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ÀËÃÎÐÈÒÌ ÏÎØÓÊÓ ÊIËÜÊÎÑÒI ÐÓÕÎÌÈÕ ÒÎ×ÎÊ

ÏIÄÑÒÀÍÎÂÎÊ IÇ ÑÈËÎÂÑÜÊÈÕ 2-ÏIÄÃÐÓÏ Syl2(S2n)
ÑÈÌÅÒÐÈ×ÍÈÕ ÃÐÓÏ S2n

Ó ñòàòòi çàïðîïîíîâàíî àëãîðèòì ïîøóêó êiëüêîñòi ðóõîìèõ òî÷îê ïiäñòàíîâîê ñèëîâñüêèõ
2-ïiäãðóï Syl2(S2n) ñèìåòðè÷íèõ ãðóï S2n , n ∈ N. Äëÿ ïîáóäîâè öüîãî àëãîðèòìó âèêîðèñòàíî
içîìîðôiçì ìiæ ãðóïîþ Syl2(S2n) òà ãðóïîþ áiíàðíèõ êîðåíåâèõ äåðåâ ç ìiòêàìè. Òàêîæ îá÷è-
ñëåíî ñêëàäíiñòü çàïðîïîíîâàíîãî àëãîðèòìó òà éîãî ñåðåäíþ êiëüêiñòü êðîêiâ äëÿ ñèëîâñüêî¨
2-ïiäãðóïè ñèìåòðè÷íî¨ ãðóïè S2n . Îáðàõîâàíî êiëüêiñòü ïiäñòàíîâîê iç Syl2(S2n), ùî ìàþòü
ìàêñèìàëüíó êiëüêiñòü ðóõîìèõ òî÷îê.

Êëþ÷îâi ñëîâà: ðóõîìi òî÷êè, ñèìåòðè÷íi ãðóïè, ñèëîâñüêi ïiäãðóïè, àëãîðèòì, ñêëàäíiñòü
àëãîðèòìó.

Âñòóï

Ñèìåòðè÷íà ãðóïà ïiäñòàíîâîê S2n ¹ êëàñè-
÷íèì àëãåáðà¨÷íèì îá'¹êòîì, ÿêèé òàêîæ âè-
êîðèñòîâóþòü â iíôîðìàòèöi, òåîði¨ êîäóâàííÿ,
ñòàòèñòèöi òîùî. Çîêðåìà ó òåîði¨ êîäóâàííÿ
ðîçãëÿäàþòüñÿ êîäè, ùî âèçíà÷åíi íà ñèìåòðè-
÷íié ãðóïi Sn àáî ¨¨ ïiäãðóïàõ [1�4]. Öi êîäè
ìîæóòü áóòè îòðèìàíi çà äîïîìîãîþ ðiçíèõ ìå-
òðèê: Õåììiíãà, Óëàìà, Êåëi [2; 5]. Îá÷èñëåííÿ
âiäñòàíi íà ïiäñòàíîâêàõ çàëåæèòü âiä êiëüêî-
ñòi ðóõîìèõ àáî íåðóõîìèõ òî÷îê ïiäñòàíîâêè.
Òîìó ïðèðîäíîþ ¹ çàäà÷à ïiäðàõóíêó êiëüêîñòi
ðóõîìèõ àáî íåðóõîìèõ òî÷îê â ïåâíié ãðóïi
ïiäñòàíîâîê.

Ó öié ñòàòòi ìè áóäåìî ðîçãëÿäàòè êiëü-
êiñòü ðóõîìèõ òî÷îê ïiäñòàíîâîê, ùî ¹ åëå-
ìåíòàìè ñèëîâñüêî¨ 2-ïiäãðóïè Syl2(S2n) ñèìå-
òðè÷íî¨ ãðóïè S2n . Íàãàäà¹ìî, ùî ñèëîâñüêîþ
p-ïiäãðóïîþ ãðóïè G, ùî ìà¹ ïîðÿäîê pk · s,
íàçèâàþòü òàêó ïiäãðóïó, ùî ìà¹ ïîðÿäîê pk i
ïîçíà÷àþòü Sylp(G), äå s íå äiëèòüñÿ íà p, p �
ïðîñòå, k � äåÿêå íàòóðàëüíå ÷èñëî. Iñíóâàííÿ
òàêî¨ ïiäãðóïè âèïëèâà¹ ç òåîðåìè Ñèëîâà [6].
Òàêîæ ó ñòàòòi áóäå îá÷èñëåíî êiëüêiñòü ïiäñòà-
íîâîê iç Syl2(S2n), ùî ìàþòü ìàêñèìàëüíó àáî
ìiíiìàëüíó íåíóëüîâó êiëüêiñòü ðóõîìèõ òî÷îê.

