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BALANCE FUNCTION GENERATED BY LIMITING
CONDITIONS

This article conducts an analysis of the inherent constraints governing the formation of the price
function that describes the interaction between two markets. The research not only identifies these
constraints but also obtains an explicit form of the specified function.

The key factors considered in constructing the price function are defined in the article. Through
analyzing these constraints and their impact on market interaction, a formula for the price function
is provided. This approach mot only reveals the essence of natural constraints in forming the price
function but also provides a contextual foundation for negotiations shaping a fair exchange price for the
interaction process between two markets. This offers a theoretical basis for modeling and solving similar
problems arising during practical economic activities.

Two economies, Economy 1 and Economy 2, producing goods X and Y with linear Production Pos-
sibility Curve (PPC) graphs, are under consideration. The cost of producing one unit of good X relative
to Y is denoted as Ry for Economy 1 and Ry for Economy 2. Exchange between economies occurs in a
market, where the possible exchange is Ax units of X for Ay = Rparker - Az units of Y, and vice versa.

If Ry is less than Ro, Economy 1 specializes in the production of X, and Economy 2 specializes in Y,
fostering mutually beneficial trade. For mutually beneficial exchange on the market with a price Ry,arpet,

it is necessary and sufficient that R1 < Rparket < Ro.
The article also explores the concept of a fair exchange price, specifying conditions for symmetry,
reciprocity, and scale invariance. Notably, it indicates that the unique solution satisfying these conditions

18 f(Rl,RQ) = \/Rl . RQ.

In the context of balanced exchange, where economies gain equal profit per unit of the acquired good,
the balanced exchange price Ryarietlbalance] is determined as Rygrket = V' R1 - Ro. This serves as a
fair price, meeting the aforementioned conditions of symmetry, reciprocity, and scale invariance.

In the provided example with Ry = 2 and Ry = 8, the article examines the mutually beneficial interval
for Royarker and computes the balanced and fair exchange price.

Keywords: fair price, market modeling, limiting conditions.

Introduction

In this article, we will consider natural restric-
tions on the forming price’s function that describes
the interaction between two markets. Based on
the described restrictions, this function will be ob-
tained in an explicit form. This article also con-
tinues to study the special properties of functions
in various applied areas [2], [3], [4].

Definitions

We have two economies, Economy 1 and Econ-
omy 2, producing goods X and Y with linear PPC
[1] (Production Possibility Curve) graphs.

Let R; be the cost of good X relative to good
Y in Economy 1 (i.e., to produce an additional 1
unit of good X in Economy 1, you need to forgo
producing R; units of good Y), and let Ry be the
cost of good X relative to good Y in Economy 2
(i.e., to produce an additional 1 unit of good X in
Economy 2, you need to forgo producing Rs units
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of good Y).
There is also a market where you can exchange
Az units of good X for

Ay = Rmarket - Az

units of good Y, and vice versa, Ay units of good
Y for

Az

units of good X.

It is evident that if the cost R; of good X rel-
ative to good Y in Economy 1 is lower than the
cost Ry of good X relative to good Y in Economy
2, then it is preferable for Economy 1 to specialize
in the production of good X, and for Economy 2
to specialize in the production of good Y. Indeed,
the relative costs of increasing the production of
good X are lower for Economy 1, and for good Y,
respectively, for Economy 2.

With such specialization, mutually beneficial
trade becomes possible between the two economies
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using the surplus of goods produced as a result of
their respective specialization. The details of this
exchange will be discussed below.

Formalization of the market’s exchange

Let us consider the case when Ry < Rs. Un-
der such conditions, it is preferable for Economy 1
to specialize in the production of good X and for
Economy 2 to specialize in the production of good
Y.

Let’s consider the desired situation in Economy

(z1,91)

Moving along the PPC, instead of (x1,y1), we pro-
duce:
(1 + Az, y; — Ry - Ax)

which, with the condition Az > 0, corresponds to
a local specialization of Economy 1 in producing
good X.

