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A SOLUTION OF A FINITELY DIMENSIONAL
HARRINGTON PROBLEM FOR CANTOR SET

In this paper we are exploring application of fusion lemma - a result about perfect trees, having its
origin in forcing theory - to some special cases of a problem proposed by Leo Harrington in a book
Analytic Sets. In all generality the problem ask whether given a sequence of functions from Rω to
[0; 1] one can �nd a subsequence of it that is pointwise convergent on a product of perfect subsets of R.
We restrict our attention mainly to binary functions on the Cantor set as well as outline the possible
direction of generalization of result to other topological spaces and di�erent notions of measurablity.
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Preliminary notions

By 2 we mean a set {0, 1} with discrete topol-
ogy. By C ⊆ R we mean a standard Cantor set.
It is well known that C is homeomorphic to the
space 2ω with product topology where ω denotes
the set of all natural numbers.

In [1] in the problems section L Harrington pub-
lished a following problem (as a possible weakening
of a problem of Halpern).
Problem 1. Given continuous functions
fn : Rω → [0; 1], do there exist a set N = {ni : i ∈
∈ ω} ∈ [ω]ω and nonempty perfect sets Pj ⊆ C
for j ∈ ω such that the subsequence (fni

)i∈ω is
pointwise convergent on the product

∏
j∈ω

Pj?

We have acquired information that the one di-
mensional version of such problem has been solved
in 1920s by S Mazurkiewicz, but unfortunately we
were not able to trace it back to the original paper.
In [2] Laver showed amongst others that we get an
equivalent problem if we substitute continuous for
measurable functions or functions with the Baire
property. This prompted to consider variants of
the problem with di�erent notions of measurabil-
ity and di�erent topologies (most notably with El-
lentuck topology [3]).

We will focus on the �nitely dimensional ver-
sion of the problem for binary functions on C and
explore applying to it the fusion lemma - a result
about perfect trees, that originated in forcing the-
ory.
De�nition 1. Let T ⊆ 2<ω =

⋃
n∈ω

2n.

We will say that T is a tree if for any s ∈ T
and t ∈ 2<ω if t ⊆ s then t ∈ T , ie it is closed
under taking the initial segment.

We will further say that T is a perfect tree if
for any s ∈ T there exist t1, t2 ∈ T with t1 ̸= t2
such that s ⊂ t1 and s ⊂ t2.

De�nition 2. Let T be a perfect tree and for each
s ∈ T let there be a perfect set Us ⊆ R. Then
(Us)s∈T is called a fusion sequence if

� Us1 ⊇ Us2 for s1, s2 ∈ T and s1 ⊆ s2,
� Us_0 ∩ Us_1 = ∅ for s ∈ T .
We have a following fundamental property of

fusion sequences.
Theorem 1. (Fusion Lemma) Let T be a perfect
tree and let T̃ = {f ∈ 2ω : ∀n∈ωf |n ∈ T}. Let
(Us)s∈T be a fusion sequence. If the diameter of
Us tends to 0 with increasing length of s then the
set

P =
⋂
n∈ω

⋃
s∈T

Us =
⋃
f∈T̃

⋂
n∈ω

Uf |n

is a perfect set. [6][7]
Theorem 2. Let P ⊆ C be perfect and non-empty.
Then P is homeomorphic to C.

Main result

We will apply fusion lemma to our problem.
Theorem 3. Let fn : C → 2 be continuous func-
tions. Then there exists N = {ni : i ∈ ω} ∈ [ω]ω

and a non-empty perfect set P ⊆ C such that the
subsequence (fni

)i∈ω is pointwise convergent on P .
Moreover the set P can chosen in such a way that
it is homeomorphic to C.
Outline of proof: Let Un

i = f−1
n (i). Observe that

those are perfect sets. If there exists a perfect set
P such that P ∩Un

0 = ∅ or P ∩Un
1 = ∅ for in�nitely

many n then it easy to �nd a subsequence with re-
quired result. Thus we can assume - taking a sub-
sequence if needed - that all Un

i are non-empty and
for any non-empty perfect set P we have P ∩Un

0 ̸=
= ∅ and P ∩ Un

1 ̸= ∅. Now for any �nite sequence
(i0, . . . , in−1) ∈ n2 let

U(i0,...,in) = U0
i0 ∩ . . . ∩ Un

in .

Observe that for �nite sequences s1, s2 we have:
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� if s1 ⊆ s2 then Us1 ⊇ Us2 ,
� Us1_0 ∩ Us1_1 = ∅.

It is thus a fusion sequence and the diameter of
Us tends to 0 with increasing length of s. We will
de�ne two perfect subtrees of <ω2 in a following
way.

Let
T 0
0 = T 1

0 = {∅}

and
T i
n+1 = {s_(j, i) : s ∈ T i

n, j ∈ 2}.