Ïiäñòàíîâêè, ùî ìàþòü ìàêñèìàëüíó íåíó-
ëüîâó êiëüêiñòü ðóõîìèõ òî÷îê ¹ ïiäñòàíîâêà-
ìè, ùî ïåðåñòàâëÿþòü âñi òî÷êè iç îáëàñòi äi¨
ãðóïè. Êiëüêiñòü òàêèõ ïiäñòàíîâîê ó ñèìåòðè-
÷íèé ãðóïi S2n äîáðå âiäîìà i ¨¨ âèâ÷åííÿ âõî-
äèòü â êóðñ ¾Äèñêðåòíî¨ ìàòåìàòèêè¿ (çàäà÷à
ïðî êiëüêiñòü ïîâíèõ áåçïîðÿäêiâ) [7]. Çðîçóìi-

ëî, ùî â ñèëîâñüêié 2-ïiäãðóïi ñèìåòðè÷íî¨ ãðó-
ïè òàêèõ ïiäñòàíîâîê áóäå ìåíøå i ¨õ êiëüêiñòü
ìè áóäåìî îá÷èñëþâàòè ðåêóðñèâíî.

Íåîáõiäíi âèçíà÷åííÿ òà äîïîìiæíi
òâåðäæåííÿ

Âiäîìèì ¹ çîáðàæåííÿ ãðóï Syl2(S2n) çà äî-
ïîìîãîþ òàáëèöü ñïåöiàëüíî¨ ôîðìè, ÿêå çàïðî-
ïîíóâàâ Ë.Êàëóæíií [8]. Òàêîæ âiäîìå ùå îäíå
ïðåäñòàâëåííÿ ãðóïè ïiäñòàíîâîê ÷åðåç ïîðòðå-
òè [9]. Ó öié ðîáîòi ìè áóäåìî âèêîðèñòîâóâà-
òè àëãîðèòìè çîáðàæåííÿ åëåìåíòiâ Syl2(S2n)
çà äîïîìîãîþ áiíàðíèõ êîðåíåâèõ äåðåâ ç ìi-
òêàìè, ÿêi áóëè ðàíiøå çàïèñàíi â ñòàòòi [10].
Íàãàäà¹ìî, ùî áiíàðíèì êîðåíåâèì n-ðiâíåâèì
äåðåâîì íàçèâàþòü àöèêëi÷íèé ïðîñòèé ãðàô ç
âèäiëåíîþ âåðøèíîþ � êîðåíåì äåðåâà; ñòåïiíü
öi¹¨ âåðøèíè ðiâíèé 2, à ðåøòà âåðøèí, îêðiì
âèñÿ÷èõ, ìàþòü ñòåïiíü 3. Òàêå äåðåâî áóäåìî
ïîçíà÷àòè Tn, à ìíîæèíó éîãî âåðøèí � V (Tn)
[11; 12]. Òàêîæ ïîçíà÷èìî ÷åðåç LT2,n ìíîæèíó
âñiõ áiíàðíèõ n-ðiâíåâèõ êîðåíåâèõ äåðåâ iç ìi-
òêàìè 0 àáî 1 íà âñiõ âåðøèíàõ ç 0-ãî ïî (n−1)-é
ðiâíi.

Íàãàäà¹ìî (äèâ. [10]), ùî êîîðäèíàòàìè âåð-
øèíè v äåðåâà D ∈ LT2,n ¹ ïàðà (j, i), äå i �
öå íîìåð âåðøèíè íà ðiâíi j, i ∈ {1, . . . , 2j},
j ∈ {0, . . . , (n − 1)}. Áóäåìî êàçàòè, ùî (j, i) <
< (k, r) ÿêùî j < k àáî j = k òà i < r. Òàêîæ
äëÿ âåðøèí äåðåâà áóäåìî ââàæàòè, ùî v <
< w, ÿêùî v òà w ìàþòü âiäïîâiäíi êîîðäèíàòè
(j1, i1) òà (j2, i2), ïðè÷îìó (j1, i1) < (j2, i2).

Äëÿ äåðåâà D ∈ LT2,n ïîçíà÷èìî OC(D) �
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ìíîæèíà êîîðäèíàò âåðøèí ç ïîìiòêàìè 1.

Äëÿ ïîâíîòè âèêëàäåííÿ ìàòåðiàëó, íàâåäå-
ìî äâà àëãîðèòìè (àëã. 1, àëã. 2) iç ñòàòòi [10]. Öi
àëãîðèòìè âèçíà÷àþòü äâà âçà¹ìîîáåðíåíi âiä-
îáðàæåííÿ, ÿêi áóäåìî âèêîðèñòîâóâàòè íàäàëi:
ψ : LT2,n → Syl2(S2n) ( çà àëãîðèòìîì 1),
τ : Syl2(S2n)→ LT2,n (çà àëãîðèòìîì 2).

Algorithm 1: Àëãîðèòì ïåðåòâîðåííÿ
äåðåâà ó ïiäñòàíîâêó

Input: OC(D) be a set of coordinates of
all vertices labeled by 1 of a tree D

. Output: (ai1 , ai2 , · · · ai2n ) is the second
row of permutation.

(a1, a2, · · · a2n) = (1, 2, · · · , 2n) ;
for (j, i) ∈ (OC(D), <) do

m := 2n−j−1 ( is count of elements in
one block) ;
for l := 1 to m do

b := a(2i−2)m+l;
a(2i−2)m+l := a(2i−1)m+l;
a(2i−1)m+l := b;

Algorithm 2: Àëãîðèòì ïåðåòâîðåííÿ
ïiäñòàíîâêè ó äåðåâî

Input: (a1, a2, . . . , a2n) is the second row
of 2-separated permutation.

