HAIIIOHAJIbHUI YHIBEPCUTET
«KNEBO-MOT'MJISTHCBKA AKAJIEMIS»

MOTUJITSAHCBLKUU
MATEMATUUYHUU

KYypHaAI

Tom 7 + 2024

HayxoBuii xxypuaan ¢ Illopiunuk ¢ 3acHoBanuii y 1996 p.

Kwuis
2024



BacuoBauk (1996 p.) i BusaBeus >xypnany — Hanjonanbuuil ynisepcurer «Kueso-MoruisiHcbKa
akaaeMis»

BuxoauB sik yactuHa Gararocepiiinoro suganus «Haykosi zammucku HaVKMA »
(«Pisuko-maTeMaTUYIHI HAYKU» )
3 2018 p. — okpeme BUJaHHs, [0 Ma€ Ha3By «MoOrmjisiHCbKUil MaTeMaTUdHUN >KypHAaI»
(aura. «Mohyla Mathematical Journaly)

Ilepiognune maykoBe BumaHHA <«MOIMIAHCHKHII MAaTEMATUYHHI KYDPHAJI» 3aCHOBAHO 3 METOIO Irybsikarii pe-
3yJIbTATIB HAYKOBO-JOCITHUX POOIT, TEOPETUTIHUX JOCJIIKEHDb yUEHHX, HAYKOBO-IIEJArOTiYHMUX IPAI[iBHUKIB,
aCMmipaHTiB, MariCTPIiB 1 CTYAEHTIB, MPUCBAYEHUX IMUPOKOMY KOJIy IIUTAHb Cy9aCHOI MATEeMATHIHOI HAYKH.

TemaTrane po3MaITTs CTaTel OXOILTIOE 1ICTOPII0 MATEMATHUKH, BUKJ/IAJ] PE3Y/IHTATIB TEOPETUIHUX JIOCTLKEHD 3
MaTeMaTUKM 1 CTATUCTUKU, a TAKOXK X 3aCTOCYBaHb.

Mosu BumaHHs: yKpaiHCbKa, aHTJIIACHKA.

Pepaknitina KoJerist
lonoBrMiT pemaxTop:
Ositinux B. B., n-p &i3.-mar. mayx, npodecop (HaYKMA, Vkpaina)

BigmosimampHMit cekperap:
TI'anonenxo B. O., acuipant nporpamu «I[Ipuknagna maremarukas, acucrent kadenapu marematnku (HaVYKMA,
VYxpaina)

I'nuboseyv M. M., n-p dis.-mar. mayk, npodecop (HaYKMA, Vkpaina)

Toayboscki B., nokrop rabimiTosanuii i3 maremaruku, npodecop (Cilrespkuii nonirexniunuii yrnisepcurer,
Iosbma)

T'opoowiti M. @., n-p dis.-mar. mayk, npodecop (KHY imeni Tapaca Illepuenka, Ykpaina)

2Kywox FO. B., n-p dis.-mar. Hayk, npodecop

Isanos O. B., n-p dis.-mar. nayk, upodecop (HTYY «KIII imeni Iropa Cikopcpkoro», Ykpaina)

Kanecos O. I., n-p diz.-mart. mayk, mpodecop (HTYY «KIII imeni Iropst Cikopchkoro», YKpaina)

Kosepenxo C. O., xanz. dis.-mar. mayk, crapmuii sukaagaa (HaYKMA, Ykpaina)

Kpioxosa I'. B., xann. diz.-mar. nayk, gouenr (HaYKMA, Ykpaina)

Kowmanenko B. [., n-p diz.-mar. mayk, npodecop (Imcturyr maremarnkn HAH VYkpaiam, Ykpaina)

Jaepenrox M. B., kanm. di3z.-mar. mayk, monent (KHY imeni Tapaca Illepuenka, Ykpaina)

Jhobawenxo B. B., n-p disz.-mar. Hayk, crapmuii HayKosuii cmiBpobitauk (Iacturyr maremarnkn HAH Ykpainm,
VYxpaina)

Mayunypa B. T., n-p dis.-mar. mayk, npodecop (KHY imeni Tapaca Illesuenka, Ykpaina)

Haymosa B., kaug. diz.-mar. mayk (Cromranmii mentp mudporoi imxenepii Cimyna, Hopseris)

Opaoscorut I. B., xaun. dis.-mar. mayk, gomeat (HTYY «KIII imeni Iropa Cikopchkoro», Ykpaina)

IIepesepses C. B., n-p bi3.-mar. mayk, npodecop (RICAM, Ascrpia)

Yewypin JI., n-p Tex. Hayk, mpodecop (Texmonoriurmii yuisepcurer JlammeenpanTa-J/laxti LUT, @inasaHmis)

Yopueti P. K., kanm. ¢is.-mar. mayk, moneat (HaYKMA, Vkpaina)

Ilsat H. O., xaua. $iz.-mar. HAyK, JIOIEHT

3 aiiiCHIOETHCS TIO/IBiiHE AHOHIMHE PEIeH3yBAaHHS MaTepiaiB

3acHOBHUK i BujaBens: Brecero mo Ilepesiky HaykoBux (paxoBuX BHIAHD
Harmjonanpuuit yuisepcurer Vkpaiuu, B SKuX MOXKYTb IIyOIiKyBaTHCs
«KneBo-MorungaucbKa akageMiss Pe3yAbTATH JUCEPTAINHIX POOIT HA 3100y TTS

HAyKOBUX CTYIIEHIB JOKTOPa HAYK, KAHIUIATA HAYK
Inentudikarop y Peectpi cyb’ekriB y cdepi menia: Ta cTymeHs nokropa dimocodii, kareropia «b»
R40-04348 (makaz MOH VYxkpaiuu iz 15.04.2021 Ne 420)