Clearly the trees T i =
⋃

n∈ω
T i
n are isomorphic to

<ω2 and in consequence perfect. From fusion
lemma we obtain that the sets

Qi =
⋂
n∈ω

⋃
s∈T i

n

Us

are non-empty and perfect. What is more the sub-
sequence (f2n)n∈ω is pointwise convergent on P =
= Q0 ∪Q1. Indeed it is convergent to 0 on Q0 and
to 1 on Q1.

QED

We can generalize the above result in a follow-
ing way.
Theorem 4. Let fn : C

2 → 2 be continuous func-
tions. Then there exists N = {ni : i ∈ ω} ∈ [ω]ω

and non-empty perfect sets P1, P2 ⊆ C such that
the subsequence (fni)i∈ω is pointwise convergent
on P1 × P2.
Outline of proof: Let D = {cn : n ∈ ω} be a dense
subset of C. Let gm,n(x) = fn(x, cm). By the
previous theorem there exists N0 and a perfect
set P0 = Q0

0 ∪ Q1
0 such that (g0,n)n∈N0 is point-

wise convergent on P0. With Nm and Pm de�ned
there exists Nm+1 ⊆ Nm and a perfect set Pm+1 =
= Q0

m+1 ∪Q1
m+1 ⊆ Pm such that (gm+1,n)n∈Nm+1

is pointwise convergent on Pm+1. We will de�ne
the set N = {nm : m ∈ ω} in a following way.

Let
n0 = min(N0)

and

nm+1 = min(Nm+1 \ {n0, . . . , nm}).

Observe that (gm,n)n∈N is convergent on Pk for
k ≥ m. It remains to show that P∞ =

⋂
m∈ω

Pm has

a non-empty perfect subset and the result will fol-
low from the fact that D is dense and continuity
of the functions fn.

Of course P∞ is closed and from the fact that
Pm+1 ⊆ Pm and compactness of C it is also non-
empty. Similarly to the proof of the previous the-
orem we can - taking an in�nite subset of D if
necessary - assume that

Q(i0,...,in) = Q0
i0 ∩ . . . ∩Qn

in ̸= ∅.

Once again for �nite sequences s1, s2 we have:
� if s1 ⊆ s2 then Qs1 ⊇ Qs2 ,
� Qs1_0 ∩Qs1_1 = ∅.

and the diameter of Us tends to 0 with increasing
length of s. This time we can apply fusion lemma
directly and we get that the set

P =
⋂
n∈ω

⋃
s∈2n

Qs ⊆ P∞

is perfect.
QED

Corrolary 1. The space C2 is homeomorphic to
C, in fact even Cω is homeomorphic to C. Using
that fact we can easily extend the result above to
any �nite dimension, ie for functions fn : C

k → 2.
Remark 1. As C is a compact space in the above
theorems we in fact obtain sequences of functions
that are not only pointwise but also uniformly con-
vergent.

Further developments

Our next objective will be generalizing the re-
sult above to the in�nitely dimensional variant.
After that we will proceed with proving the anal-
ogous results for [ω]<ω with the Ellentuck topol-
ogy [3] (which could be thought of as a topological
representation of Mathias forcing) and completely
ramsey measurable functions [4]. The analogs for
silver forcing are worth exploring. [5]
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Êóñiíñüêèé Ñ.

ÐÎÇÂ'ßÇÎÊ ÑÊIÍ×ÅÍÍÎÂÈÌIÐÍÎ� ÇÀÄÀ×I
ÕÀÐÐIÍÃÒÎÍÀ ÄËß ÌÍÎÆÈÍÈ ÊÀÍÒÎÐÀ

Ó öié ñòàòòi ìè äîñëiäæó¹ìî çàñòîñóâàííÿ ëåìè ïðî çëèòòÿ � ðåçóëüòàò ïðî iäåàëüíi äåðå-
âà, ùî ïîõîäèòü âiä òåîði¨ ïðèìóñó � äî äåÿêèõ îñîáëèâèõ âèïàäêiâ ïðîáëåìè, çàïðîïîíîâàíî¨ Ëåî
Õàðiíãòîíîì ó êíèçi ¾Àíàëiòè÷íi ìíîæèíè¿. Ó çàãàëüíîìó âèïàäêó ïðîáëåìà ïîëÿãà¹ â òîìó,
÷è ìîæíà çíàéòè äëÿ ïîñëiäîâíîñòi ôóíêöié âiä Rω äî [0; 1] ¨¨ ïiäïîñëiäîâíiñòü, ÿêà ïîòî÷êîâî
çáiæíà äî äîáóòêó iäåàëüíèõ ïiäìíîæèí R. Ìè ðîçãëÿäàòèìåìî ãîëîâíèì ÷èíîì áiíàðíi ôóí-
êöi¨ íà ìíîæèíi Êàíòîðà, à òàêîæ îêðåñëèìî ìîæëèâèé íàïðÿìîê óçàãàëüíåííÿ ðåçóëüòàòó
íà iíøi òîïîëîãi÷íi ïðîñòîðè òà ðiçíi ïîíÿòòÿ âèìiðíîñòi.

Êëþ÷îâi ñëîâà: iäåàëüíi äåðåâà, ïîñëiäîâíîñòi çëèòòÿ.
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