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PROPERTIES OF THE IDEAL-INTERSECTION GRAPH OF
THE RING Zy

In this paper we study properties of the ideal-intersection graph of the ring Z,. The graph of ideal
intersections is a simple graph in which the vertices are non-zero ideals of the ring, and two vertices
(ideals) are adjacent if their intersection is also a non-zero ideal of the ring. These graphs can be referred
to as the intersection scheme of equivalence classes (See: Lazxman Saha, Mithun Basak Kalishankar
Tiwary “Metric dimension of ideal-intersection graph of the ring Z,” [1] ).

In this article we prove that the triameter of graph is equal to six or less than sixz. We also describe
mazimal clique of the ideal-intersection graph of the ring Z,,. We prove that the chromatic number of
this graph is equal to the sum of the number of elements in the zero equivalence class and the class with
the largest number of element. In addition, we demonstrate that eccentricity is equal to 1 or it is equal
to 2. And in the end we describe the central vertices in the ideal-intersection graph of the ring Z,.
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Preliminary notions

In this article, we consider simple graphs. Lax-
man Saha, Mithun Basak and Kalishankar Ti-
wary in [1] show that for a commutative ring R,
ideal-intersection graph is a simple graph with ver-
tices that are non-zero proper ideals of the ring
R and two vertices (ideals) are adjacent if their
intersection is also a non-zero (proper) ideal of
R. Throughout this paper, G(R) denotes ideal-
intersection graph of the ring R. For a given posi-
tive integer n, define P(n) be the set of all primes
that are used to decompose the integer n. So that
for any positive integer

n=pyt-ps?-... - pr
of the ring Z,, is of the forms
I =<pi -pgz-...-pf?* >,

where 3; is are integers with 0 < 3; < a;. Also
they prove that for the graph G(Z,,) the following
properties hold:

1) Diameter of the graph G(Z,) < 2.

2) Every distinct pair of classes preserve the
distances, i.e., for two ideals I € [I] and J; € [J],
d(I,,J;) = 1 or 2 according as d(I,J) = 1 and
a(l,J) = 2.

3) Each ideal class [I] forms a clique in G(Z,,).

It is also noticed, that for any ideal I =
= (PP pd ... . pP) in the ring Z, with n =
= pit - ps? - ... por, we define the set L(I) =
= {p; : Bi = a;}, which is called the set of levels
for I. We also define the set L'(I) = {p; : B; # i}
Clearly, for the ideal I, L(I) C P(n), and L'(I) is
© Y.Utenko, 2023

the complement of L(I) in P(n), so L(I)UL'(I) =
=P(n)and L(I)NL'(I) =0.|?]

In this article we prove that the triameter of
graph is equal to 6 or less than 6. We also describe
clique of this graph, namely maximal clique of the
ideal-intersection graph of the ring Z,. Also we
prove that the chromatic number of this graph is
equal to the sum of the number of elements in the
zero equivalence class and the class with the largest
number of element. In addition, we demonstrate
that eccentricity is equal to one or it is equal to
two. And in the end we describe the central ver-
tices in the ideal-intersection graph of the ring Z,,.

First we recall some definitions that we need.
Definition 1. [3] The eccentricity of a vertex v in
an undirected graph G is defined as the maximum
distance between v and any other vertex in G. In
other words, it is the greatest number of edges that
one must traverse to reach any other vertex in the
graph from v.

The eccentricity of vertex v can be denoted as:
ecc(v) = max{d(v,u) : u € G}

Definition 2. [3] The center of a graph is the set
of central vertices, i.e., vertices with minimal ec-
centricity.

Definition 3. [3] A complete subgraph of a graph
with the maximum amount of vertices is called the
clique of the graph.