(© HaVKMA, 2024



VIK 511.7

Jlizavwos A. /., Oatiinux B. B.
DOI: 10.18523/2617-7080720243-8

CXEMA POSIIOALJIY CEKPETY, I11O BASYETHCA HA
KPUIITOCUCTEMI I'OJIIBACCEP-I'OJIIPIXA-XAJIEBI

3 po3sumKroM KEAHMOBUL METHOA0IT CAE AKMYAALHUM NUMAHHA NP0 JOCAIONCEHHA MA BNPOGa-
Ootcermnsa KpunmozpadinHur npumimueis, wo 6asyomves Ha CKAGORUL 3a0a4ax OAS KEAHMOBUL 004U~
caensv. Taki kpunmozpadivni NPUMIMUey € CmitKuMYU U000 K8AHMOB020 Kpunmoaraisidy. Ipukiadom
30004, UL MANMb EKCNOHEHUITHY CKAGONICMY 0AA KEAHMOBUL 004 UCAEHD, € 340041 HA PEWIMKAT, MAKE
AK NOWYK HATKOPOMW020 8eKMOPa, abo nowyk natibausicwozo sexmopa. Oduiero 3 nepuwur i naticidomi-
WUT KBAHMOBO-CTNIUKUT KPUNMOCUCTEM, WO 68 OCHOSBT C8020 MATNEMAMUNH020 ANGPAMY SUKOPUCTIOBYE
3adavi Ha pewimkax, € kpunmocucmema Iordsaccep-Tonrdpixza-Xanesi.

Cxema posnodisenns cekpemy € GyHIaMEHMANOHUM KPUNMOZPAPIHUM NPUMIMUBOM, UL0 JONY-
cKae Po3NOJINEHHA CEKPEMY MINC MHONCUHOI YHUACHUKIB, NPU UbOMY BIOHOBACHHA CEKDEMY MOHCAUBE
MIALKY NPU A8MOPUIAULT 6CIT a60 NESHOT YacmuHy Yuachukis (nopozy yuacnukis). Taxoor neobxidnoto
YMOBOI0 CTEMU POZNOJIAEHHA CEKPEMY € HEMONCAUBICTNG OKPEMUL YHACHUKIS, aDO 2pYn YUaCHUKIG, Kib-
KiCMb AKUT MEHWA 30 NOPi2, 6I0HOBUMU CEKPEM.

Bapianmu nobydosu cxem po3anodiay cexpemy Ha pidHur MAMEMAMUYHUL MOOEAAT, Y MOMY “YUCAT
HO PEWIMKAT, HAPA3T GKMUBHO JOCAIOHCYOMBCA, OCKINDKU 80HU J0360AA0ML NPOSOOUMU HadiliHi ba-
20MOCMOPOHHT 00MUCAEHHA, OE3NEYHO NOWUPIOBAMY IHPOPMAUIIO WAATOM NOWUPEHHA T PO3NOJIAECHHA
OPURTHAAY OGHUL MINHC PIBHUMU CEPEEPAMU, OAHL NOOYI0BU KOMNIAAMOPOS CTEM 13 3ATUCTOM 610 8UMO-
Ky mowo. Y uit pobomi 3anponoHo6ano HO8Y KEAHMOBO-CMIUKY N-NOP0208Y CTemy Po3nodiny cexpemy

0As M YuacHukis, wo baszyemovcesa na kpunmocucmemi Iordsaccep-Tordpixza-Xanesi.

Kuro4uoBi ciroBa: mijiouncesnbHa pemnTka, aaroputM babai, kpunrocucrema [osnasaccep-l'omapixa-
XaJsesi, cxema PO3MOIITY CEKPETY, ACHMETPUIHUI AJITOPUTM TPy BAHHS.

Beryn

3 pPO3BUTKOM KBAHTOBHX TEXHOJIOTIl BUHM-
Kae 1oTpeda B JOCIIPKEHHSIX Ta BIPOBAKEHHAX
KpunTorpaditHnx TPUMITHUBIB, 0 6A3YIOTHCS Ha,
CKJIQTHUX 33J1a9aX JIjIs KBAHTOBUX 004ncjeHb. Ta-
Ki KpunrorpadidHi TPUMITUBH € CTIHKUMU II0O-
JI0 KBAHTOBOTO Kpunroanasisy. Ilpukiagom 3amat,
IO € CKJIaJIHUMU JIJIsi KBAHTOBUX 004YUCJIeHb (T06-
TO MAIOTh €KCIIOHEHIIHY CKIIAQHICTB), € 3a/a4i Ha
PeIITKaxX, Taki K IOIIYK HAKOPOTIIOrO BEKTOPA
abo montyK HaibmmkgIoro sekropa. Qi€ 3 mep-
MUX 1 HABIIOMINIUX KBAHTOBO-CTIMKUX KPHUIITOCH-
cTeM, sTKa B OCHOBI CBOrO MAaTEeMATHIHOTO arapaTry
BHKOPHUCTOBYE 3a/1a4y Ha PEIITKaX, € KPUIITOCU-
crema Tospaccep-Tomnpixa-Xasesi [3; 4; 10].

Crema posnodisenns cexpemy [8] e dynna-
MEHTAJbHUM KPUNTOrPAMITHAM MPUMITHBOM, IO
JIOITYCKA€ POIIOITIEHHST CEKPETY MiXK MHOYKHUHOIO
YYaCHUKIB, TIPU IIbOMY BiJTHOBJIEHHSI CEKPETY MO-
2KJIUBE TIIbKY MIPU aBTOPHU3aIlil BCiX ab0 MeBHOI Ya-
CTVHM yYacHUKIB (Hopory yudacHukKiB). Takox He-
00XiTHOKO YMOBOIO CXEMU PO3IO/ILJIEHHS] CEKPETY €
HEMOXKJIMBICTh OKPEMUX yYIACHUKIB, D0 IPyN yda-
CHUKIB, KIJIbKICTh SKUX MEHIIa 3a ITOPir, BITHOBUTH
CEKDET.