Output: OC(D).
OC(D) := ∅;
for j := 0 to n− 1 do

m := 2n−j−1 (length of block);
for i := 1 to 2j do

if a(2i−2)m+1 > a(2i−1)m+1 then
OC(D) := OC(D)

⋃
{(j, i)}

ßê âèïëèâà¹ ç àëãîðèòìiâ 1 òà 2, äîâiëüíó
ïiäñòàíîâêó π ∈ Syl2(S2n) ìè ìîæåìî çîáðà-
æàòè âiäïîâiäíèì ¨é áiíàðíèì êîðåíåâèì n-
ðiâíåâèì äåðåâîì D = τ(π) ∈ LT2,n i íàâïàêè.

Äðóãèé ðÿäîê a = (a1, a2, . . . , a2n) ïiäñòà-

íîâêè π =

(
1 2 . . . 2n

a1 a2 . . . a2n

)
áóäåìî íàçèâàòè

áëîêîì åëåìåíòiâ.

Òàêîæ íàãàäà¹ìî îçíà÷åííÿ 2-ðîçäiëüíî¨ ïiä-
ñòàíîâêè iç [10], ùî áóëî âèêîðèñòàíî äëÿ àëãî-
ðèòìó 2 òà áóäå íàì íåîáõiäíå äàëi.

Îçíà÷åííÿ 1. Ïiäñòàíîâêà π ¹ 2-ðîçäiëüíîþ,
ÿêùî äëÿ íå¨ ìîæíà âèêîíàòè òàêi êðîêè:

1) cïî÷àòêó ðîçäiëèìî áëîê a íàâïië íà äâà
ïiäáëîêè: u1 = (a1, . . . , a2n−1) òà u2 =
= (a2n−1+1, . . . , a2n); ïîòiì ïåðåâiðèìî, ÷è êîæåí
åëåìåíò iç u1 áiëüøèé (àáî ìåíøèé) çà êîæåí

åëåìåíò iç u2;
2) ÿêùî êðîê 1 âèêîíó¹òüñÿ, òî ïîâòîðþ¹ìî äi¨
òà ðîçäiëÿ¹ìî êîæåí áëîê u1 òà u2 âiäïîâiäíî
íà äâà ïiäáëîêè u1,1, u1,2 òà u2,1 u2,2; ïiñëÿ ÷îãî
ïåðåâiðÿ¹ìî âåëè÷èíè åëåìåíòiâ ìiæ âiäïîâiä-
íèìè áëîêàìè. I òàê äàëi, ïîêè íå îòðèìà¹ìî
áëîêè, ùî ìiñòÿòü ëèøå ïî îäíîìó åëåìåíòó.

Êiëüêiñòü ðóõîìèõ òî÷îê ïiäñòàíîâêè iç
Syl2(S2n)

Îçíà÷åííÿ 2. Êiëüêiñòü ðóõîìèõ òî÷îê ïiä-
ñòàíîâêè π � öå êiëüêiñòü ïîçèöié, äå åëåìåíòè
íèæíüî¨ ñòði÷êè ïiäñòàíîâêè âiäðiçíÿþòüñÿ âiä
åëåìåíòiâ âåðõíüî¨ ñòði÷êè [5]. Ïîçíà÷èìî: h(π).

Ïðèêëàä 1. π =

(
1 2 3 4 5 6 7 8
1 2 4 3 5 6 8 7

)
Êiëüêiñòü ðóõîìèõ òî÷îê äëÿ öi¹¨ ïiäñòàíîâêè:
h(π) = 4.

Êiëüêiñòü ðóõîìèõ òî÷îê ïiäñòàíîâêè áó-
äåìî ðàõóâàòè, âèêîðèñòîâóþ÷è içîìîðôiçì
ìiæ ñèëîâñüêîþ 2-ïiäãðóïîþ ñèìåòðè÷íî¨ ãðóïè
Syl2(S2n) òà ãðóïîþ áiíàðíèõ êîðåíåâèõ äåðåâ
ç ìiòêàìè LT2,n.

Íàãàäà¹ìî, ùî 2n−j � öå êiëüêiñòü âèñÿ÷èõ
âåðøèí n-ðiâíåâîãî äåðåâà, ùî ðîçòàøîâàíi ïiä
âåðøèíîþ ç êîîðäèíàòàìè (j, i).

Ëåìà 1. Íåõàé π ∈ Syl2(S2,n) � òàêà ïiä-
ñòàíîâêà, ùî âiäïîâiäíå ¨é äåðåâî D ∈ LT2,n
ìà¹ ¹äèíó ìiòêó 1 íà âåðøèíi ç êîîðäèíàòà-
ìè (j, i). Òîäi:

h(π) = 2n−j .

Äîâåäåííÿ. Äîâåäåííÿ ëåìè 1 âèïëèâà¹ áåçïî-
ñåðåäíüî iç ïåðåâiðêè.

Ëåìà 2. Íåõàé ïiäñòàíîâêà π ìà¹ âiäïîâiä-
íå ¨é äåðåâî D, â ÿêîãî ìiòêè 1 ðîçòàøîâà-
íi íà âåðøèíàõ v1, v2, . . . , vr ç êîîðäèíàòàìè
(j1, i1), (j2, i2) . . . , (jr, ir). Ïðè÷îìó æîäíà âåð-
øèíà vk, k ∈ {1, 2, . . . , r} íå ëåæèòü íà øëÿõó,
ùî ñïîëó÷à¹ áóäü-ÿêó iíøó âåðøèíó öi¹¨ ìíî-
æèí ç êîðåíåì. Òîäi:

h(π) = 2n−j1 + 2n−j2 + . . .+ 2n−jr =

r∑
k=1

2n−jk .

