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INTERPOLATION PROBLEMS FOR RANDOM FIELDS ON
SIERPINSKI’'S CARPET

The prediction of stochastic processes and the estimation of random fields of different natures is
becoming an increasingly common field of research among scientists of various specialties. However, an
analysis of papers across different estimating problems shows that a dynamic approach over an iterative
and recursive interpolation of random fields on fractal is still an open area of investigation. There
are many papers related to the interpolation problems of stationary sequences, estimation of random
fields, even on the perforated planes, but all of this still provides a place for an investigation of a more
complicated structure like a fractal, which might be more beneficial in appliances of certain industry
fields. For example, there has been a development of mobile phone and WiFi fractal antennas based
on a first few iterations of the Sierpinski carpet. In this paper, we introduce an estimation for random
fields on the Sierpinski carpet, based on the usage of the known spectral density, and calculation of the
spectral characteristic that allows an estimation of the optimal linear functional of the omitted points in
the field. We give coverage of an idea of stationary sequence estimating that is necessary to provide a
basic understanding of the approach of the interpolation of one or a set of omitted values. After that,
the expansion to random fields allows us to deduce a dynamic approach on the iteration steps of the
Sierpinski carpet. We describe the numerical results of the initial iteration steps and demonstrate a
recurring pattern in both the matriz of Fourier series coefficients of the spectral density and the result
of the optimal linear functional estimation. So that it provides a dependency between formulas of the
different initial sizes of the field as well as a possible generalizing of the solution for N-steps in the
Sierpinski carpet. We expect that further evaluation of the mean squared error of this estimation can be
used to identify the possible iteration step when further estimation becomes irrelevant, hence allowing us

to reduce the cost of calculations and make the process viable.
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Introduction

The investigation of Brownian motion, homo-
geneous random fields on the Sierpinski carpet
has attracted significant attention in recent years.
Notably, there has been a development of mobile
phone and WiFi fractal antennas based on a first
few iterations of the Sierpinski carpet. These an-
tennas exhibit remarkable properties such as self-
similarity and scale invariance, which enable them
to effectively accommodate multiple frequencies.
Additionally, their ease of manufacturing and com-
pact size, compared to conventional antennas of
similar performance, render them highly suitable
for pocket-sized mobile devices.

The primary objective of this study is to illus-
trate the procedure of estimating unknown values
of random fields on the Sierpinski carpet. In other
words, we analyze the estimating procedure in dy-
namic, using two iterations of the Sierpinski carpet
as a case study. The overall aim is to identify po-
tential similarities or patterns between iterations
and analyze the likelihood of further iterations’
emergence. For each iteration, we solve the inter-
polation problem for linear functionals of random
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fields on a "perforated" plane. Initially, estimation
problems were investigated by A. Kolmogorov [1]
and R. Wiener [2] for stationary sequences. Later
the problem was extended for linear functionals,
which depends on the unknown values of station-
ary sequences and a random field based on obser-
vations in some regions of the plane (see [3], [7]).
The problem was considered for different special
cases, like with noise or from observations in dis-
crete moments of time or for random fields with
unknown spectral densities ( see [4], [5], [6], [8]-]10]
and [14]). Additionally, the papers of Moklyachuk,
Shchestyuk, and Florenko (see [11], [12], [13]) pro-
posed solutions of the interpolation problems using
observations in the perforated plane for the sum of
uncorrelated random fields.

The paper is organized as follows:

In the second section, we present the theoreti-
cal framework for the stationary case. Firstly, the
Kolmogorov approach is presented to understand
the general idea of the interpolation. The approach
is based on the assumption that the spectral den-
sity is known and all observed values of the sta-
tionary sequence are the elements of the Hilbert
space. Then optimal estimate of the missed un-
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known value of the sequence can be found as its
projection on the Hilbert space. Secondly, the
following theory is an extension from stationary
sequences to homogeneous fields. The given for-
mulas for calculating the root mean square error
and the spectral characteristic of the optimal lin-
ear estimation of the functionals are derived un-
der spectral certainty, where the spectral density
of the random field is precisely known. The third
part of the second section is devoted to the dy-
namic approach. First consider the dynamic pro-
cedure of fractal grinding of the estimation area
K at each moment of discrete time ¢t = 1,2,...n.
The dynamic procedure of estimation for each time
is based on the stationary of interpolation of un-
known values of fields. We show how the problem
of estimating unknown values in random fields can
be solved through observations of perforations in
the Sierpinski carpet. Moreover, we explore the de-
pendency of the obtained formulas on the size and
number of iterations, which are common concerns
in forecasting theory applied in domains such as
the oil industry, geodesy, and other related fields.