CxeMu pO3IIOJIJIEHHSI CEKPETY BHUKOPUCTOBYIO-

© Jlizanos A. [, Oaitinux B. B., 2024

ThCS JJIs HAJIIHHUX 0araTOCTOPOHHIX OOYMCJIEHD,
JJIst TTIOOYTOBU KOMITLISTOPOB CXEM 13 3aXMCTOM Bif
BUTOKY [2; B|, mig ayrcopcunry panux y 0Gesie-
9HUH CIOCiO0, IO T03BOJISIE YHUKHYTH HEOOXiTHOCTI
BUTpA4YaTH Yac Ha MPOIEC MudpyBaHHs Ta JeNiu-
dpyBaHHs 1 TpobsIeM, sIKi MOB’sI3aHI 3 yIpaBJIiH-
HsM Kiogamu [9], Tomo. Bapiantu nobynosu cxem
PO3IOALTY CeKpPeTy Ha PI3HUX MATEeMATHIHUX MO-
nessx|2], y romy umcai it Ha pemitkax [7], nHapasi
AKTUBHO JIOCTIIPKYIOTbCS PI3HUMU HAYKOBIAMU. Y
1iif pobOTI 3aIPOIIOHOBAHO HOBY N-IIOPOTOBY CXe-
MYy PO3IOMIY CEKPery Jisi 1 yYaCHUKIB, 1Mo Oa-
3yeTbcs Ha KpunrocucteMi LosiaBaccep-T'onapixa-
XaJesi.

HeobxigHi BusHayeHHs

CnouaTky HaraJa€Mo OCHOBHI O3HAYEHHSI.
Osuauenss 1. [10] Hexait vy, . . ., v, € R™ € MmHO-
JKWHOIO JIHITTHO He3aIesKHIX BEKTOPIB. PerriTkoio
L, nopo/keHoo vy, ..., Uy, HA3UBAIOTH MHOXKUHY
BCix JiHifiHnx KOMOiHAI’ vy, .. ., U, 3 HJIAMU KO-

edimienramu, T006TO
L ={a1v1+agva+...4anv, | a1,aq,...,a, € Z}.

«Ilozanumy» 6asucom permitku L Ha3uba-
OTh MEHIIl OpTOroHaJibHUi 11 6asuc. BimmosimHo,
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«xopowums OA3UCOM PENNTKU € 11 OPTOrOHAIb-
Huit 6asuc abo MoaiIOHUN 0 OPTOrOHAIHLHOTO.

OCHOBHUMU 3aJladaMM HA PENiTKaxX, sKi €
«CKJIQITHUMHU », TOOTO MalOTh €KCIIOHEHITHY CKJIa-
JHICTH JUIA 3BUYAMHUX 1 KBAHTOBUX OOYMCJIECHD,
1 gKi BUKOPHUCTOBYIOTH y KpumTorpadii, € momryk
HaHKOPOTIIIONO BEKTOPA, MOIIYK HAHOIMKIOTO Be-
KTOpa Ta IOIIyK HANMEHIIIOro H6a3ucy.

Hagesemo dopmysioBanus 1ux 3aad.
Osnauennsi 2. [10] 3azady moryky HaiKopo-
rimoro Bekropa (Shortest Vector Problem, SVP) y
pemriTiii L MOYXKHA ONMUCATH OJHUM 13 TPHOX TAKUX
c110cobiB:

e 3HailTu HEHYJILOBUII BeKTOp X y penntii L,

JJIsI KOTPOTO

]l < [lyll

JUlst BCiX HeHynboBuUX y € L, Tobro ||z| =
=Ai(L);

e SV P,: 3Hax0KeHHs allpOKCUMOBAHOr0 Haji-
MEHIIIOT'0 BEKTOPa T y pennTii L, axuii

]| < - A (L),

JITST MAJIOl KOHCTAHTH 7;
e uSV P,: nnsa KoHCTaHTH Y > 1 Ta permiTku L
TaKnX, 110

A2(L) > - A (L),

3HAWTU TakWil HEHYJBbOBHH BeKTOp T € L
JoBRuHA A1 (L).
Osnavenusi 3. [10] Maiwouu pemirky L y n-
BuMipHOMy AificHoMy 1pocropi Ta © € R™ x ¢ L,
pobuiemy morryKy Haiibsink4aoro sekropa (Closest
Vector Problem, CVP) moxHa onucaru Tak:
e 3HaiiTu Takwit BeKTOp Yy € L, 1106

lz =yl < [lz — 2]

JJIs BCiX 2 € L
o C'VP,: 3naiitu Takuii y, mob

[z =yl <v-lle— 2|

JUIst BCiX z € L Ta Masol KOHCTAHTH 7.
Osnauenns 4. [3] [IpobGiema nomyKy HafiMeHIIO-
ro 6asucy (Smallest Basis Problem, SBP) : matoun
6asuc B pemitku L, Tpeba 3HaiiTn inmmii 6azuc B’
JIJIST TIHET caMOl PEITiTKY, ¥ IKOMY 00y TOK JIOBXKUH
Oro eIeMeHTIB Oy/1e HAMEeHIITHM.