Äîâåäåííÿ. Çà óìîâîþ ëåìè ìè ìà¹ìî, ùî ïiä
êîæíîþ âåðøèíîþ vk ç ìiòêîþ 1, k ∈ {1, . . . , r},
ìiñòÿòüñÿ ðiçíi âèñÿ÷i âåðøèíè. À òîìó, çà âè-
çíà÷åííÿì ìíîæåííÿ äåðåâ iç [10], äåðåâîD ðîç-
êëàäà¹òüñÿ ó äîáóòîê:

D = D1 ·D2 · . . . ·Dr,
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äå Dk ìà¹ ¹äèíó ìiòêó 1 íà âåðøèíi vk ç êîîð-
äèíàòàìè (jk, ik), k ∈ {1, . . . r}.

Òîäi äëÿ êîæíîãî k ∈ {1, . . . r} çà ëåìîþ 1:

h(πk) = 2n−jk ,

äå πk âiäïîâiäà¹ äåðåâó Dk. Îñêiëüêè ïiäñòàíîâ-
êè π1, . . . πr äiþòü íà ðiçíi åëåìåíòè, òî:

h(π) = h(π1) + h(π2) + . . .+ h(πr) =

= 2n−j1 + 2n−j2 + . . .+ 2n−jr =

r∑
k=1

2n−jk

Ëåìó äîâåäåíî.

Íåõàé v0, v, w ∈ V (D). Áóäåìî êàçàòè, ùî
âåðøèíà v ðîçòàøîâàíà ïiä âåðøèíîþ w (âåð-
øèíà w íàä âåðøèíîþ v), ÿêùî w íàëåæèòü
øëÿõó, ùî ç'¹äíó¹ v ç êîðåíåì äåðåâà v0. Ïî-
çíà÷èìî: v � w.

Òàêîæ ïîçíà÷èìî L(v) � ìíîæèíà âñiõ âè-
ñÿ÷èõ âåðøèí, ùî ðîçòàøîâàíi ëèøå ïiä âåð-
øèíîþ v.

Ëåìà 3. Íåõàé ïiäñòàíîâêà π òàêà, ùî íà âiä-
ïîâiäíîìó ¨é äåðåâi D ëèøå äâi âåðøèíè vk òà
vq ç êîîðäèíàòàìè (jk, ik) òà (jq, iq) ìàþòü ìi-
òêè 1, ïðè÷îìó vq � vk. Òîäi:

h(π) = 2n−jk .

Äîâåäåííÿ. Îñêiëüêè vq � vk, òî jq > jk òà ìà-
þòü ìiñöå òàêi ñïiââiäíîøåííÿ:
1. |L(vq)| = 2n−jq i öå ìåíøå íiæ |L(vk)| =
= 2n−jk ;
2. L(vq) ⊂ L(vk).

Îñêiëüêè vq ìiñòèòüñÿ ó ëiâié àáî ïðàâié ãië-
öi, äëÿ ÿêèõ vk ¹ êîðåíåì, òî i âñi âåðøèíè ïiä
vq áóäóòü ðîçòàøîâóâàòèñÿ ó òié ñàìié ãiëöi. À
òîìó ïiä ÷àñ çàñòîñóâàííÿ àëãîðèòìó 1 ïåðåòâî-
ðåííÿ äåðåâà ó ïiäñòàíîâêó, äiÿ íà êîîðäèíàòàõ
(jq, iq) íå ïîâåðòà¹ âèñÿ÷i âåðøèíè ó ïî÷àòêîâó
ãiëêó. Òàêèì ÷èíîì, çà ëåìîþ 1, êiëüêiñòü ðó-
õîìèõ òî÷îê ïiäñòàíîâêè π áóäå çàëåæàòè âiä
êiëüêîñòi âèñÿ÷èõ âåðøèí iç ìíîæèíè L(vk) òà
áóäå ðiâíîþ ¨¨ ïîòóæíîñòi:

h(π) = |L(vk)| = 2n−jk .

Ëåìó äîâåäåíî.

Îçíà÷åííÿ 3. Íåõàé âåðøèíà v äåðåâà ìà¹
ìiòêó 1. ßêùî íà øëÿõó ìiæ íåþ òà êîðåíåì
ðåøòà âåðøèí ìàþòü ìiòêè 0, òî v áóäåìî íà-
çèâàòè ãîëîâíîþ âåðøèíîþ.

Íàñëiäîê 4. Êiëüêiñòü ðóõîìèõ òî÷îê ïiä-
ñòàíîâêè π, ùî çàäà¹òüñÿ äåðåâîì D, ðiâíà ñó-
ìi êiëüêîñòi âèñÿ÷èõ âåðøèí, ùî ðîçìiùåíi ïiä
ãîëîâíèìè âåðøèíàìè äåðåâà.

Äîâåäåííÿ. Äîâåäåííÿ âèïëèâà¹ iç ëåìè 2 òà ëå-
ìè 3.

