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THE STOCHASTIC EXPERIMENT FOR SOME
GENERALIZATIONS OF THE SECRETARY PROBLEM

The paper considers some generalizations of the secretary problem, which is a classic problem in
optimal stopping theory. We assume that the manager is somewhat more flexible and changes his goal
to hire one of the top two best candidates. Another generalization is the searching the candidate of the
top € percent. It means that we agree to choose the candidate who differs from the absolute leader by no
more than a specified amount (e percent). Starting with classical secretary problem, we discuss in detail
optimal solution for the secretary problem with the two best, following results in various sources. We
review some approaches to this problem, which give the same optimal solution. After that we present
our results of the stochastic experiments for both generalizations. By simulating numerous iterations of
the candidate selection process, we estimate the probability of successfully selecting the best candidate.
We demonstrate that with increasing €, the probability (rate) of success increases, and the number of
candidates that were previously rejected decreases. Moreover, when we generate a list of candidates
with random quality scores we use a random number generator to assign scores from different kind of
distribution that reflects the quality of candidates.

We conclude that stochastic experiment based on Monte Carlo method is a powerful statistical tech-
nique that can be employed to analyze the different generalizations od Secretary Problem

Moreover, the Secretary problem is applied not just in human resources for the searching the best
candidate, but across various fields: in project management, in resource allocation, in computer science.
Thanks to the proposed approaches, the manager or other scientist gets a tools, which allows him to
use a strategy that mazimizes the chance of stopping with the two or more best candidate and take into
account the different kind of distribution that reflects the quality of candidates.

Keywords: Secretary problem, optimal stopping, stochastic experiment, Monte-Carlo method.

Introduction

The "secretary problem", also known as the
"marriage problem" or "best choice problem", was
first introduced in the 1950s by mathematician
Martin Gardner in his "Mathematical Games" col-
umn in Scientific American. Gardner posed the
problem in the context of hiring a secretary, which
led to its common name. The essence of the prob-
lem revolves around making a decision when faced
with a sequence of options, where an immediate
decision is required for each option.

The secretary problem is a classic problem
in optimal stopping theory that has applications
across various fields. There are a lot of fields where
the secretary problem is applied. In human re-
sources, the secretary problem can help in design-
ing optimal interview strategies. Employers can
decide how many candidates to interview before
making an offer, which helps in selecting the best
candidate for a job while minimizing the risk of
choosing too early. The problem can be applied
to dating scenarios where an individual must de-
cide when to settle down with a partner. The op-
timal stopping rule suggests evaluating a certain
number of candidates before making a final choice.
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The secretary problem can help in investment de-
cisions. Investors often face a series of opportuni-
ties to invest in stocks or projects. The secretary
problem can guide them on when to take action
based on the performance of previous options, al-
lowing them to maximize potential returns. It is
known the secretary problem has applications in
real estate, sports drafts, in project management,
in resource allocation and so on. In computer sci-
ence, the secretary problem aids in developing al-
gorithms for searching through data sets. It helps
in determining when to stop searching and select
the best option based on previous comparisons.

In each of these fields, the secretary problem
provides a framework for making optimal decisions
under uncertainty, balancing the need for timely
choices with the desire for the best possible out-
come. Today, the secretary problem remains an ac-
tive area of research. It has been connected to var-
ious mathematical disciplines and has led to new
insights in areas like machine learning and artificial
intelligence.

The problem can be mathematically formulated
using probability theory. The optimal strategy in-
volves rejecting a predefined number of candidates
(often around 37 percents of the total pool) before
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starting to accept the next best candidate you en-
counter. This strategy maximizes the probability
of selecting the best candidate. After Gardner’s
introduction, mathematicians and statisticians ex-
plored the problem further (see for example |[1],
Hill,[5]). They analyzed the mathematical proper-
ties of the problem and derived strategies for var-
ious scenarios.

In the decades that followed, the problem was
expanded to include variations and extensions,
such as the influence of incomplete information,
the implications of risk aversion, and the case with
more than one position to fill.

In our paper we consider some generalizations
of this problem. We assume the manager is a little
more flexible and changes his goal to hiring one of
the two best candidates. Another generalization is
in determining the probability that we end with a
candidate in the top € percent. It means that we
agree to choose the candidate who differs from the
absolute leader by no more than a specified amount
(e percent) We would like to figure out how many
people would we interview in this case and what
would be our probability of success.

We discuss in detail one in the section 2. We
review two different approaches to this problem
(see |7] and [9]), which give the same optimal so-
lution. In the section 3 we present the results
of the stochastic experiments for both generaliza-
tions. By simulating numerous iterations of the
candidate selection process, we estimate the prob-
ability of successfully selecting the best candidate.
Moreower, when we generate a list of candidates
with random quality scores we use a random num-
ber generator to assign scores from different kind of
distribution that reflects the quality of candidates.