Hapeneni 3amadi MaioTh eKCIOHEHIHY CKJIa-
JHICTH JIjIs 3BUYAMHUX 1 JJIsi KBAHTOBUX O0YM-
cieHb. B 3araspHOMY BHUIQIKy Hapa3i He icHye
AJITOPUTMY, 3a SKAM MOXKJIHBO Oyso O 3HAWTH
pPO3B’SI3KM 3a MOJIHOMIAMbBHUN dYac, MpOTe st
OPTOTOHAJILHOTO 0a3HUCy ICHYIOTH aJrOPUTMH, IO
[PAIOIOTh MIBUKO. HalmBuaim ajropurMu Jijist

pPO3B’si3aHHSI HABEJEHUX 3aJiad, sKi IlepepaxoBa-
Hi BHUIIE, JOCATAIOTh EKCIOHEHIIIMHIX MHOXKHUKIB 1
6azyiorbes Ha asropurmi LLL [10]. Anropurm LLL
BUKOPHUCTOBYIOTH JIJIsl 3HAXO/IKEHHSI aIIPOKCHMOBa~
HOTO PO3B’sI3KY 3aJa4 MOIIYyKY HANKOPOTIIOro Be-
KTOpa Ta HaiiMeHrnoro basucy. s 3HaxXOmKeHHS
HaOIMKEHOTO PO3B’A3KY 381841 MOy Ky HAROIMIK-
voro BekTopa — mizxin Ba6ai [10] 3 Bukopucras-
HsIM 3MiHEHUX Oa3UCIB.

Saypaxkumo Takoxk, mo 3agadi SVP, CVP ra
SBP ¢ NP—cknaauumu 3aaagamu [6].

Asropurm Bab6ai

Ausrropurym Babal [1] BUKOPUCTOBYIOTE J1JIsl 3HA-
XO/KeHHs! Hafibzkaoro Bekropa (CVP) 3 Habin-
kerusaM v = 2(772)/2 33 eKCHOHEHIHHHIM JacOM.
OmurieMo KPOKHU IbOTO AJITOPUTMY.

Hexait b1,bo,...,b, € 6asucom pemritku L C
R"™ Ta mHexait x € R" € JIOBIIbHUM BEKTOPOM, BiJI-
CTaHb JI0 AKOro HeoOXiamo suaiitu. Jljst mnoro aj-
ropuTMy Oa3WCHI BEKTOPH MaiOTh OyTH OPTOro-
HAJILHUMA. ZIKIIO BOHU HE € TAKUMU, JTOPEIHUM
Gyze sacrocysatu amroputm LLL [10], skwuit 3iii-
CHIOE 3MiHY 6a3ucy J10 GBI OPTOrOHAJIBHOTO. 3a-
Jlady MONTYKY HafOIMKIOTro BEKTOPA PO3B’A3y€ Ta-
KUl anroputM [4]:

1. BusuavaioTh piBHSIHHS

x :tlbl +t2b2 ++tnbn,

y sgkomy Koedirientu tq,ts,...,t, € R.

2. 3HaXo/ATh PO3B’SI30K PIBHSAHHS Ta MPU3HA-
qawTh a; = |t;] st
1=1,2,...,n.

3. 3uaxomaTh BeKTOp Yy y perritii L, nabimxe-
HUH JI0 BEKTOPA I:

Yy =aiby + asbs + ...+ ayby,

Kpunrocucrema
Tonasaccep-Tonapixa-Xamnesi

Y upomMy poO3iai MU HABEIEMO OIUC KPH-
IITOCHCTEMHU 3 BiAKpUTHM KiiodeM losaBaccep-
Tonnpixa-Xamesi (GGH), sika € onnieto 3 mepmux
1 HAWBIJOMIIUX KPUIITOCUCTEM, IO OA3YIOTHCS Ha,
CKIIQIHUX 3ajadax Ha pernitkax [3; 4; 10]. s
KPAIOro PO3yMIiHHS, sIK MPAIIOE KPUIITOCHCTEMA,
MU OIHUIIEMO TPOTiec MudpyBaHHs, HAJCUIAHHS 1
JemmpyBaHHs iHdOpMaIil gK Iporec ooMmiHy iH-
dbopmartiero Mixk Asicoro ta Bobom [4].

Autica obupae Habip JiHIHO He3aaeKHUX Maii-
2K€ OPTOTOHAJIBHUX Mi2K COOOI0 BEKTODIB

n
’Ul,’l)g,...,’UnGZ .

Ieit mabip BekTOpiB V BBaXKAETHCH «XOPOIIIIM»
6a3mncoM, KUl JIE2KUTh B OCHOBI permiTku L Ta
€ mpuBaTHUM KjroueM Ajicu. HacrymauMm Kpokom
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TEeHEPYETHCs BUMAIKOBUM YnHOM MaTpuiisd U 3 -
smmu koedinienramu ta det(U) = 1. Tenepysa-
HHS Ii€] MATPUIll BUMAJIKOBUM YUHOM HEOOXiITHO
JIJIS 3HAXOJ/2KEeHHsI HAaDOpy BEKTOpIB, sIKuil Oyie
«IOraHuM» 0a3ucoM — MyOIivHIM KiTiodeM Ati-
cu. OmgamM i3 crnocobiB orpumanus marpuri U €
MHOKEHHST BEJIMKOI KiTbKOCTI BUIIAIKOBO OOpaHUX
eJIEMEHTAPHUX MATPHUILb.

W =0V

Orxke, psiJt BEKTOPIB w1, Wa, . . . , W, € HOBUM 0a3u-
coMm pemnitku L Ta € myOidHuM KirodeMm Aricu.

Tenep mpunyctumo, mo Bob xotue mepeciaTu
nosigomiaenust Agici. JIo cBoro moBimoMJIEHHS 171,
sIKEe TAKOXK MA€ BEKTOPHY POPMY Ta MOXKE MaTH BU-
s 6iHapHoro BekTopa, Bob mogae Mmasnit BEKTOP
30ypeHHs r, sKuil € Takok ediMepHUM (ceciiinmm)
kioueM. Hanpukiias, KOOpAuHATH BEKTOPA 7' MO-
KyThb OyTH BUIAJIKOBO obpani MixkK § Ta —J, Jae §
crajuit mybsiaamit napamerp. dani BindyBaeTbest
TIportec MU PyBAHHS:

e:mW—&-r:Zmiwi—i—r,

i=1

ne e — mudporekcT, Ta e ¢ L, ajge MaKCUMAJIbHO
HabamKenuii 10 rouku mW € L.