Ïðèêëàä 2. Ðîçãëÿíåìî ïiäñòàíîâêó π ∈
∈ Syl2(S24) òà âiäïîâiäíå ¨é äåðåâî D ∈ LT2,4:

Òóò ãîëîâíi âåðøèíè ìàþòü êîîðäèíàòè:
(1, 2), (2, 2), (3, 1). Âiäïîâiäíî äî îçíà÷åííÿ 3 òà
íàñëiäêó 4, ìà¹ìî êiëüêiñòü ðóõîìèõ òî÷îê:

h(π) = 24−1 + 24−2 + 24−3 = 8 + 4 + 2 = 14.

ßêùî âèêîíàòè ïåðåâiðêó ñòàíäàðòíîãî îçíà÷å-
ííÿ 2 ïðî êiëüêiñòü ðóõîìèõ òî÷îê ïiäñòàíîâêè,
òî îòðèìà¹ìî òàêå ñàìå çíà÷åííÿ.

Àëãîðèòì çíàõîäæåííÿ êiëüêîñòi ðó-

õîìèõ òî÷îê ïiäñòàíîâêè iç Syl2(S2n).
Ââåäåìî ïîçíà÷åííÿ:
a[k] � k-òà êîîðäèíàòà ñòði÷êè a;
a[b, c] � ñòði÷êà, ùî ìà¹ âiä b-¨ äî c-¨ êîîðäèíàò
ñòði÷êè a, òîáòî ¹ ÷àñòèíîþ ñòði÷êè a;
len(a) � ôóíêöiÿ, ùî âèçíà÷à¹ êiëüêiñòü êîîð-
äèíàò ñòði÷êè a.

Íàïðèêëàä, íåõàé ìà¹ìî ñòði÷êó a =
= (5, 10, 2, 3, 7, 4), òîäi:
a[2] = 10, a[2, 5] = (10, 2, 3, 7), len(a) = 6.

Âèêîðèñòîâóþ÷è àëãîðèòì ïåðåòâîðåííÿ
ïiäñòàíîâêè ó äåðåâî 2, çàäàìî ðåêóðñèâíèé
àëãîðèòì äëÿ îá÷èñëåííÿ êiëüêîñòi ðóõîìèõ òî-
÷îê ïiäñòàíîâêè π ∈ Syl2(S2n).
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Algorithm 3: Àëãîðèòì çíàõîäæåííÿ
êiëüêîñòi ðóõîìèõ òî÷îê h(π)

Input: a = (a[1], a[2], · · · a[2n]) � íèæíÿ
ñòði÷êà ïiäñòàíîâêè π.

Output: MovCount � êiëüêiñòü ðóõîìèõ
òî÷îê

Ñòâîðþ¹ìî ðåêóðñèâíó ïiäïðîãðàìó ç
àðãóìåíòîì a;
MovCount(a);

if a[1] > a[ len(a)2 + 1] then
return len(a);

if len(a) = 2 then
return 0;

return MovCount
(
a
[
1 , len(a)2

])
+MovCount

(
a
[ len(a)

2 + 1 , len(a)
])

Òâåðäæåííÿ 5. ×àñîâà ñêëàäíiñòü àëãîðè-
òìó çíàõîäæåííÿ êiëüêîñòi ðóõîìèõ òî÷îê
ïiäñòàíîâêè π ∈ Syl2(S2n) ðiâíà O(2n).

Äîâåäåííÿ. Êîæíà ïàðà åëåìåíòiâ çi ñòði÷êè a
íà êðîöi ïîðiâíÿííÿ âiäïîâiäà¹ ïåâíié âåðøèíi
äåðåâà iç 0-ãî ïî (n − 1)-é ðiâíi. Ó íàéãiðøîìó
âèïàäêó ïîòðiáíî áóäå âèêîíàòè ñòiëüêè ïîðiâ-
íÿíü, ñêiëüêè òàêèõ âåðøèí, à ñàìå 2n−1. Òîìó
ìà¹ìî îöiíêó

O(2n − 1) = O(2n).

Òâåðäæåííÿ äîâåäåíî.

Öÿ îöiíêà ¹ îöiíêîþ çâåðõó òà ïîêàçó¹ êiëü-
êiñòü êðîêiâ ó íàéãiðøîìó âèïàäêó. Òàêèõ âè-
ïàäêiâ çíà÷íî ìåíøå, íiæ ðåøòè, çàâäÿêè âëà-
ñòèâîñòi 2-ðîçäiëüíîñòi ïiäñòàíîâîê.

Ñòâîðåíî ïðîãðàìó, ÿêà äëÿ àëãîðèòìó 3 ðà-
õó¹ ñåðåäí¹ çíà÷åííÿ êiëüêîñòi ïîðiâíÿíü äëÿ
êîæíîãî n. Öþ ïðîãðàìó âäàëîñÿ âèêîíàòè òà
ïåðåâiðèòè äëÿ íåâåëèêèõ n = 2, 3, 4 çà äîïîìî-
ãîþ ìîâè êîìï'þòåðíî¨ àëãåáðè Sage.

n 2n Ïîòóæíiñòü Êiëüêiñòü Ñåðåäíÿ
äîâæèíà Syl2(S2n) ïîðiâíÿíü çà êiëüêiñòü

ïiäñòàíîâêè îçíà÷åííÿì ïîðiâíÿíü
àëãîðèòìó

2 4 |Syl2(S4)| = 23 = 8 4 2
3 8 |Syl2(S8)| = 27 = 128 8 3
4 16 |Syl2(S16)| = 215 = 16 4

= 32768
5 32 |Syl2(S32)| = 231 32 5

Ìîæíà ïîáà÷èòè òàêó çàëåæíiñòü: ñåðåäí¹ çíà-
÷åííÿ êiëüêîñòi ïîðiâíÿíü äîðiâíþ¹ n äëÿ âiä-
ïîâiäíîãî çíà÷åííÿ n. Òîäi äëÿ çàãàëüíîãî âè-
ïàäêó ìà¹ìî òàêó òåîðåìó.