We then exchange the surplus Ax units of good
X, obtained from specialization, for

Ay = Rumarket - A%

units of good Y produced in Economy 2:
(71, y1—R1-Az+ Rmarkes-Ax) = (21, 51+
Now, consider the desired situation in Economy

(Cﬁzyyz)

Moving along the PPC, instead of (x2, y2), we pro-
duce:

Rmarket

R : ASE, Y2 + Rmarket : AI)
2

(22 —
which, with the condition Ay = Ryarkes - Az > 0,
corresponds to a local specialization of Economy 2
in producing good Y.

After exchanging on the market with Economy
1
Ay = Rparket - A

units of good Y for Az units of good X, the situ-
ation in Economy 2 becomes:

Rmr R 7Rmr
fgzket'Aw+A$,y2):(x2+ 2 Rzaket.A

(22—

Thus, economies 1 and 2 can interact, special-
izing in the production of certain goods and ex-
changing surpluses on the market, which promotes
more efficient resource utilization and overall pros-
perity.

Rmarket - Rl .

Rmarket

Mutually Beneficial Market’s Rate Interval

It is evident that for the exchange to be mutu-
ally beneficial for both economies, it is necessary
and sufficient to satisfy the following system of in-
equalities:

market

{ Rmarket_Rl > O
Ra— Rmarket
Ro Z 0

From this system, we derive the necessary and
sufficient condition for a mutually beneficial ex-
change between economies 1 and 2:

Rl S Rmarket S R2

which can be reformulated as:

Rmarket S [Rlv RQ]

Fair Exchange Price. In order for the price
of exchange R,, = f(R1, Rz) on the market could
be considered fair, it is necessary to fulfill three
natural conditions.

1. f(R1,R2) = f(Ra2, Ry)
AY) f(1/R1,1/R) = 1/ f(Ra, Ry)
3. fla-Ri,a-Ry) =a- f(R1, Ra)
Conditions’ explanation. Indeed, let’s
delve into the explanation for the natural con-

ditions that the fair exchange price function
f(R1, R2) should satisfy:

1. Symmetry: The first condition,
f(R1, Ry) = f(Ra, R1), ensures that the exchange
price remains the same regardless of which econ-
omy is producing good X and which is producing
good Y. In other words, the exchange rate should
be symmetric with respect to the two economies’
roles.

The

f (R%ﬂR%) = m, reflects the reciprocity
in trading goods. If it’s fair to exchange good X
for good Y at a certain rate, it should also be fair

to exchange good Y for good X at the inverse rate.

2.Reciprocity: second condition,

3.Scale Invariance: The third condition, f(a-
Ryi,a-Ry) = a- f(R1, R2), ensures that if the costs

Z, %) producing goods X and Y in both economies

are scaled up or down by a factor of "a," the fair
exchange rate should also scale accordingly. This
ensures that any change in the scale of production
costs retains the consistent relationship between
these variables, even though the numerical values
may change due to unit adjustments.
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Fair price’s theorem

Theorem 1. The only function that satisfies these

3 conditions is:
V/Ri- Ry

f(Rla R2) =

Proof. We aim to prove that the only function
satisfying the given conditions is f(Ry,R2) =
=+ Ri- Ro.

We start by considering the reciprocity condi-
tion:

fla,1/a) =1/f(1/a,a)

Using (1) and the symmetry condition, we get:

fla,1/a)®> =1= f(a,1/a) =1

Next, we use the scale invariance property:

fla,1/a) =af(1, 1/0’2) = f(1, 1/0’2) =1/a

Now, we use the scale invariance property and
(3) to analyze f(a,b):

f(a,b) =af(1,b/a) =a-\/bja=Va-b

In summary, we have demonstrated that under
the given conditions, the function f(a,b) = Va-b
satisfies all criteria. Furthermore, we have shown
that any function satisfying the given conditions
must be of the form f(a,b) = va-b. Therefore,
the proof is complete.