IIponec pemmmdppyBanHsT BiIOYyBAETHCA TAKUM
quHOM. Autica 3acTOCOBYe ajroput™ babal 3 «xo-
pormuMsy 0a3ucoM vy, Vg, ..., Uy, OO 3HANTH Be-
KTOp y pemritmi L, sxuit Oyme HAROIMKINM 10 Be-
KTopa mudpoTekcTy e. BpaxoByo4dn Te, M0 BoHa,
BUKOPHCTOBYE «XODOIIHit» (a OTKe il OpTOroHasb-
Huit) 6asuc, a BEKTOpP 30ypEeHHs T € MAJUM, Be-
KTOP PEeNNTKU, KUl 3HaxXoauTh AJtica, sBjse co-
6010 mW . Iommoxkytoun iforo ma W !, Boma 3ma-
XOJINTH OpUTIHAJIbHE, aemudpoBaHe MOBiIOMIIEH-
s Bix Boba m.

Cxema po3IoAily ceKpery

Cdopmystioemo cTpore 0O3HAYEHHsT CXEMU PO3-
OJTiIeHHsT ceKpeTy. JIst Iboro CriovyaTKy Haraiae-
MO BU3HAUYEHHS k-MOHOTOHHOI CTPYKTYPH JTOCTYILY
i BU3HAYNMO (DYHKIIO PO3MOIITY JIOCTYILY.
Osnavenus 5 (k-MOHOTOHHA cxeMa JOCTYILY ).
[9] Cxema mocTyny A € MOHOTOHHOIO, SKINO st
Oy/ib-sIKOT MHOXKUHU S € A Oy/ib-sIKa, HaMHOKIHA,
S Takoxk € B A. Mu GymeMo HA3UBATH TaKy CXe-
MY JOCTYIy k-MOHOTOHHOIO, SIKINO JIJIsI OY/Ib-sIKOT
mHOX)uHN S € A Gyne BukonyBaruch |S| > k.
Osnavenusi 6 (PyHKIis PO3IOIijIeHHS JO-
crymy). [9] Hexaii [n] = 1,2,...,n Gyme MHO-
KUHOIO imeHTwaHOCTEedl N cTopin. Hexait M Oyme
obstactio cekpetiB. PyHKITisT PO3MOILIIEHHS JTOCTY-
ny Share — ue paHoMi30BaHe BiOOpayKeHHsI 3

M ma S1 X Sy X ... x S,, 7e S; € 0baacTiO TO-
MMAPEHb CTOPOHU 3 IIEHTUIHICTIO . J[J1s1 MHOXKUHI
T C [n] mu BusHaunmo Share(m)r sax obMerKeHHst
st Share(m) agist 11 T 3anucis.

Osuauenns 7 ((A, n, €., ¢5)-Cxema posnogi-
JgeHHsi cekpery). Hexaii M ckindenna MHOXKH-
Ha cekperis, ge |M| > 2. Hexait [n] = 1,2,...,n
MHOYKUHOIO 1JIEHTUIHOCTEMH J171s1 N cTopin. OyHKITisT
nomupenHsi Share i3 objiactio cexkperiB M siBJisie
cobo1o (A, n, €., £5)—CXeMy PO3IOILICHHS CEKpPe-
Ty BiJIHOCHO MOHOTOHHOI CXeMH JIOCTYITy A, sIKIIO
BUKOHYIOTHCS TaKi JBi BUMOTH:

o KopekTHicThb: cekper Moxke OyTH BiHOBIIE-
HUM Oy/Ib-sIKOIO MHOXKMHOIO CTOPiH, sIKi € Ja-
crunoio cxemu jocryny A. Tobro myis Gyub-
skoro Habopy 1T € A icHye JeTepMiHOBaHA
dyuKItig BigHoBmenHsa Rec : ®;erS; — M
Taka, 1o KoxkHe m € M,

Pr{Rec(Share(m)r) =m] =1—¢,

Jie WMOBIPHICTH TIEPEBUIIYE BUIIAITKOBICTD
dbyukiii Share.

e Craructuuna KoH@igeriiHicTb: Oyb-
sike 00’€JHAHHS CTOPiH, siIKi HE € YaCTUHOIO
CXEMU JIOCTYILy, He TIOBUHHO MATH MaiiyKe KO-
aHOl imdopmariil mpo ocHOBHU cekper. Tob-
TO JIsT OyIb-sIKOI HEABTOPM30BAHOT MHOXKH-
uu U C [n], Takoi, mo6 U ¢ A, a takox 1jist
KOXKHOI TIapu CeKpeTiB mg, m1 € M, njs Ko-
KHOT'O ODYHC/TIOBAJIBHO HEOOMEXKEHOT'O PO3-
pizaioBada D 3i snadennsm {0, 1} mae micue
TaKe:

|Pr[D(Share(mg)y) = 1]—
Pr[D(Share(mi1)y) = 1]| < &s.

BusnagmMo MIBHUAKICTH CXeMU POSIMOMIIEHHS Ce-
KpeTaMu sIK

m|

Limm| oo mazicpy)|Share(m);|’
Osuauenns 8 (Iloporosa cxema posmnoisieH-
Hs cekpery). BusHauumo t-oporoBy cxemy siK
(t, n, €¢y €5)-CXeMY DOBIOJIEHHSI CEKPETY.

V3araJpHIOIOUYN, CXeMa PO3IIOJIJIEHHsS] CEKPeTy
JIJIsE TIEBHOI CXeMU JOCTYITy Ta OCi0 CKJIAJIA€ThCA 3
dyukmiit Share, sKa pO3MOIiIsge CEKPET MiXK yda-
CHUKaMU cxeMu jioctyity, ta Rec (Recombine), ska
BIJIHOBJIIOE CEKPET JIJIsi TTEBHOI MHOXKMHU yYaCHU-
KiB, SIKIIO 1X KIJIBKOCTi JOCTaTHBO JJId BiIHOBJIE-
HHs cekpery. [lopir cxemu po3IOIEHHST CEKPETY
(t,n) BU3HAUAE, IO CEKPET MOXKE OyTU BiaTBOpE-
HA# ¢ KITBKICTIO YYaCHUKIB 13 3arasbHOl KITBKOCTI
n.

