöiÿ I ′(x) =

= 0 ìàéæå ñêðiçü.

Äîâåäåííÿ. Îñêiëüêè ôóíêöiÿ I ¹ ìîíîòîííîþ,
òî ìàéæå â óñiõ òî÷êàõ âiäðiçêà [0; 1] âîíà çãi-
äíî ç âiäîìîþ òåîðåìîþ Ëåáåãà ìà¹ ñêií÷åííó
ïîõiäíó. Ìíîæèíó òàêèõ òî÷îê ïîçíà÷èìî ÷å-
ðåç E. Ìíîæèíà H âñiõ òî÷îê, ÿêi ó ñâî¨õ Q̃-
çîáðàæåííÿõ öèôðó s âèêîðèñòîâóþòü íåñêií-
÷åííó êiëüêiñòü ðÿäiâ, ¹ ìíîæèíîþ ïîâíî¨ ìiðè
Ëåáåãà.
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Òîäi ìíîæèíà W = R ∩H ¹ ìíîæèíîþ ïîâ-
íî¨ ìiðè Ëåáåãà. ßêùî x ∈ W , òî I ′(x0) =

=
∞∏

n=1

q[mn−in]n

qinn
= 0, îñêiëüêè íåîáõiäíà óìîâà

çáiæíîñòi íåñêií÷åííîãî äîáóòêó (ïðÿìóâàííÿ
éîãî n-ãî ÷ëåíà äî 1) íå âèêîíó¹òüñÿ, òî âií çái-
ãà¹òüñÿ äî ñêií÷åííîãî ÷èñëà 0. Îòæå, I ′(x) = 0
ìàéæå ñêðiçü, ùî i òðåáà áóëî äîâåñòè.
Íàñëiäîê 19. I(x) ¹ íåïåðåðâíîþ ñòðîãî ñïà-
äíîþ ñèíãóëÿðíîþ ôóíêöi¹þ.

Ôðàêòàëüíi âëàñòèâîñòi ôóíêöi¨ I

Äàëi ðîçãëÿäà¹òüñÿ âèïàäîê, êîëè ïîñëiäîâ-
íiñòü (mk) ¹ ñòàëîþ. Íåõàé äëÿ åëåìåíòiâ ¾ìà-
òðèöi¿ ||qik|| äëÿ äåÿêîãî k ∈ N i äîâiëüíîãî
n ∈ N ìàþòü ìiñöå ðiâíîñòi:

qi,kn−1 = g1i ,

qi,kn−2 = g2i ,

.............................

qi,kn−k+1 = gk−1
i ,

qi,kn = gki .

(10)

Ðîçãëÿíåìî ôóíêöiþ, âèçíà÷åíó ðiâíiñòþ:

ωk(∆i1i2...ikik+1...in...) = ∆ik+1ik+2...in−k.... (11)

Ôóíêöiÿ ωk íå ¹ êîðåêòíî îçíà÷åíîþ äëÿ ÷è-
ñåë, ùî ìàþòü äâà Q̃-çîáðàæåííÿ (Q̃-áiíàðíèõ
÷èñåë), îñêiëüêè ìà¹ ìiñöå ðiâíiñòü:

ωk(∆i1...ik(0)) = ∆(0) ̸=

̸= ωk(∆i1...[ik−1](mn+k)) = ∆mk+1mk+2....

Çàäëÿ êîðåêòíîñòi îçíà÷åííÿ ôóíêöi¨ ωk äîìî-
âèìîñÿ íàäàëi âèêîðèñòîâóâàòè ëèøå îäíå iç
äâîõ íàÿâíèõ Q̃-áiíàðíèõ çîáðàæåíü ÷èñëà, à ñà-
ìå òå, ùî ìiñòèòü 0 ó ïåðiîäi.

Ôóíêöiþ ωk ó âèïàäêó, êîëè ìàþòü ìiñöå ðiâ-
íîñòi (10), íàçèâàþòü îïåðàòîðîì ëiâîñòîðîí-

íüîãî çñóâó öèôð Q̃-çîáðàæåííÿ.
Çàóâàæèìî, ùî êîëè äëÿ ¾ìàòðèöi¿ Q̃-

çîáðàæåííÿ õî÷à á îäíà ç óìîâ (10) íå âèêîíó¹-
òüñÿ, òî àðãóìåíò i çíà÷åííÿ ôóíêöi¨ ωk ìàþòü
ðiçíi Q̃-çîáðàæåííÿ.
Ëåìà 20. Ôóíêöiÿ ωk àíàëiòè÷íî âèðàæà¹-
òüñÿ:

ωk(x = ∆i1i2...ikik+1...) = (12)

=

k∏
j=1

q−1
ijj

x−
k∑

m=1

(aimm

m−1∏
j=2

qijj)

 .

Âîíà ¹ êóñêîâî-ëiíiéíîþ, ïðè÷îìó ëiíiéíîþ íà
êîæíîìó öèëiíäði k-ãî ðàíãó.