This theorem establishes that among all pos-
sible functions that adhere to the principles of
symmetry, reciprocity, and scale invariance, the
square root of the product of the relative pro-
duction costs of goods X and Y, i.e., v/R; - Ro,
stands as the unique solution. This mathematical
result provides a concrete expression for the fair
exchange price that maintains a harmonious bal-
ance between the economic principles driving mu-
tual trade. In essence, it underlines the inherent
connection between the relative costs of production
and the equitable exchange rate, offering a precise
formula for economies to adopt when engaging in
mutually beneficial trade.

Balanced Exchange Price

Under these exchange conditions, Economy 1
gains a profit of Rm%im units of good Y for each
purchased unit of good Y on the market, while
Economy 2 gains a profit of f2—flmaket ynits of
good X for each purchased unit of good X on the
market.

Let’s call the exchange balanced if the profit
per unit of the acquired good is the same for both
economies:

Riarket — I _ Ry — Ruarket
Rmarket R2
From which we get:
Ry _ Riarket
Rmarket R2
2 —
Rmarket - Rl : R2

As a result, under the condition:
Rl S Rmarket S RQ

we obtain the necessary and sufficient condition
for a mutually beneficial balanced exchange:

Rarket = \/m

This condition ensures that both economies can
engage in trade in a way that benefits both of them,
leading to an efficient allocation of resources and
economic growth.

As we see from theorem 3, the balanced price is
also fair price according to the conditions of Sym-
metry, Reciprocity and Scale Invariance.

Example

Problem’s Formulation. Let’s provide an
example with real values of Ry and Ry to calcu-
late the mutually beneficial range for Rparket and
balanced exchange’s price Rmarket [balance].

Suppose we have two economies, Economy 1
and Economy 2, producing goods X and Y.

Let Ry = 2 be the cost of producing an addi-
tional 1 unit of good Y in Economy 1 (i.e., to pro-
duce an extra unit of good Y, you need to forgo
producing R; units of good X), and let Ry = 8 be
the cost of producing an additional 1 unit of good
Y in Economy 2 (i.e., to produce an extra unit of
good Y, you need to forgo producing 2 units of
good X).

Mutually Beneficial Market’s Rate Inter-
val. For the exchange rate Ryaket Of good X to
good Y under these conditions, the exchange will
be mutually beneficial for both economies for any
value of R ket in the interval [2, 8].

For example, if 1 unit of good X is exchanged
for 5 units of good Y in the market, the exchange
between the economies will remain mutually ben-
eficial.

Balanced Exchange’s and Faar
Price. Now we can calculate the balanced
Ruarket [balance] using the formula:

Rmarket =V Rl . RZ
Rmarket =V2- :\/1»:4

Thus, in this example, the value of
Ruarkes [Dalance] will be 4. This value indicates
how many units of good Y can be obtained on the
market for each unit of good X. And the value of
m indicates how many units of good
X can be obtained for each unit of good Y.

Please note that in real situations, the values of
R; and Ry may vary and depend on specific eco-
nomic conditions and trade relationships between
countries or regions.
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Moposos /. I

OYHKIIA BAJTAHCY, IO 'EHEPYETBHCA
OBME2KYBAJIbHUMUU YMOBAMMU

VY wmiit crarTi mpoaHasizoBaHO MPUPOIHI OOMEXKEHHs, 0 BH3HAYAOTH (POPMYyBAHHS IIHOBOI (yH-
KIIii, sIKa, OIHUCY€E B3AEMO/IIIO MizK BOMa puHKamu. [IpeameromM a0CTiKeHHs € He JINIIe BUSB/ICHHS 1IUX
0OMeIKeHb, a I OTPUMAaHHS SIBHOTO BUTJISAY BKA3aHOI (yHKITI.