The third section presents numerical results de-
rived from interpolating the first two iterations of
the Sierpinski carpet. We assume that spectral
density is a product of two densities of the auto-
regressions of the first orders. In this context, we
compare matrices with Fourier series coeflicients
and conduct analyses of further iterations along
with potential solutions.

In conclusion, we summarise the main aspects
of the dynamic approach and have highlighted the
main patterns in the matrix that are present in
the further iteration steps on the Sierpinski carpet.
Also, we have carried out the possible research di-
rections that can be continued from this paper.

Theoretical Framework

Kolmogorov approach to interpolation
problem for stationary sequence. One of the
first interpolation problems posed and solved was
finding the optimal mean square estimate of the
unknown (unobserved) value &y of the stationary
sequence ¢ = {&,}, n = 0,+1,+2,... with the
spectral density f()\).

Mathematically speaking this problem can be
formulated as following one ([1], [2]). Let Lo(€)
is linear subspace of the Hilbert space H =
= Lo(, F, P) generated by random variables £(t):

£(t) = / e ZdN\ = / ©(\)Zd.
©(N) € Lo(F), where Lo(F) is the space of square-
integrable functions on the interval —m < A < 7 by

measure F(A) = E|Z(A)[%. So we need to find the
optimal in the mean square estimate (), which
minimizes the value of the mean square error:

A= E|800~(>\) - 8000\)\2

In other words in the space Lo (F') one need to find
the projection of po(A) € Lo onto the subspace
HO(F) generated by the functions e*¢XN) | L =
— 41,42 ...

gn o ei)\n

From the properties of "perpendiculars" in the
Hilbert space HY(F) [citing 13] we obtain that the
function $o(A) is completely determined by two
conditions:

1. @o(A) € HO(F)

2. 1—po(\) LHO(F)

The formula for estimation of unknown value
& and the mean square error can be easily ob-
tained from these conditions (see [1]). In the next
subsection, we will show how these conditions can
be applied to the interpolation problem for linear
functional of the random fields.

Interpolation problem for random fields.
Before consideration the dynamic procedure of
fractal grinding of the estimation area K let‘s solve
problem for the optimal estimating of the linear
functional

A€= Y alk,j)é(k, j) (1)

(k,j)eEK

of unknown values of the homogeneous field
&(k,7), (k,j) € K from observations of the £(k, j)
where (k,j) € Z*\K and K = {(k,j) : k €
€ {0,1,..n}, 7 € {0,1,..m}}. So we need to
find the optimal in the mean square estimate A,
which minimizes the value of the mean square er-
ror:

A = M|Agé — Agél? (2)

Linear estimate Ax¢ of the unknown functional
A€ from observations of field £(k, j) € Z*\K is
of the form:

EE]]M%MM@W, (3)

—_—T —T

where h(\, p) is the spectral characteristic of the

estimate m . We will suppose that the condition
of “minimality” holds true

] /”Mmm, W

—T —T

The spectral characteristic h(\, p) is characterized
by the two conditions (see [4]-[8] ).:
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1) (A p) € Ly (F(A, 1)
2) (Akm) = A w)) L LE~ (£ 1)
namely
(A ) = RO p)) L X4,
V(k,j) € Z2\K
where

Ax () = et

2.