Òåîðåìà 6. Äëÿ çíàõîäæåííÿ êiëüêîñòi ðóõî-
ìèõ òî÷îê ïiäñòàíîâêè π ∈ Syl2(S2n) çà àëãî-
ðèòìîì 3 â ñåðåäíüîìó íåîáõiäíî âèêîíàòè n
ïîðiâíÿíü.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî äëÿ ìíîæèíè
Syl2(S2n), ùî ìiñòèòü ïiäñòàíîâêè äîâæèíè 2n

(ïîçíà÷èìî π) òà êîæíà ç ÿêèõ çàäà¹òüñÿ âiä-
ïîâiäíèì n-ðiâíåâèì äåðåâîì (ïîçíà÷èìî D), â
ñåðåäíüîìó äëÿ àëãîðèòìó 3 íåîáõiäíî n ïîðiâ-
íÿíü. Òîáòî:

Σ

22n−1
= n,

äå Σ = 1 ·N1 + 2 ·N2 + . . .+ (2n − 1) ·N2n−1,

Nk � öå êiëüêiñòü ïiäñòàíîâîê, äëÿ ÿêèõ àëãî-
ðèòì 3 âèêîíó¹òüñÿ çà k êðîêiâ (ïîðiâíÿíü).

Òîáòî ìà¹ìî:

n·22
n−1 = 1·N1+2·N2+. . .+(2n−1)·N2n−1. (1)

Ïåðåâiðèìî êiëüêiñòü êðîêiâ äëÿ n+ 1.

Çàóâàæèìî, ùî äåðåâî D ìà¹ n + 1 ðiâíi òà
éîãî êîðiíü ñïîëó÷à¹ äâi ãîëîâíi ãiëêè, ÿêi ¹
n-ðiâíåâèìè êîðåíåâèìè äåðåâàìè D1 òà D2

âiäïîâiäíî. Ðîçãëÿíåìî âèïàäêè:

1. Íåõàé êîðiíü äåðåâà D ìà¹ ìiòêó 1. Òî-
äi äëÿ çíàõîäæåííÿ êiëüêîñòi ðóõîìèõ òî÷îê çà
àëãîðèòìîì 3 áóäå âèêîíàíî ëèøå 1 êðîê, áî íà
êîðåíi ìè i çóïèíèìîñÿ. Òàêèõ äåðåâ iç ìíîæè-
íè LT2,n+1, ùî ìàþòü ìiòêó 1 íà êîðåíi, âñüîãî

22
n+1−2. Òîáòî äëÿ çíàõîäæåííÿ ñåðåäíüî¨ îöií-

êè áóäåìî âèêîðèñòîâóâàòè:

1 · 22
n+1−2. (2)

2. Íåõàé êîðiíü äåðåâà D ìà¹ ìiòêó 0. Òîäi
àëãîðèòì 3 ðîçãëÿíå êîðiíü (1 äiÿ) òà ïåðåéäå
íà ðiâåíü íèæ÷å, äî ëiâîãî òà ïðàâîãî ïiääåðåâ.
Òîáòî äàëi ìà¹ìî òàêó òàáëèöþ:
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Êîðiíü Êiëüêiñòü Êiëüêiñòü Ðåçóëüòàò
äåðåâà âåðøèí âåðøèí äëÿ îá÷èñëåíü
D ëiâîãî ïðàâîãî

ïiääåðåâà, D1 ïiääåðåâà, D2

1 1 1 (1 + 1 + 1)N1N1

1 1 2 (1 + 1 + 2)N1N2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1 1 2n − 1 (1 + 1 + (2n − 1))N1N2n−1

1 2 1 (1 + 2 + 1)N2N1

1 2 2 (1 + 2 + 2)N2N2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1 2 2n − 1 (1 + 2 + (2n − 1))N2N2n−1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1 2n − 1 1 (1 + (2n − 1) + 1)N2n−1N1

1 2n − 1 2 (1 + (2n − 1) + 2)N2n−1N2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1 2n − 1 2n − 1 (1 + (2n − 1)+

+(2n − 1))N2n−1N2n−1

Òîìó çàãàëüíà ñóìà äëÿ n+ 1 â öüîìó âèïàäêó
áóäå:

(1 + 1 + 1)N1N1 + (1 + 1 + 2)N1N2 + . . .+ (1+

+1 + (2n − 1))N1N2n−1+

+(1 + 2 + 1)N2N1 + (1 + 2 + 2)N2N2 + . . .+ (1+

+2 + (2n − 1))N2N2n−1 + . . .