VY crarTi BU3HAYEHO KJIIOY0BI (haKTOPH, sIKi BpaxOBYIOTh pu mo0y/ 1081 miHoBoI (hyHKIl. B pe3ymbprari
aHaJi3y 1MUX 0OMEeKeHb Ta IX BIUIMBY HA PUHKOBY B3AEMOIII0 HAIAHO (POPMYIY IMIHOBOI (DYHKITII.

Taxwuit miaxia He juine Ja€ 3MOry PO3KPHUTH CYTHICTH HPUPOTHUX O0OMEKeHb ¥ (POPMYBAHHI IiIHOBOI
dbyHKIIl, a i HA/IA€ KOHTEKCTHY 0a3y /s IepeMOBHH, 10 (POPMYIOTH CIPABEIJINBY IiHY OOMIHY s
MPOIIECY B3aEMO/Iil 1BOX pUHKIB. Ile Hamae TeopeTndne OOrPYHTYBAHHS JJIs MOJIETIOBAHHS Ta PO3B’I3KY
TMOMIOHMX 3344, 0 BUHUKAIOTH IMiJ 9aC MPAKTHIHO! €KOHOMITHOI /IiSTbHOCTI.

PosrisayTo nBi ekonomikm, Exomomiky 1 ta Exomomiky 2, siki BupoOssiors ToBapu X Ta Y i3 Ji-
HiftHEMHE TpadikaMu BUPOOHUINX MOXKIUBOCTeH. BapTicTh BUpOOHUIITBA OAMHUIN TOBapy X BimHocHO Y
nosHadaerbcss Ry s Exonomiku 11 Ry nyisa Exonomiku 2. O0MiH MiK eKOHOMIKaMu BiaOyBaeTbCs Ha,
pUHKY, ne MoxauBuit 0oMiH Az omuannb X HA Ay = Riarket - AT OIUHULIL Y Ta HABIAKH.

dAxmo Ry menre Hixk Rs, To Exonomika 1 cmemiamizyerbesa Ha BupobuunTsi X, a Exonomika 2 — Y,
IO CIIPHUSIE€ B3AE€MOBUTIAHIH TOpriBm 3asmmkamu. s B3a€MOBUTITHOTO OOMiHY IIiHOIO HA PUHKY Rinarket
HeoOXigHo Ta gocTaTHBO K1 < Rmarket < Ra.

VY crarri TaKOXK PO3IIAHYTO KOHIENINIO CIPABEJIMBOI [iHK OOMiHy, BKA3aHO HA YMOBH CHMeETDIi,
B3a€MHOCTI Ta iHBapianTHOCTI MacuTady /s 11 BU3HaHHs. 30KPEMA, 3A3HAYEHO, 110 €MHUM PO3B’A3KOM,
skuii Bignosinae M ymosam, € f(R1, Re) = v/ R - Ra.

YV KOHTEKCTi 30a71aHCOBAHOTO OOMiHY €KOHOMIKYM OIE€PKYIOTh PiBHUI MpUOYTOK 33 OJUHUIIO OTPUMA-
HOro TOBapy, i 30ajancoBana iHA OOMIHY Riarket[balance] Busnavaerbes 9K Rparket = vV R1 - Ra, 1m0
€ CIIPaBeJJINBOIO IIHOIO, JIJI AKOI BUKOHYIOTHCS BHUINE3TraJlaHi yMOBU CUMETPil, B3a€MHOCTI Ta iHBapiaH-
THOCTi MacmTady.

Y mamemeHomMy y ctarTi mpukaadi 3 Ry = 2 1a Ry = 8 pO3TIAHYTO B3a€MOBUTITHUIN IHTEPBAJ s
Rmarket T 004MCIeHO 30aJ1aHCOBAHY Ta CIPABEJIUBY IiHY 0OMimHy.

KirtouoBi cioBa: cupagejinBa LiHa, MOJEJIIOBAHHS PUHKY, OOMEXKyBaJjibHI yMOBH.
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