(k,j)eK

a(k,j)e'

This condition can be rewritten into the following

form:
] ] (AK()"“)_h(AaM)>f()\, )

e RAHI gNdp = 0

Then we obtain

(A 1) = h(A\ 1) FA 1) = Cre (A, )

where

Crx(A\p) = Z Z cp jet AT

(k,j)eK
c(k, j) is vector of unknown coefficients. And we
get the following formula:
) (5)
’ Jiown)

Let us extend the function m in Fourier series:

f(Al W S Y b,

k=—o00 j=—00

T

1 ; , 1
bri — — i(kA+jn) d\
9 o / ‘ FOum™

—T

we obtain a system of equations for finding a vector
of unknown coefficients c(k, j)

a(A, p) = R(A, p)e(A, w), (6)
where
c(A, 1) = R(A, N)_la()‘v 1),
where a()\, p) is vector of known weighting coeffi-

cients. R(A, p) is an operator, which is determined
by matrices:

. 1 T i ‘ 1
R(X, 1) (k. j) = W//e(k’\ﬂ“)f()\u)d)\du,

—_—T —T

with elements that are the Fourier coefficients of
the function.

The mean square error A(h; f) may be calcu-
lated by the formula (2) after calculating vector:

A(h, f) =

1 ™ s
7 | [ kO = B O i
Thus, in order to find the estimation of the

functional (3) we are using the spectral character-
istics (5) and we can find the mean square error
for the estimation (7).

Dynamic procedure for interpolation
problem on Sierpinski’s carpet.

There is an iterative approach to building the
Sierpinski carpet. First consider the dynamic pro-
cedure of fractal grinding of the estimation area K
at each moment of discrete time ¢ = 1,2, ...n. The
square N x N is cut into 9 congruent subsquares in
a 3-by-3 grid. The central square is removed from
the estimated area. The procedure is repeated re-
cursively to the rest of 8 sub-squares that belong
to the observation zone, and this process is an ex-
ample of a finite subdivision rule. This variation
of Sierpinski’s carpet you can see on Figure 1.

Figure 1. First and second iteration

For the first iteration of the Sierpiski carpet,
we find values of the omitted field N/3 x N/3. We
observe homogeneous field £(k, j), set on the area
K ={(k,5): ke Z\{0,1,2}}. In order to find
unknown values in this area we can compose linear
functional when coefficients A are known:

A=Y agpék, )

(k,j)eEK

The value of the functional Z; needs to be esti-
mated.

Spectral characteristic of the estimation Hpy s
can be found with the formula:

= D hage

(k,j)eK

(ei(MH—M 1(>\k+w

Hpy
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where K is a square of 3" x 3™. We use (5) for the
spectral characteristics and we can find the mean
square error for the estimation (7). For the all next
iterations, we need to change area K according to
building procedure of the Sierpinski carpet and use
again (5) for the spectral characteristics and (5)
the mean square error for the estimation. We ex-
plore this theory in the next section for the special
case, under the assumption that spectral density is
a product of two densities of the auto-regressions
of the first orders. In this context, we compare ma-
trices with Fourier series coefficients and conduct
analyses of further iterations along with potential
solutions.

Numerical Results

Let the spectral density f(A, u) be of the form

1 1 1
42 |1 — ae= 2 |1 — Be~ |2

fup) =

The interpolation of the first iteration.

A

3

Figure 2. The first iteration of the Sierpinski carpet

We explore the dynamic procedure of fractal
grinding of the observation area at each moment
of discrete time t = 1,2, ...n.

Firstly, we assume that for ¢ = 1 the estimation
area is K. In order to form the first iteration we
set a central square 3 X 3 (where the number is a
number of points of one side ) for estimation on the
plane of size 6 x 6. Following the mentioned above
procedure, firstly, we need to find the Fourier series
of the spectral density.