Äîâåäåííÿ. Ðîçãëÿíåìî ëàíöþã ïåðåòâîðåíü

x =∆i1(x)i2(x)...ik(x)ik+1(x)... =

=

k∑
m=1

aimm

m−1∏
j=2

qijj

+

+

∞∑
k=m+1

aimm

m−1∏
j=2

qijj

 =

=

k∑
m=1

aimm

m−1∏
j=2

qijj

+

k∏
j=1

qijj ·

·

 ∞∑
k=m+1

aimm

m−1∏
j=k+1

qijj

 =

=

k∑
m=1

aimm

m−1∏
j=2

qijj

+ ω(x)

k∏
j=1

qijj().

Çâiäñè ìà¹ìî, ùî

ωk(x) =

x−
k∑

m=1
(aimm(x)

m−1∏
j=2

qijj(x))

k∏
j=1

qijj(x)

,

à òîìó ìà¹ ìiñöå ôîðìóëà (12).

Îñêiëüêè âèðàçè
k∏

j=1

q−1
ijj

(x) i

k∑
m=1

(aim(x)

m−1∏
j=2

qijj(x))

çàëåæàòü âiä öèôð i1(x), i2(x),..., ik(x) i íå çà-
ëåæàòü âiä óñiõ ðåøòè öèôð àðãóìåíòà, òî íà
êîæíîìó öèëiíäði ∆i1(x)i(x)...ik(x) ðàíãó k âèðà-
çè íàáóâàþòü ñòàëèõ çíà÷åíü, à òîìó ôóíêöiÿ
ωk(x) íà êîæíîìó òàêîìó öèëiíäði ¹ ëiíiéíîþ i
â óñié îáëàñòi âèçíà÷åííÿ êóñêîâî-ëiíiéíîþ.

Ðîçãëÿíåìî ôóíêöiþ δe1e2...ek , îçíà÷åíó ðiâ-
íiñòþ:

δe1...ek(x = ∆i1i2...in...) = ∆e1...eki1i2...in.... (13)

Ôóíêöiÿ δe1e2...ek ¹ êîðåêòíî îçíà÷åíîþ äëÿ ÷è-
ñåë, ùî ìàþòü äâà Q̃-çîáðàæåííÿ.

Ôóíêöiþ δe1e2...ek ó âèïàäêó, êîëè ìàþòü ìi-
ñöå ðiâíîñòi (10), íàçèâàþòü îïåðàòîðîì ïðàâî-

ñòîðîííüîãî çñóâó öèôð Q̃-çîáðàæåííÿ.
Çàóâàæèìî, ùî êîëè äëÿ ¾ìàòðèöi¿ Q-

çîáðàæåííÿ õî÷à á îäíà ç óìîâ (10) íå âèêîíó-
¹òüñÿ, òî àðãóìåíò i çíà÷åííÿ ôóíêöi¨ δe1e2...ek
ìàþòü ðiçíi Q̃-çîáðàæåííÿ.
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Ëåìà 21. Ôóíêöiÿ δe1...ek àíàëiòè÷íî âèðàæà-
¹òüñÿ:

δe1...ek(x = ∆i1...in...) = (14)

=x

k∏
j=1

qejj +

k∑
m=1

(aem

m−1∏
j=2

qejj).

Âîíà ¹ ëiíiéíîþ, ñòðîãî çðîñòàþ÷îþ íà âñié
îáëàñòi âèçíà÷åííÿ.
Äîâåäåííÿ. Ðîçãëÿíåìî ëàíöþã ïåðåòâîðåíü

δe1e2...ek(x = ∆i1i2...in...) = ∆e1e2...eki1i2...in... =

=

k∑
m=1

(aem

m−1∏
j=2

qejj) +

∞∑
k=m+1

(aim

m−1∏
j=2

qijj) =

=

k∑
m=1

(aem

m−1∏
j=2

qejj) +

k∏
j=1

qejj ·

· [
∞∑

k=m+1

(aim(x)

m−1∏
j=k+1

qijj(x))] =

=

k∑
m=1

(aem

m−1∏
j=2

qejj)+

+

k∏
j=1

qejj [

∞∑
k=1

(aim(x)

m−1∏
j=k+1

qijj(x))] =

=

k∑
m=1

(aem

m−1∏
j=2

qejj) + x

k∏
j=1

qejj .

Îñêiëüêè âèðàç ôóíêöi¨ δe1e2...ek ìà¹ âèãëÿä

δe1e2...ek(x) = Ax+B, äå çíà÷åííÿ A =
k∏

j=1

qejj =

= Const > 0, B =
k∑

m=1

(
aem

m−1∏
j=2

qejj

)
= Const

çà ôiêñîâàíîãî íàáîðó e1e2...ek, òî δe1e2...ek ¹
ñòðîãî çðîñòàþ÷îþ ëiíiéíîþ ôóíêöi¹þ.
Òåîðåìà 22. ßêùî äëÿ åëåìåíòiâ ¾ìàòðèöi¿
Q̃-çîáðàæåííÿ ìàþòü ìiñöå ðiâíîñòi (10), òî
ãðàôiê Γ ôóíêöi¨ I ¹ ñàìîàôiííîþ ìíîæèíîþ ç
ñàìîàôiííîþ ñòðóêòóðîþ

Γ =

m1⋃
e1=0

m2⋃
e2=0

...

mk⋃
ek=0

Γe1...ek , ek ∈ N∞
mk

(15)

äå Γe1...ek = fe1...ek(Γ) = {(x; y) ∈ R2 : x =
= ∆e1...eki1...in..., y = I(x)},

fe1...ek :

{
x′ = δe1...ek(∆i1i2...in...),

y′ = δ[m1−e1]...[mn−en](∆[m1−i1]...),
,

(e1...ek) ∈ A1 × ...×Ak.