Takoxk, cxemy PO3HOIIILY CEKPETy BBAYKAIOTD
0e3I1eYHO0, SIKIIO KOJEH HECKIHYEHHO IMOTYKHUIL
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HaIlaJHUK He MOKe HiJOTO JI3HATHUCS PO OCHOB-
HOI CEKpeT, He MAOYd JIOCTYILY 0 MOHOTOHHOI
cxemu nocryny A. Hacnpaszi, Taki cxemu BBaXKa-
0Th 1HGOPMAIIITHO-TEOPETHIHO 3aXUINEHIMIE, aJ1e
MU IIPOCTO HA3UBATHMEMO TaKi cXeMu Oe3IIeTHUMU.

3apa3 MU MPOJAEMOHCTPYEMO MOYKJIUBICTH 30e-
piraHHs Ta BIJITBOPEHHS CEKPETY, BUKOPUCTOBYIO-
au KpunrocucteMy lonasaccep-Tosapixa-Xasesi,
ska Oyna onucana Burie. HoBa mobyroBana cxema
OyJie N-1oporosoo, To6To (n,m), a OTXKEe BiIHOB-
JIEHHsI CEKpeTy Oyze MOXKJIUBHUM JIUIIE 33 yMOBHU
HasBHOCT1 BCIX 1. CTOpiH.

KinpkicTb 6a3ucHUX BEKTOPIB PEIIITKU HAIIPSI-
MY 3aJIe2KUTh BiJl KIJIBKOCTI yYaCHUKIB HaIIOl cXe-
mu. Hexait mu maemo n yuacuukiB. Bubepemo 1ii-
JlouncesIbHy pennTky L, 6a3uc sKoi cKJIa1aeThes 3
n BekTopis. [lozHaunmo gyepes vy, va, . . ., Uy JiHIH-
HO He3aJIexKHI Maii?Ke OpTOrOHaJIbHI BEKTOPH, IO
YTBOPIOIOTH pentiTky L, To6TO «Xopoluits 6a3uc
HAITOI PENTiTKU.

Cexkper, sgxuit Mae OyTU PO3MOIIIECHIM TOMIXK
cTopoHaMu, MO3HAYNMO K S. CeKpeT TakoXK Mae
BekTopunit Burian. IlIudpyemo itoro Takum um-

HOM:
S

Sene = SW 41 =" Siw; +,
i=1
Je r — MaJdii BeKTOD 30ypeHHsI, KWl € TaKOXK
ediMepHIM KJTIOYEM.

Koxxniit croponi cxemu BHUIa€ThCs KOMOiHAITIsST
(Viy Senc). Konm Bel yuacHukm cxemu 306uparoTh
CcBOI KOMOIHAIT, MU OTPUMYEMO IOBHHII <«XOPO-
muit> 6a3uc, Toxai cekper S MOXKHA BiJHOBUTH 3
JoroMororo aaroputmy babal.

3HaxomuMo BeKTOp y pemnirtii L, skuii 6yie
HaHOJMKIUM JI0 BEKTOPA Sepn.. BpaxoByroum e,
0 MM MAa€EMO <«XOPOIHit» Oa3uc i myOsivnnit Be-
KTOD 30yPEHHS T € MAJIUM, BEKTOD PENIiTKH, SKUil
MM 3HaXOIuMO, siBjisge coboro ST . ITomHOXKYy10un
iforo Ha W1, Mu BigHOBIIOEMO OpHTiHANBHMIIT Ce-
Kper S.

Takoxx MoxkHA CHOPMYJTIOBATH TAKy TEOPEMY.

Teopema 1. Czrema posnodiay cexpemy wa 0CHO-
6t kpunmocucmemu Iordsaccep-Tordpira-Xanresi
€ KOPEKMHO Ma CMAMUCMUYHO KOHPIOeHUit-
HO10.
Josedenna. Posrnsayra cxema € (n,n) moporo-
BOIO, KOXKEH YYACHUK KOTPOI Mae napy (vi, Senc),
Je v; — JacTKa JIHINHO He3a1eKHOTO OPTOTOHAJb-
Horo Gasucy (upuBarHOro Kiroda) V, a Se,. — 3a-
mudPOBAHUI CEKPET.

CxeMa PpO3IOIiIEHHSI CEKPETY € KOPEKTHOIO,
OCKIJIbKU

Pr{Rec(Share(S)r) =m] =1,

TOOTO CEeKpeT BiTHOB/IOEThCS 3 iMOBipHicTIO 1 TOi
1 TiIBKU TOJi, KOJIM HASIBHUI ITOBHUI <«XOPOIIUIT»

6asmc, a 1me MOYKJINBO TOI 1 TIIBKY TOI, KOJIM MHO-
JKWHa CTOPIH N € MTOBHOIO, TOOTO HasgBHI BCi n cTO-
piH.