. . .+ (1 + (2n − 1) + 1)N2n−1N1 + (1 + (2n − 1)+

+2)N2n−1N2 + . . .+ (1 + (2n − 1) + (2n−

−1))N2n−1N2n−1.

Ç êîæíî¨ ñòði÷êè âèíåñåìî çà äóæêè N1, N2,
. . . òà N2n−1 âiäïîâiäíî:

N1

(
(1+1+1)N1+(1+1+2)N2+. . .+(1+1+(2n−

−1))N2n−1

)
+N2

(
(1+2+1)N1+(1+2+2)N2+. . .

. . .+ (1 + 2 + (2n − 1))N2n−1

)
+ . . .+N2n−1

(
(1+

+(2n−1)+1)N1 +(1+(2n−1)+2)N2 + . . .+(1+

+(2n − 1) + (2n − 1))N2n−1

)
=

= N1

(
2(N1 +N2 + . . .+N2n−1)+(1N1 +2N2 + . . .

. . .+ (2n − 1)N2n−1)
)

+

+N2

(
3(N1 +N2 + . . .+N2n−1) + (1N1 + 2N2 + . . .

. . .+ (2n − 1)N2n−1)
)

+ . . .

. . .+N2n−1

(
2n(N1+N2+. . .+N2n−1)+(1N1+2N2+

. . .+ (2n − 1)N2n−1)
)
.

Çàóâàæèìî, ùî N1 + N2 + . . . + N2n−1 � öå
âñÿ êiëüêiñòü ïiäñòàíîâîê äîâæèíè 2n ç ãðó-
ïè Syl2(S2n), òîáòî N1 + N2 + . . . + N2n−1 =
= |Syl2(S2n)| = 22

n−1.
Òàêîæ çàñòîñó¹ìî ðiâíiñòü (1):

N1

(
2·22

n−1+n·22
n−1
)

+N2

(
3·22

n−1+n·22
n−1
)

+. . .

. . .+N2n−1

(
2n ·22

n−1 +n ·22
n−1
)

= 22
n−1
(

2N1+

+nN1 + 3N2 +nN2 + . . .+ 2nN2n−1 +nN2n−1

)
=

= 22
n−1
(
n(N1+N2+. . .+N2n−1)+(1N1+2N2+. . .

. . .+(2n−1)N2n−1)+ (N1 +N2 + . . .+N2n−1)
)

=

= 22
n−1
(

(n+ 1) · 22n−1 + n · 22n−1
)

=

= 22
n+1−2

(
2n+ 1

)
. (3)

Çà ðåçóëüòàòàìè îáîõ âèïàäêiâ (2) òà (3) ìà-
¹ìî ñåðåäíþ îöiíêó äëÿ n+ 1:

1 · 22n+1−2 + 22
n+1−2 · (2n+ 1)

22n+1−1
=

=
22

n+1−2 · (2n+ 2)

22n+1−1
=

2n+ 2

2
= n+ 1.

Îòæå, òåîðåìó äîâåäåíî.

Êiëüêiñòü ïiäñòàíîâîê iç Syl2(S2n), ùî
ìàþòü ìiíiìàëüíó íåíóëüîâó àáî

ìàêñèìàëüíó êiëüêiñòü ðóõîìèõ òî÷îê

Ìiíiìàëüíà íåíóëüîâà êiëüêiñòü ðó-

õîìèõ òî÷îê. Îñêiëüêè ìè ðîçãëÿäà¹ìî ïiä-
ñòàíîâêè π ∈ Syl2(S2n), òî äëÿ íèõ çáåðiãà¹òüñÿ
âëàñòèâiñòü 2-ðîçäiëüíîñòi. À òîìó íàéìåíøîþ
íåíóëüîâîþ êiëüêiñòü ðóõîìèõ òî÷îê äëÿ òàêèõ
ïiäñòàíîâîê ¹ h(π) = 2.

Òàêà ðiâíiñòü ìîæå âèêîíóâàòèñÿ ëèøå äëÿ
ïiäñòàíîâîê, ÿêi çàäàþòüñÿ òàêèì äåðåâîì D ∈
∈ LT2,n, ùî ìà¹ ëèøå îäíó âåðøèíó ç ìiòêîþ 1
i ïðè÷îìó íà (n−1)-ìó ðiâíi (âèïëèâà¹ iç ëåì 1,
2 òà 3). Òîáòî êiëüêiñòü òàêèõ ïiäñòàíîâîê áóäå
ðiâíà êiëüêîñòi òàêèõ äåðåâ. À ¨õ âiäïîâiäíî áóäå
ñòiëüêè, ñêiëüêè ðiçíèõ âåðøèí íà (n− 1)-ðiâíi,
òîáòî:∣∣∣{π ∣∣ h(π) = 2 òà π ∈ Syl2(S2n)

}∣∣∣ = 2n−1



Îëüøåâñüêà Â. À. Àëãîðèòì ïîøóêó êiëüêîñòi ðóõîìèõ òî÷îê ïiäñòàíîâîê. . . 39

Ìàêñèìàëüíà êiëüêiñòü ðóõîìèõ òî-

÷îê. Ìàêñèìàëüíîþ êiëüêiñòþ ðóõîìèõ òî÷îê
ïiäñòàíîâêè π ∈ Syl2(S2n) ¹ ÷èñëî, ÿêå ðiâíå
äîâæèíi ñàìî¨ ïiäñòàíîâêè. Òîáòî h(π) = 2n.