—Ar2(]] — e _ Be—in?

oo AT (It %) (1= Be™™ )
L, 2 i L iAYY.
O =4r*(1+ o —a(e™" + "))

(14 8% = Ble™™ + ™))

Fourier coefficients can be written in the following
form:

ro = T0,0 = 4% (1 + ?)(1 + B?)
r =701 =701 = —4m2B(1 + a?)
ro=r_19=r1o=—4r’a(l+ %)
r3="r11="7T1,-1="-11=7_1-1= 4r2af

Then using an approach proposed in the [11], [12]
for perforated planes, the equation (6) can be writ-
ten in the form:

ag = R-¢,
where az is the vector determined by given func-
tional A€,
C is a vector from unknown coefficients,

V E 0
R=|F V FE|,
0 F V
where
ro 1 O re 13 0
V=|r 1 m|, E=|rs ro r3
0 r 7o 0 r3 7o

Using the formula (8) for finding linear functional
of the problem:

5,5
A (A p) = Z agg, e AT
k=3 =3

1,1

>

k=—1,j=—1

i(kA+jp)

1w = T(k,5)€

We can present Cx as sum of our coordinates
with coefficients:

5,5

Cr(\p) = Z c(k’j)ei(kA—O—j#)
k=3,j=3

The spectral characteristic coefficient will be
found from the following formula:

h(/\7u) = AK()VM) - f_l()‘vu) x CK()‘HU’>

Therefore, the estimation of the linear functional
will take a look of:

5 5
A€ = Z &2 k2,k + Z Ek,2Vk 2

k=2 k=3

5 6
+ ) eevhe+ Y LorVek
k=2 k=2

where v22 = —7T3c33, 72,3 = —T2c33 — T3C34 ,
V2,4 = —T3C33 — I'aC3.4 — T3C35, V2,5 = —T2C3,5 —
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7’363,4); V2,6 = —T3C355, V3,6 = —T1C3,5 — T'3C4.5,
V4,6 = —T3C35 —T1C45 — T'3C55, V5.6 — —13C45 —
TCs55, V6,6 — —T3C55, V6,5 — —T3C54 — T2C5.5,
Y6,4 = —T3C53 — T2C54 — 1'3C55, V6,3 = —T2C53 —
r3C5,4, V6,2 = —T3C53, V5,2 = —T3C43 — T'1C53,
V4,2 = —T3C3,3 — T1C4,3 — 1'3C53, V3,2 = —T1C3,3 —
T3C4,3

As expected, we have received values around
the defined points using the input spectral den-
sity, which is a product of the auto-regression of
the first order.

The interpolation of the second iteration.

I

Figure 3. Second iteration of the Sierpinski carpet

Let’s consider the situation for ¢ = 2, where D
is a set of red dots on Figure 3 (blue dots represent
omitted values, and red ones contain known coef-
ficients). Then the problem is to find the optimal
estimate of the linear functional:

Ap(\ p) = Z a(k,j)ei(k)‘ﬂﬂ)
(k.j)eD
5,5

— Z a(k’j)ei(kM—ju)
k=3,j=3

2,2
+3° S appetm

n=0 k=3n+1
m=0 j=3m-+1

The following spectral density will be used:

1 1 1
M) = — , 4
fAw) 472 |1 — e 2 |1 — Be~ |2

Then using an approach proposed in the section 2,
the equation (6) can be written in the form:
¢=R1'-ap

The matrix R has a size of 17 x 17 and can be

presented in the form of submatrices:

o T1 0 ro T3 0
V= r To ™M , E= rs To T3
0 T K To 0 T3 T2
To 0 0 To 0 0
DO = 0 To 0 s Ho = 0 To 0
0 0 o 0 0 O

Then matrix R of coefficients of the Fourier ex-
pansion of spectral density can be written in the
form:

v E 0 0 0 0
E VvV E 0 0 0
R— O £V 0 0 0
0 0 0 Dy 0 O
0 0 0 0 Dy O
0 0 0 0 0 H

We can present C'p as a sum of our coordinates
with coefficients:

Cp(\p) = Z C(r, jye’ FATIm
(k,j)eD
5,5

_ L(kX+7
= Y cppe I
k=3,j=3

2,2
+ § E C(k,j)el(kk‘fﬂﬂ)
n=0 k=3n+1
m=0 j=3m+1

Now we can find the spectral characteristic coeffi-
cient from the following formula:

h()‘nu’) = AD()VM) - f_l()‘vu) x CD(A’/“O

In the result, the estimation of the linear functional
will take look as:

5 5
ARE=D Gorrak+ O Eratke
) k=3

5 6
+ Z Ek,6Vk,6 + Z £6,kV6,k
k=2 k=2

Y 2.0 G

m,ne{1,4,7} k={m—1,n+1}

j={m—1n+1}
2

j={m—-1,n+1}

2.

j={m—1,n+1}

(_Cm,n (TS

+ 7 fm,j

§ﬁn)>

+ 7o

where all vy, ; are taken from the previous iteration
step in the section 3.1.
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The interpolation of further iterations.

For the general case, we consider the square
field of 371 x 37+l

The order of the coordinates of squares is writ-
ten from bottom to up column by column from the
biggest square to the smallest one.

R is square symmetric matrix from Fourier co-
efficients of spectral density m :

R3n 0 o .- 0
0 Rgr 0 o 0
0 .. 0 Ry 0
0 .. 0 0 Ry

where Ry is s a square symmetric submatrix of
size k? x k? which is repeated 8*-times represent-
ing the amount of subsquares for each iteration of
the Sierpinski carpet.

Vi E,. 0 0 -+ 0

E, Vi, E, 0 --- 0
Rk _ 0 Ek Vk Ek . ,

0 el el Tl 0

0 .. 0 E, Vi E

o .. 0 0 Ex Vg

Vi is a square symmetric submatrix of k-size
with 7y as the main diagonal element and r; as an
upper diagonal element.

To T1 0 0
1 To T1
V =
1o 0
0 tee 71 To T1
0 tee 0 T1 To

E}. is a square symmetric submatrix of k-size
with 7o as the main diagonal element and r3 as an
upper diagonal element.

T9 T3 0 0

rg T2 T3

E =
b 0 0
0 e T3 ) T3
0 0 73 1

Singular element squares are represented by rq
in the matrix R;. After that, we can find the spec-
tral characteristic of the estimation as in previous
cases.

Conclusion

The paper explores the possibility of iterative
estimating unknown values in random fields, using
two iterations of the Sierpinski carpet as a case
study. The paper reviews interpolation problems
related to the estimation of unknown values in ran-
dom fields, based on previous research on station-
ary sequences and functionals in homogeneous ran-
dom fields.

There was an investigation of the problem of
estimation areas for random fields using the Sier-
pinski carpet at the first and second iterations. We
apply the spectral characteristic function and spec-
tral density function to our problem which results
in the linear functional of the estimation. The pa-
per presents the estimation formula and outlines
a pattern for retrieving solutions for further itera-
tions.

The paper concludes by presenting numerical
results derived from interpolating the first two it-
erations of the Sierpinski carpet and discussing po-
tential solutions for further iterations. Overall, the
study aims to identify patterns and similarities be-
tween iterations and analyze the likelihood of their
emergence. I can be noticed that enlarging the
size of the initial central square allows to write
down recursively linear functional and the matrix
of Fourier coefficients.

In future research, there are prospects to exam-
ine the error of the estimation in order to deter-
mine when the following iterations are becoming
ineffective and precision will no longer be relevant
for fields estimation. Besides, extending different
variations of the Sierpinski carpet with higher or-
ders of autoregression functions can be explored.
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IMPOBJIEMU ITHTEPIIOJILIIIL AJId BUIIAJIKOBUX
ITOJIIB HA KNJINMI CEPIIITHCBKOI'O