Cxema € TaKOXK CTATUCTUIHO KOH(DIIEHTIHHOTO,
OCKLIIBKH 3a HAsIBHOCT1 MEHINOI KiJIbKOCTI yYaCHHU-
KiB, HIK M, JJIs BIJHOBJIEHHSI CEKpeTy IOTPiOHO
«JTIOTIOBHUTHU » 6A3UC JI0 1. BEKTOPiB, BUOPABIIN SIKU-
MOCh YMHOM BEKTOpHW, KUX He Bucradac. [lpu mpo-
My, ockinmbku Oa3mc penniTku L CKIamaeThesa 3 N
BEKTOPIB, KOKEH BEKTOP Ma€ HE MEHIIe HiXK 7 KO-
opauHaT. TaKUM YUHOM y BHIIAJIKY HAsIBHOCTI ITapu
CeKpeTiB my Ta mq, HaBITb N — 1 KUIBKICTh yd4a-
CHUKIB He MAaTHUMYyTh MOKJIUBICTH 3pO3yMITH, 0
SKOT'O CEKPeTy BITHOCATHCS HasBHI B HUX KJIIOUI,
OCKIJIKM YaCTHHAMHU KJIOYIB € mapu (v, Senc), &
CYKYIHICTb HaBiTh n — 1-r0 BeKTOpA v; HE JIA€ MO-
KJIMBICTB po3mudpyBaTu ceKper. A ToMmy Braja-
TH, KA caMe 3 JIBOX CEKpeTiB OyB 3ammdpoBa-
HOW, MOXKHA OJHAKOBOIO MMOBIpHICTIO, OJIM3BKOIO
0 L.

Ak mpukIIa po3rITHEMO CXeMY 3 TPhOMA yda-
cunkamMu. Maemo Taki Tpu 6a3ucHi BEKTOpH, IO
dopMyIoTh penmiTKy L:

1 2 2
V1 = 2 , UV = 1
2 -2 1

Bonu € «xopommms 6a3ucom V.
Maemo cekper S = (240, 80,1991) i Bekrop 36y-
penns r = (1,0, —1). [udpyemo nam cexper:

Sene = SW +7r =
6 3 3
=(240,80,1991) {3 0 3 | +(1,0,—-1)=
1 -1 —4

= (3671, —1271, —7004).

KoxkeHn i3 TppOX yYacCHHKIB CXEMH OTPHUMYE
cBoto napy (vi, Senc):
® IIepINil yYaCHUK OTPHUMYE

( , (3671, —1271, —7004));

N DN

e JIpyruil y4acHUK OTPUMYE

2
(| 1

-2

, (3671, —1271, —7004));

® TpETili yIACHUK OTPUMYE

2
(| -2
1

, (3671, —1271, —7004)).
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It BiIHOBIEHHS CEKPETY 3aCTOCYEMO AJIro-
purm Ba6ai. Mu mykarumemo HaibOgmKYIuit Be-
KTOP peliTKy i3 6asucHuMu BeKTopamu V 10 Sepe.
Samnuiemo Sey,. Yy BUNISI

Sene = t1v1 + tave + tavs,

OT2Ke€ OTPUMYEMO

3671 1 2 2
—12nl=u 2]+t 1 |+ |-2],
—7004 2 ) 1

PO3B’A3yI0UN Tie PIBHAHHSA 3HAXOIUMO
tl = —1431 = al,tg = 2231 = ag,t3 =320 = as.
Hani obuuncoemo

Y = a1v1 + azv2 + asvs

Ta OTPUMYEMO:

1 2 2
y=-1431[2| +2231( 1 | +320( 2| =
2 —2 1
3671
= | -1271],
—7004

y Oyme HAROIMAKYINM BEKTOPOM 10 Sene. lemep,
o6 BigHOBUTH cexper S, Tpeba obumcmra yW 1

S =yW=t = (3671, 1271, —7004) x

1 3 3 240
X ' 5 -9 3| =1 80
-1 3 =3 1991

Orpumanuit nemudpoBaHuil Pe3yIbTaT 30iracThes
3 MEPBUHHUM CEKPETOM.
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A. Likhachov, B. Oliynyk

SECRET SHARING SCHEME BASED ON THE
GOLDWASSER-GOLDRICH-HALEVI CRYPTOSYSTEM

With the development of quantum technologies, the issue of research and implementation of cryp-
tographic primitives based on complex problems for quantum computing becomes relevant. Such cryp-
tographic primitives are resistant to quantum cryptanalysis. Examples of problems with exponential
complexity for quantum computing is lattice problems such as finding the shortest vector or finding
the closest vector. One of the first and most famous quantum-resistant cryptosystems that use lattice
problems as the basis of its mathematical apparatus is the Goldwasser-Goldrich-Halevi cryptosystem.

A secret distribution scheme is a fundamental cryptographic primitive that allows the distribution
of a secret among a set of participants while the secret recovery is possible only when all or a certain
part of the participants (the threshold of participants) is authorized. Also, a necessary condition for
a secret distribution scheme is the impossibility of individual participants, or groups of participants
whose number is less than the threshold, to recover the secret. Variants of constructing secret sharing
schemes on various mathematical models, including lattices, are currently being actively studied since
they allow for security multiparty calculations and secure information dissemination by distributing
the original data between different servers. It is also used for constructing compilers of schemes with
protection against leakage, etc. In this paper, a new quantum-stable n-threshold secret sharing scheme
for n participants, based on the Goldwasser-Goldrich-Halevi cryptosystem, is proposed.

Keywords: integer lattice, Babai algorithm, Goldwasser-Goldrich-Halevi cryptosystem, secret shar-
ing scheme, asymmetric encryption algorithm.
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BI/THOBJIFOFOYE CIIEKTPAJIBHE YUNCJIO I'PAD®A K,

Cmammio npuceaueno docaioHceHHIO 00EPHEHUT CEKMPAALHUT 34004 OAs 36axcenux 2padis. Pos-
2AAHYMO 30004y W000 BIOHOBAEHHA 6G2 HG MHOMCUHI Pedep 2pada 3a cnekmpamu 1020 iHIYKOBAHUX
nidepaghis.

3a60AKU WUPOKOMY KOAY 3ACMOCYBAHDL, 00EPHEHT CNEKMPAALHT 36004T AKMUBHO BUBHANOMb OAfL Di-
BHUT KAGCIE MAMPUYD: 3036UNaT B0HU 3600AMbCA 00 8iI0HOBAEHKA Mampuyi (abo TT wacmuny) 3a cne-
Kmpom camoi mampuus wu i nidmampuys. Hawa 3adavwa cmocyemves Kaacy HEPOSKAGOHUT CUMEMPU-
YHUT MAMPUYDL 3 HEBID EMHUMU EAEMEHMAMU MG HYAAMY HA 20406HiIT JA20HANT — MAMPUYD CYMI-
HCHOCTNE 38 AZHUT 36aAIHCEHUT 2Pagis.