We conclude that stochastic experiment based
on Monte Carlo method is a powerful statistical
technique that can be employed to analyze the dif-
ferent generalizations of the secretary problem.

Optimal solution for the secretary problem
with the two best

Classical secretary problem. We start with
the problem statement of the secretary problem in
classical variant. The basic problem can be stated
as follows (see for example [1], [5]):

1. There is a single position to fill.

2. There is a fixed and known number n of
applicants for a single position.

3. The applicants (candidates, secretaries) can
be ranked from best to worst unambiguously.

4. The applicants are interviewed sequentially

in random order, with each order being equally
likely.

5. Immediately after an interview, the inter-
viewed applicant is either accepted or rejected, and
the decision is irrevocable.

6. The decision to accept or reject an appli-
cant can be based only on the relative ranks of the
applicants interviewed so far.

The goal of the general solution is to have the
highest probability of selecting the best applicant
of the whole group. This is the same as maximiz-
ing the expected payoff, with payoff defined to be
one for the best applicant and zero otherwise.

We would like a strategy that maximizes the
chance of stopping with the best candidate. The
following strategy Sj is proposed for example in
[1],[5]. Under it, the manager rejects the first k&
applicants and defines the best applicant among
these k applicants. Then he selects the first subse-
quent applicant that is better than applicant from
first k. Suppose the best applicant is at position
m. Then our strategy Sy results in our selecting
the best applicant if and only if there is no one
among people k + 1,...,m — 1 who is better than
the best person in the first k. Thus, if the best
applicant is at position m then we select the best
person precisely when the best person among the
first m — 1 is in the first & people. The probabil-
ity the best of the first m — 1 is in the first k is
just # Therefor for an arbitrary rejecting first
k candidates, probability strategy Sj wins is

Prob(Sy wins) Z Prob(win| best at m)x*
m=k+1
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For n and k large, we may replace n — 1 with n
and k — 1 with k. Thus we are trying to optimize
g(z) == Inz Wherel<x_%<n
To ﬁnd where a function is largest, we check

the critical and endpoints. Letting g(z) = lm , We
see the endpoints give g(n) = l”“ . As
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¢'(z) = 0 implies Inz = 1 or x = e. Thus the op-
timal & is about % and the probability we end up
with the best is approximately
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Secretary problem with the two best. The
next question would be: what if the manager is a
little more flexible and changes his goal to hiring
one of the two best candidates? In this case what
strategy gives the largest probability that we end
up with either the best or second best candidate?
The answer turns out to be over 50 percent! We’ll
denote the location of the best and second best
candidates as m; and mo. We assume again we
have a simple strategy of inter- viewing the first k&
candidates, and afterwards discuss some variants
(see |7], p-36-37 in more detail).

If both m; < k and mo < k we always lose,
because we skip the first k candidate.

If the best is in the first £ and the second is
not, we lose unless the second best happens to be
in the final position. Thus the probability we win
in this case is %%

If the second best candidate is in the first &
and the best is not, we automatically win with
this strategy! The probability of this happening
is %”T_k If k is of the same order of magnitude
as n, then this will be a significant probability of
success.

After that we analyze the case when the top
two candidates are not in the first k.  De-
note A = 7Spwins” for our case, Hy, m,
= " bestatmy, secondat my” The probability of
success A in this case is

1
= - ~ 36,8%.
e

n—1

> i Prob(A|Hp, my)Prob(Hp, ms)

mi=k+1mo=m;+1

n—1 n k 9
Z Z my —1n(n—1) -

mi=k+1mao=mi+1

2k 1
n(n—1) Z ml—l(n_ml)_
mi=k+1
2k n—2 k
= —_— —1 —_
—(n(—7) —1+-)

In the last expression to evaluate the sum — we
wrote n —mq asn—1—(my —1) and took into ac-
count harmonic number. Combining all the differ-
ent probabilities, we see the probability of winning
is

Prob(Sy wins) = %—F*(l—f)—k;(ln(z)—l—l—ﬁ).

As k will be of the same size as n, the k/n? term
is negligible and if we let = n/k we just need to
optimize the function

1

glx)=—1—--)+ %(lnx— 1+ ;)

To simplify calculus we let y = 1/2 = k/n and get
hy) = y(1 —y) +2y(=lny — 1 +y)
Then the derivatives are
h'(y) = =3+ 2y — 2lny,

W(y) =20 1),
Y
Numerically solving h'(y) = 0 implies y ~ 0,3071
and we can check this is a maximum. Substitut-
ing this into our formula, we find the probability
of winning with this strategy is about 0.51239. It
means we have greater than a 50% chance of get-
ting one of the top two candidates!

Remark. We would like to notice that there is
an similar exploration to solve the secretary prob-
lem with two best, which the reader can find in
[9].