Çàãàëüíà ñõåìà îá ðóíòóâàííÿ àíàëîãi÷íà äî
äîâåäåííÿ öüîãî ôàêòó äëÿ Q∗

2-çîáðàæåííÿ [1].
Íàñëiäîê 23. Ñàìîàôiííà ðîçìiðíiñòü ãðàôi-
êà Γ ôóíêöi¨ I ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

m1∑
e1=0

...

mk∑
ek=0

(

k∏
j=1

(
qejjq[mj−ej ]j)

x
2

)
= 1. (16)

Ñïðàâäi, îñêiëüêè Γe1e2...ek

fe1e2...ek→ Γ, äå
fe1...ek � àôiííå ïåðåòâîðåííÿ, ùî çàäà¹òüñÿ
ôîðìóëàìè
x′ = x

k∏
j=1

qejj +
k∑

t=1
(aet

t−1∏
j=2

qejj)

y′ = y
k∏

j=1

q[mj−ej ]j +
k∑

t=1
(a[mt−et]

t−1∏
j=2

q[mj−ej ]j),

òî çãiäíî ç îçíà÷åííÿì ðîçìiðíîñòi ñàìîàôiííî¨
ìíîæèíè ìà¹ìî ðiâíÿííÿ (16).
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M. Pratsiovytyi, O. Bondarenko, S. Ratushniak, K. Franchuk

Q̃-REPRESENTATION OF REAL NUMBERS AS A
GENERALIZATION OF CANTOR NUMERAL SYSTEMS

We consider generalization of Cantor numeral system, which is determined by the sequence of bases
(sn), 1 < sn ∈ N , and the sequence of alphabets An = {0, 1, ..., sn − 1}:

[0; 1] ∋ x =
∞∑

n=1

αn

s1s2...sn
, αn ∈ An.

the so-called Q̃-representation. It is defined by an infinite “matrix” ||qik||, where i ∈ Ai, k ∈ N , having
the properties

0 < qik < 1,
mk∑
i=0

qik = 1, k ∈ N,
∞∏

n=1
max

i
{qik} = 0,

namely

[0; 1] ∋ x = ai11 +
∞∑
k=2

[aikk
k−1∏
j=1

qij(x)j ] ≡ ∆i1i2...ik..., where ainn =
in−1∑
j=0

qjn, in ∈ An, n ∈ N .

The applications of this representation of numbers in the metric theory of numbers, the theory of
distributions of random variables, the theory of locally complicated functions, and fractal analysis are
studied.

For the set C[Q̃;Vn] = {x : x = ∆α1...αn..., αn ∈ Vn ⊂ An}, we study its topological and metric
structure and derive a formula for calculating its Lebesgue measure:

λ(C) =
∞∏

n=1

λ(Fn)
λ(Fn−1)

=
∞∏

n=1
(1− λ(Fn)

λ(Fn−1)
),

where F0 = [0; 1], Fn is the union of Q̃-cylinders of rank n, such that there are points of the set C
among their interior points of the set C, Fn ≡ Fn−1 \ Fn.

A criterion and some sufficient conditions for this set to be a set of zero measure are found. Under
additional conditions on the “matrix” ||qik||, the normal property for Q̃-representation of numbers is
found ((i.e., almost all in the sense of Lebesgue measure numbers have this property). The obtained
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results are used to establish the Lebesgue structure and the type of distribution of a random variable
whose digits of Q̃-representation are independent random variables. It is proved that the digits of the Q̃-
representation of a random variable uniformly distributed on [0; 1] are independent, and their distribution
is given.

If the cardinalities of the alphabets are finite and the elements of the “matrix” ||qik|| are bounded
away from zero, it is proved that to calculate the Hausdorff-Besicovitch fractal dimension of subsets of the
segment [0; 1], it is sufficient to cover them with Q̃-cylinders: ∆c1...cm = {x : x = Deltac1...cki1...in..., in ∈
∈ Ak+n}.

For inversor of digits of Q̃-representation of numbers, that is, the function defined by equality I(x =
= ∆i1...in...) = ∆[m1−i1]...[mn−in]..., mn ≡ sn − 1 it is proved its continuity, strict monotonicity, and for
certain cases, its singularity (the equality of the derivative to zero almost everywhere in the sense of the
Lebesgue measure).

Keywords: Q̃-representation of numbers, Q̃-binary numbers, Q̃-unary numbers, Cantor numeral
systems, cylinder, Hausdorff–Besicovitch dimension, normal property of numbers, cylindrical derivative,
singular function.
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