Definition 4. [2] The triameter of a simple graph
G is a parameter defined as tr(G) = max{d(a,b) +
+d(a,c) +d(b,c) : a,b,c € V(G)}, where d is the
shortest path between the specified vertices.
Definition 5. [7] The chromatic number of a
graph G is defined as the minimum number of col-
ors needed to color the graph in such a way that
any two adjacent vertices have different colors. It
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is denoted as x(G).
Main results

The next theorem characterizes the clique of
the graph.
Theorem 1. Let L; be the ideal class of the ring
Z,,, which defines a subgraph in the intersection
graph of ideals with the maximum number of ver-
tices. Then the maximal clique of the intersection
graph of ideals Z,, is L; U Lg.
Proof. Based on the previous lemma, we can as-
sert that the complete subgraph in the ideal-
intersection graph Z,, is formed by vertices of the
same class. It is important to remember that an
arbitrary vertex from the zero-level class is con-
nected to any vertex. Therefore, all vertices from
L; U Ly will form a complete subgraph and, pro-
vided that L; contains the maximum number of
vertices, it will be a maximal clique.
Theorem 2. If there are wvertices in the ideal-
intersection graph of the ring Z,, that are not con-
nected to each other (i.e., they belong to different
non-zero equivalence classes), then tr(G) = 6. In
the opposite case tr(G) < 6.
Proof. If n = pi" - p5® - ... - pp* is factored into
three or more numbers, then there will be three or
more equivalence classes, which means there will
exist three points that are not connected to each
other. They will have the maximum possible dis-
tance of one between each other, which, relying on
Lemma 2.4 from [1], is equal to 2. Therefore, the
sum

tr(G) = max{dg(a,b) + dg(a,c)+
+dg(b,c) 1 a,b,ce V(G)} =
=tr(G)=2+2+2=6.

According to the condition, if there are no ver-
tices that are pairwise disconnected, then the tri-
ameter of the graph will be three or four:

1) If we have a connected graph (i.e., the graph
has only one equivalence class), then the shortest
distances between these vertices will be 1. There-
fore, the sum

tr(G) = max{d(a,b) + d(a,c)+
+d(b,c) :a,b,ce V(G)} =
=tr(G)=1+1+1=3.

This holds for the example 1 for the ring Zy¢.

2) If we have a graph where, in addition to the
zero equivalence class, there are other classes, but
there are no three vertices belonging to different
equivalence classes, then the distance between two

disconnected vertices will be 2 (the maximum pos-
sible distance). Therefore, the sum

tr(G) = max{d(a,b) + d(a,c)+
+d(b,c):a,b,c e V(G)} =
=ir(G)=1+1+2=4.

Example 1. For Zy5: 16 = 24
P(n) = {2}
<2>=1,— L(IQ)
<4>=1;— L(I4)
<8>=Ig — L(Iy)
Classes of equivalence:

Class 1: IQ, 14, Ig.
As we have only one class of equivalence, then

tr(G) = 3.

From this theorem directly we have.

Corollary 3. For any positive integer

0
0
0

(o3 (e} (o3
n=p"-py® ... PRk,

with k > 3, tr(G) = 6. Otherwise, tr(G) < 6.
Theorem 4. The chromatic number of the ideal-
intersection graph of the ring Z, is equal to the
sum of the number of elements in the zero equiv-
alence class and the class with the largest number
of elements.

Proof. 1) Since the vertices of the zero equivalence
class are connected to all vertices, including each
other, it is obvious that we should color all these
vertices with different colors (as they are adjacent
to each other).

2) Since the vertices of one class (with the
largest number of elements) are connected to each
other and to the vertices of the zero class, we need
to color them with different colors so that the class
with fewer elements can be colored using the col-
ors of this class (since vertices from different classes
that are not zero are not adjacent).

For the other vertices, we can use the colors
that are used to color the class with the largest
number of vertices, as different classes, except for
the zero class, have non-adjacent vertices with ver-
tices from other classes.