Stochastic experiment for the secretary
problem

In this section we present the results of the
stochastic experiments for the secretary problem
obtained by Monte Carlo approach. Monte Carlo
method is a powerful statistical technique that can
be employed to various problems: option pricing
[3], |10], diffusion modeling|2|, portfolio optimiza-
tion |11] and other.

By simulating numerous iterations of the candi-
date selection process, you can estimate the prob-
ability of successfully selecting the best candidate
and evaluate the effectiveness of different strate-
gies. For Monte Carlo Simulation we use the next
steps [8], |4]:

1. Define the parameters: a number of candi-
dates (n) and a number of simulations (N).

2. Simulate candidate quality. For each iter-
ation, generate a list of candidates with random
quality scores. We have done it using a random
number generator to assign scores from a uniform
distribution and then some other distributions that
reflects the quality of candidates.

3. Implement the Selection Strategy. First we
choose parameter k. Then suppose the manager’s
strategy is (like in the original version of the secre-
tary problem) to reject the first k candidates and
then hire the next candidate who is better than all
candidates seen thus far.

4. Run the simulation. For each of the N itera-
tions we generate the candidate quality scores (n)
and apply the stopping rule to decide whether to
accept or reject each candidate. Then for the first
generalization we track whether the selected can-
didate is the best or second best candidate among
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all those presented. For the second generalization
we track whether the selected candidate is in the
top € percent.

5. Collect Results. Record the number of times
the selected candidate is the best or second best
(for one generalization) or is in the top e percent
(for the second generalization) across all iterations.
This will allow us to calculate the success rate of
the strategy.

6. Analyze the outcomes. Calculate the pro-
portion of successful selections (number of success-
ful selections / total iterations). Compare the suc-
cess rates of different strategies, including the clas-
sic optimal stopping rule and any alternative meth-
ods we have tested. Visualize the results using
graphs, to illustrate the distribution of outcomes.

First, we apply the Monte Carlo simulation for
Secretary problem with the two best candidates.
Using Python, we visualize the success rate of the
strategy and the theoretical probability of the op-
timal stopping for different k.
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Figure 1. The compare theoretical probability and
the success rate of the optimal strategy for the two
best.

Then we visualize the Monte Carlo simulation
for Secretary problem with the top € percent (for
the second generalization). On the picture we can
see the dependence of the success rate from e for
uniform distribution.

Figure 2. Graphical representation for the
dependence of the success rate from e for uniform
distribution.

From the graph in Fig. 2 we clearly see that
with increasing €, the probability (rate) of success
increases, and the number of candidates k that
were previously rejected decreases. For example,
for € = 2% the maximum value of the success rate
is 45,77 and k = 31, for € = 4% the maximum is
52,42 and k = 25, for € = 10% these values are
68,55 and k = 19 respectively.

The next step is to learn the behavior of the
rate of successful experiments for a normal distri-
bution. Compared to a uniform distribution, we
have a less rapid growth with increasing degree.
However, the probability of success still increases,
and the number of candidates that need to be re-
viewed and rejected decreases.

YacTka ycnixis

Figure 3. Graphical representation for the
dependence of the success rate from e for normal
distribution

Similarly, let us examine the behavior of the
probability of success for the exponential distribu-
tion.
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Figure 4. Graphical representation for the
dependence of the success rate from e for exponential
distribution

Compared to the previous graphs, we immedi-
ately notice a very weak increase in the proportion
of successful experiments with increasing e.

Conclusion
In the paper some generalizations of the classi-

cal secretary problem were considered to be closer
to the conditions of the real world. The analyt-

ical analysis and the results of the stochastic ex-
periments showed that if the selection criteria are
made softer, choosing not only the best candidate,
but also others beside him, the probability of a suc-
cessful choice will be significantly increased. Thus,
if a manager is some flexible and ready to make a
concession of up to 10%, the probability of success
increases to 68.55%, which is almost twice as much,
compared to the value of 36.8% for the classical op-
tion. In this case the number of candidates that
need to be rejected, also decreases from 37 to 19
(for 100 candidates). At the same time, the mod-
ification, which allows choosing not only the best,
but also the second best candidate, also gives a sig-
nificant increase in success. With a smaller number
of candidates considered, namely 30%, the proba-
bility of success is 51.24%. The results are quite
applicable, and can be used for real-world situa-
tions in which it is necessary to make irreversible,
after-the-fact decisions.

Moreover, in stochastic experiment of the sec-
retary problem we apply a random number gener-
ator to assign scores to candidates not only from
a uniform distribution, but from some other dis-
tributions that reflect the quality of candidates.
We assume that the normal distribution is natu-
rally more suitable for describing the distribution
of candidate scores.
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Meavrux . JI., Hlecmiox H. 0., axapitivenxo 0. O.