Òåîðåìà 7. Êiëüêiñòü ïiäñòàíîâîê π ∈
∈ Syl2(S2n), ÿêi ìàþòü 2n ðóõîìèõ òî÷îê, äî-
ðiâíþ¹ f(n), ùî âèçíà÷à¹òüñÿ ðåêóðñèâíî òàê:

f(n) =

{
1, êîëè n = 1

22
n−2 + f(n− 1) · f(n− 1).

Äîâåäåííÿ. Äîâåäåííÿ áóäåìî âèêîíóâàòè çà
Ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨.

Áàçà iíäóêöi¨: n = 1. Äëÿ Syl2(S21) ¹äèíîþ
íå òîòîæíîþ ïiäñòàíîâêîþ ¹ òðàíñïîçèöiÿ (1, 2).
À òîìó f(1) = 1 � âèçíà÷åíî êîðåêòíî.

Iíäóêòèâíèé êðîê. Íåõàé äëÿ iíäåêñiâ, ìåí-
øèõ çà n, óìîâà òåîðåìè âèêîíó¹òüñÿ. Ïåðåâi-
ðèìî äëÿ n. Íåõàé D ∈ LT2,n, ðîçãëÿíåìî òàêi
âèïàäêè.
1. Íåõàé äåðåâî D íà êîðåíi ìà¹ ìiòêó 1. Òîäi
çà ëåìîþ 3:

h(π) = 2n, äå π ∈ Syl2(S2n) âiäïîâiäà¹ äåðåâó D.

Çà îçíà÷åííÿì äåðåâ iç ìíîæèíè LT2,n, êiëü-
êiñòü òàêèõ ðiçíèõ äåðåâ ñòàíîâèòü 22

n−2.
2. Íåõàé äåðåâî D íà êîðåíi ìà¹ ìiòêó 0 (òîáòî
íå ìà¹ ìiòêó 1). Òàêîæ íåõàé D1, D2 ∈ LT2,n−1

� éîãî ëiâå òà ïðàâå ïiääåðåâî âiäïîâiäíî. Òîäi
çà íàñëiäêîì 4:

h(π) = 2n òîäi i òiëüêè òîäi, êîëè

h(π1) = h(π2) = 2n−1.

Çà ïðèïóùåííÿì iíäóêöi¨, êiëüêiñòü ðiçíèõ ïiä-
ñòàíîâîê iç Syl2(S2n−1) (òà âiäïîâiäíî i ¨õ äåðåâ
iç LT2,n−1), ùî ìàþòü 2n−1 ðóõîìèõ òî÷îê, ñòà-
íîâèòü f(n− 1).

Òîìó êiëüêiñòü òàêèõ äåðåâ D ∈ LT2,n ðiâíà
f(n− 1) · f(n− 1).

Îñêiëüêè âèïàäêè 1. òà 2. íåïåðåòèííi, òî:

f(n) = 22
n−2 + f(n− 1) · f(n− 1).

Îòæå, òåîðåìó äîâåäåíî.
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V. Olshevska

SEARCH ALGORITHM OF THE NUMBER OF UNFIXED
POINTS OF PERMUTATIONS FROM SYLOW

2-SUBGROUPS Syl2(S2n) OF SYMMETRIC GROUPS S2n

The Symmetric permutation group S2n is a classical algebraic object that is also used in Computer
science, Coding theory, Statistics, etc. In particular, the coding theory considers codes defined on the
symmetric group Sn or its subgroups. The research of permutation codes has been started from 1970s.
These codes can be obtained with using different distances: Hamming, Ulam, Cailey, Levenshtein. The
finding distance on permutations depends on their number of fixed or unfixed points. Therefore, it is
natural to count the number of unfixed points in a certain group of permutations.

In this paper, we consider the number of unfixed points of permutations that are elements of the
Sylow 2-subgroup Syl2(S2n) of symmetric groups S2n . Leo Kaluzhnin used tables to represent the ele-
ments of these groups [8]. Volodymyr Nekrashevych represented permutations by their portraits [9]. We
use algorithms that describe the connection between the permutation group Syl2(S2n) and the group of
labeled binary rooted trees [10].

An algorithm for finding the number of unfixed points for permutations of the Sylow 2-subgroup
Syl2(S2n) of the symmetric group S2n is proposed in the article. An isomorphism between the group
Syl2(S2n) and a group of labeled binary root trees was used to construct this algorithm. It is proved,
that the algorithm of searching the number of unfixed point for permutations of the Sylow 2-subgroup
Syl2(S2n) of the symmetric group S2n has complexity O(2n). In addition, the average number of steps
of the algorithm for the Sylow 2-subgroup of the symmetric group S2n is found. The result for small
n (n = 2, 3, 4) was verified with a program, that is written in the language of the computer algebra Sage.

At the end of the article we find the number of permutations from Syl2(S2n) that have a maximum
number of unfixed points. The number of such permutations in the symmetric group S2n is well known.
Obviously that this number is smaller for the Sylow 2-subgroup of the symmetric group Syl2(S2n). In
this case, we calculate the maximum number of unfixed points using a recursive formula.

Keywords: unfixed points, symmetric groups, sylow subgroups, algorithm, complexity.
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