IIpozHo3ysarhnsa 6UNGIKOBUT NPOUECI8 MA OUIHKG BUNGIKOBUT NOAIE DIZHOT NPUPOdU cmae 6ce biabW
NOWUPEHUM HANPAMOM 00CAIINHCEHD ceped HaYKOBYI6 Pi3HuL cneyiasvnocmed. [Ipome ananiz cmamed
W00 PIBHUT NPOOAEM OUTHIOBAHHA NOKA3YE, W0 OUHAMINHUT Ni0xid d0 imepayitinoi ma pexypcusHoi
IHMePnoAAyii 6uUNaAdKOBUT NOAL6 Ha Pparmani éce we € 6idkpumoto cheporo docaidscenns. € bazamo
Pobim, N06’A3GHUT 3 THMEPNOAAUIEN CMAUTOHAPHUT NOCAIO08HOCTMET, OUIHKONW BUNAIKOBUL NOAIE, Ha-
81Mb Ha NEPPHOPOBAHUL NAOULUHAT, GAe BUHUKANOMD HOBE BUKAUKY A4 00CAIONHCEHHA 1A DiAbUL CKAGOHIT
cmpyxmypi, Ax Ppaxman, wo moocce bymu 6iabUL KOPUCHUM Y 3GCMOCYBAHHAL 6 OKPEMUL 2ANY3ALT NPO-
mucaosocmi. Hanpuraad, 6yao pospobaeno dpaxmanvhy anmeny mobinvHozo meaepony ma WiFi Ha
0CHOBI NEPUWUT KiabKoT imepayil xusuma Cepnincorozo. Y yiti cmammi mu npedcmasaisemo JuHami-
YHY NPOUEIYPY 04 OUIHIOBAHHA BUNAIKOBUT NOAIE Ha Kusumi Cepnincvko20 Ha 0CHOBT BUKOPUCTNAHHA
6100M0O7 CNEKMPANLHOT WIABHOCTE A PO3PATYHKY CNEKMPANLHOT TAPAKMEPUCTIUKY, W0 J0360AAE OUi-
HUMU ONMUMEAbHUT MHITHUT GYHKUIOHAA 610 NPONYWLEHUT MOU0K 6UNAIKOSUT NOAIE OAL KOHCHOT
imepauii. Cnovwamky mu npedcmasaiemo nidxrid Koamozoposa 0as 3abe3neuenmns 66306020 POSYMIHHSA
idei, wo 6UKOPUCTNOBYEMBCA 6 3a0a%aT THMEPNOAAYLL 00H020 YU HAOOPY NPONYULEHUT 3HAYEHb CTNAULO-
HAPHUL nocaidoenocmeti. Ilican Uubozo nowuproemo yel nidxrid Ha 6unadkosi Noas, WO 0aE HAM 3MO2Y
Hadari susecmu POPMYAY 04s JUHAMIWHOZO OUTHIOBAHHA 6UNGOKOBUT NOAIE HA NEPUUT KIALKOL ime-
payiazr xuauma Cepnincvrozo. Mu onucyemo 4ucesvHi Pe3yAbMAMU NOUGMKOSUT KPOKI6 IMepayii ma
JEMOHCTPYEMO TOBTNOPIOEAHY 3AKOHOMIPHICTNG AK Y MAMPUYL Koediyichmis pady Pyp’e cnexmparoroi
WEALHOCTE, TMAK § 8 POPMYAGT ONMUMGALHOT OUIHKY AIHITHO20 PYHKUIOHAAY 610 6UNAIKOBUT TOAIS.
Taxum wuHOM, Us 3AKOHOMIPHICTND 3a0E3NEUYE 3ANEHCHICTD MINHC HOPMYAAMU PISHUT NOYAMKOSUL
DPO3MIPI6 NOAS, G MAKONHC MONCAUBE Y3204 HEHHA PluterHs 0as N-kpokie y xusumi Cepnincorozo. Mu
OUIKYEMO, U0 JOCAIONHCEHHA CEPEIHLOKBAOPAMUYHOT NOMUAKY UIET OUIHKY MOJHCE OYMU BUKOPUCTIAHO
ONA BUHAYEHHA MONHCAUBO20 KPOKY IMEPAyii, KOAU N0JaAbUE OUIHKED CNAE HEPEAEBAHMHOI0, W0 0360-
AUMG HAM 3MEHWUMY 8APMICMb 004UCAEHD.

KurtouoBi cioBa: intepnonsiis, kuanm CepriHChbKOro, CIIEKTPAIbHA XapaAKTEPUCTUKA, CIEKTPATHHA
MITHHICTH, BUTTAIKOBL TIOJIS.
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