CTOXACTUYHUI EKCIIEPUMEHT /19 JEAKNX
Y3ATAJIBHEHD ITPOBJIEMI CEKPETAP{

YV crarTi po3mIsIAaI0ThCA AedKl y3arajJbHEeHHs 33/1a9i CeKPEeTapsi, SKa € KJIACHIHOI 33/1a9€l0 B TeO-
pil onTuMaBHOT 3yMTUHKU. Mu MpHUIycKaeMo, M0 MEHEIKep JEIT0 THYUKIMIA i 3MiHI0OE CBOIO METY TaK,
1100 HAWHATH OHOI'O 3 JBOX HAaWKpAIIUX KaH/IUIATIB. [HIINM y3arajbHEHHAM € HONIYK KaHIUJIATa Cepe/l
MIPETEH/IEHTIB 3 BEPXHBOTO € KBaHTU/d. [le o3Havae, 10 MU MOTOJIKYEMOCA BUOPATH KAHIUIATA, SKU
BIJPIZHAETHCA Bijl abCOIOTHOrO Jiijiepa He Olablne HiK Ha 3ajany Beauduny (€ Biacorkis). [lounnaodn
3 KJACUIHOI 33J1a4i ceKpeTaps, MU JIETAIbHO PO3IJVISJIAEMO ONTHMAJIbHE PIllIeHHS 3a/1a¢i MOITyKYy CeKpe-
Taps 3 IBOMAa HAWKPAIIMMHI KAaHIUIATAMUA, TOTPUMYIOUNCH PE3YJIbTATIB, HABEIEHNX Y PI3HUX JKEPEIax.
Mu HABOAMMO TOSICHEHHSI 3 PI3HUX JI2Kepesi, siKi JaloTh OJHAKOBE oNTuMaJsbHe pimenss. [licas mporo
MM IIPE3EHTYEMO PE3yJIbTaTH HAIMX CTOXACTUIHUX €KCIIEPUMEHTIB Jjisi 000X y3arajbHeHb. CHUMy/IIO0YU
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qucesIbHI iTepariil mporecy BiIOOpy KaHIWIaTIB, MUA OIIHIOEMO MMOBIPHICTD YCIIITHOTO BHOOPY HaMKpa-
moro KauaugaTa. Mu gemoHcTpyeMo, mio 3i 36ibuieHHsM € iiMoBipHicTb (Koedimient) yenixy 3pocrae,
a KUTbKIiCTh KaHIMIATIB, SKi paHime Oyan BiIXujeHi, 3MEHITYEThbCsd. DBijibIlie TOro, KOJiu MU TeHepye-
MO CIIMCOK KAHJIUJATIB i3 BUITAJIKOBUMHU OIIHKAMU SIKOCTi, MM BUKOPHUCTOBYEMO T'€HEPATOP BUIAIKOBUX
qucet i IPUCBOEHHS OIIHOK 3 PI3HUX TUINB PO3MOILIY, IO BigoOparkae fKiCTh KaHIUIATIB.

Mu pobumo BUCHOBOK, IO CTOXACTAYHAN €KCIIEPUMEHT, 3acHoBaHmit Ha MeTo i Mourte-Kapiio, € moTy-
JKHAM CTATUCTUIHUM METO/IOM, SIKUl MOXKHa BUKOPUCTOBYBATH LIS aHAJIZY PI3HUX y3arajbHEHb 3a/ati
cekpeTaps.

HeobxigHo 3ayBazkuTu, 10 3a/1a4a CeKpeTapsi 3aCTOCOBYETHCS HE JIWINE B YIPABIIHHI TIEPCOHAIOM
JJIs TIONTYKY HAWKPAIOTO KAHIUIATa, & i Yy PI3HUX TaJly3dx: B YIPABJIIHHI MPOEKTaAMU, y POIIOIII pe-
cypciB, B irdopmaruii. 3aBAgKn 3aIPOIOHOBAHUM ITi/IXOJaM, MEHeKep abo iHmmit dhaxiBens oTpumye
IHCTPpYMEHTH, SKi JIO3BOJISIIOTH HOMY BUKOPUCTOBYBATHU CTPATETIIO, 0 MAKCUMIi3y€ HIMOBIPHICTh 3yITHHU-
THCs Ha HAWKPAIIOMY KaHIAIATI y BUIAJIKY, SKIIO HOTr0 33/ I0BOJIBHUTH BUOIP O/IHOTO 3 BOX abo Oisbie
TOI-KAHUIATIB, 1 BPAXOBY€E Pi3HI TUIIN PO3MOILIY, IO BijoOparkae SAKiCTh KaHIMIaTiB.

Kuro4oBi ciioBa: npobiemMa cekpeTrapsi, ONTUMAJIbHA 3YITUHKA, CTOXACTUIHUI eKCIIEPIMEHT, METOJT
MonTte-Kapuio.
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