Proposition 5. Let v be a vertex in the ideal-
intersection graph G of the ring Z,,. Then the ec-
centricity of vertex v in graph G is equal to one if
it is a vertex of the zero level and two otherwise.
Proof. 1. Vertex of the zero level is connected with
each vertex of the graph. So, path between these
vertices is equal to 1. Hence, the eccentricity is
equal to 1.

2. When vertex is not belong to zero level, than
it belongs to the other level, vertices of which are
not connected with the other vertices from non-
zero class. Thus, the eccentricity is equal to the
maximum possible path, namely 2.
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Theorem 6. The central vertices in the ideal- nected to all other vertices, they are vertices with
intersection graph of the ring Z, are the ideals of the minimum eccentricity. Therefore, the ideals of
the zero class. the zero class are the centers.

Proof. Since the vertices of the zero level are con-

References

. Laxman Saha, Mithun Basak, and Kalishankar Tiwary,
“Metric dimension of ideal-intersection graph of the ring
Zn AKCE,” International Journal of Graphs and Com-
binatorics. 18 (2), 101-105 (2021).

. Artem Hak, Sergiy Kozerenko, and Bogdana Oliynyk,

“A note on the triameter of graphs,” Discrete Applied

Mathematics. 309, 278-279 (2022).

. L. Kuzmenko, Graph theory (2020), p. 12.

. Andras Sebo and Eric Tannier, “On Metric Generators

of Graphs”, Mathematics of Operations Research. 29

(2), 383-393 (2024).

. Dariush Kiani and Mohsen Mollahajiaghaei, “On the

unitary Cayley graphs of matrix algebras”, Linear Al-
gebra and its Applications 466, 421-428 (2015).

. Walter Klotz and Torsten Sander, “Some properties of

unitary Cayley graphs”, The electronic journal of com-
binatorics. 14 (1), R45-R45 (2007).

. Y. Bondarchuk and B. Olyinyk, Basics of Discrete

Mathematics, in: Graph theory, chapter 7, pp. 111-116
(2007).

. K. Kuratowski, Topology, vol. 1 (Academic Press,

1976).

. S. Shelah, Proper Forcing, Lecture Notes in Mathemat-

ics 940 (Springer, Berlin, 1982).

VYmenxo €. O.

BJIACTUBOCTI I'PA®A TIIEPETUHY IJIEAJIIB KIJIBITA Zy

Y uiti pobomi mu 6usuaEMO 6aacmusocmi zpaga nepemuny ideanis kiavus Z. I'pad nepemuny
ideanie € npocmum 2padom, 6 AKOMY GEPUUHAMU € HEHYALOGE idearu Kiavus, i dei eepwuny (idea-
AU) CYMINCHE, AKUWO FTHIT NEPETNUH MAKOAC € HEHYALOSUM 10earom Kinvua. LIi epadu moorcyms bymu
BUSHAUEHT AK CTEMA NEPEMUHY KAGCI6 exsisasenmmuocmi (dus.:[1]).

Y yiti emammi mu dogodumo, wo mpuamemp zpaga dopienroe wecmu abo menwe. Mu maxoosic onu-
CYEMO KAIKY Ub020 2paga, 6 Came MAKCUMANbHY KAIKY 2pada nepemuny ideanrie Kisvus Ly, . Takooc mu
00600UMO, WO TPOMATNUYHE YUCAO Ub020 2Pada JOPIBHIOE CYMI KIABKOCTE EAEMEHNIE Y KAACT HYADOBOT
eKBI8ANEHMHOCTIE A KAGCT 3 HATUOIALWONW KiAbKicmIo esemenmis. Kpim mozo, mu demMoHCPYEMO, U0
excuenmpucumem dopienroe 1 abo dopieHe 2, i HANPUKIHUE MU ONUCYEMO UEHMPAALHE GEPUUHY 2Pada
nepemuny 10eanie Kiavus Ly, .

Kurro4uoBi cioBa: rpad meperuny imeastis, TpuaMeTp, KJiKa, eHTPAJIbHI BEPIITWHY, eKCIIEHTPUCUTET.
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