Karovwosum nonsmmasm yiet pobomu € sidnosaiotone cnexmpanvre wucao epaga Stn(G) — minimans-
HG KIADKICTD cnexmpis iHdyKkosaHur nidzpadis, HeobTIOHUL Oaf 00HO3HAUHO020 BIOHOBAEHHA 6CIT 6a2
pebep epaga G. TorosHum pe3ysvomamom 00CAIONCEHHA € ZHATOOHCEHHA MOYHO20 sHavenHs STn(Ky)
0asA Mosro20 epaga na womupvox eepwunax. Odeporcani pesysvmamu ma suxKopucmani y pobomsi me-
moou MOXHCYMB OYMU 3GCMOCOBAHT 68 NOOGNDUUT QOCNIOHCEHHAT, 30KPEMA OAA BUIHAMCHHA MOYHUL
3HAYEND BI0HOBAI0N0M020 CNEKMPANDLHO20 YUCAG THWUL 2padis.

KuttouoBi ciioBa: cuekTp rpada, BiIacHi ducia, 0OepHEHI CIeKTpaJIbHI 3a/1adi, 3BakeHnii rpad.

Bceryn

CuekTpaibHa Teopis rpadiB € CydacHHUM Ha-
upsamMoMm Maremaruku (nuB. [1]), saxwili akTuBHO
DPO3BHUBAETHCS 3aBJSIKH MIHPOKUM MOXKJIUBOCTIM
[IPaKTUYHOTO 3aCTOCYBAaHHs B PI3HUX 00JIACTSIX,
TakKuX $K XiMist, (izuka, 0i0JIOrisi, KOMII FOTEPHI
HAyKM, €KOHOMIKa, ColljajbHi HayKu Ta iH. (IuB.
[2]). Hanpuksiam, 11 BUKOPUCTOBYIOTH y MAIIXHHO-
My HaBYAHHI /151 TOKPAIEHHsT pOOOTH 3rOPTKOBUX
HelipoHHUX Mepex (muB. [3]), y comiosorii — st
TIONTYKY COIIaJIbHUX CEHCOPIiB B emijieMioToriaHnx
Mmepezkax (muB. [4]).

BakimBoo CKJIa/10BOIO  CIIEKTPAIBHOI Teopil
rpadiB € pisHoMaHiTHI 3a7adi BiHOBJIEHHS T'pa-
diB, mo mepeadavAIOTh BU3HAYEHHSI CTPYKTYpH
rpada abo Horo xapakTepucTuK (HAIPHUKIIA, Bar)
Ha OCHOBI CIIeKTpaJibHUX JaHux (auB. [5-8]). 3
OTJISIZIOM ODEPHEHUX CIIEKTPAJILHUX 33J1a9 MOXKHA
o3HaffoMuTHCH 33 PoboTOIO [7].

Hocmimkents: 30cepeKeHo Ha 0OepHEeHi cie-
KTpaJIbHIN 3aja4di NI 3BaKeHuX rpadiB, TOOTO
rpadiB, Ha MHOXKUHI pebep SKMX BU3HAYEHA JI0Ia~
THa GyHKIsA. Y crarri [10] Buepite 6y/10 BBeJEHO
nouaTTs STn(G) — BIAHOBIIIOIOYOrO CIEKTPAJIBHO-
ro uncya rpada G, Ta 3HaNIEHO Oro ToYHI 3HAUE-
HHS I JIeIKAX KJ1aciB rpadiB, 30KpeMa J10Bejie-
HO, 110 Juutst Tpada-tanmora Srn(A,) =23an > 3
Ta myist rpada-sipku Srn(Kq ,) = n.

VY poGorax [11; 12] HaBeneHO BEPXHIO OLIHKY
Srn mjisi gepeB Ta yHINMKJIIYHEX TrpadiB depes
KITBbKIiCTh BUCAYMX BepmwuH. [IpoTe 3HAXOIKEHHST
TogHoro 3HadeHHs STn(G) HaviTh mis rpadis G

© Asepxin O. C., Tumowsxesuy JI. M., 2024

HEBEJINKOI'O TOPSIIKY 3aJIMIIAEThCs JOCUTh CKJla-
JTHOIO 3ajiauero depe3 11 HesHIAHUI XapakTep Ta
BHUCOKY IyTJIUBICTH I[HOTO IMapaMeTpa 0 CTPYKTY-
pu rpada.

Meroro 1i€l poboTH € JeTajabHe JTOCTIIKEHHS
00EpHEHOI CIeKTPAJIBHOI 3a/1a4i JJTIsi TIOBHOT'O I'Da-
da K4 Ta 3HAXOMKEHHS TOTHOTO 3HAYECHHS INCJIa,

Srn(K4) (Teopema 2).
OCHOBHI O3HAYeHHsI TA TBEPKEHHS

Y miit crarTi mim TepmiHOM 2pag polymiemo
BropsakoBany napy G = (V, E), B axiit V' (MmHO-
JKUHA BEPIIH) — JiesiKa HelOPOXKHST MHOXKUHA, F
(MHOXKUHA pebep) — JOBIIBHA IMIJIMHOXKUHA MHO-
JKUHU YCIX HEBIOPSJIKOBAHUX AP PI3HUX eJIEMEH-
TiB3 V.

Bynemo BHKOpUCTOBYBaTH TaKi IO3HAYEHHS:
E(G) — muoxuna pebep rpada G, V(G) — muo-
kuHa BepumH rpada G, (u,v) — pebpo, mio
3’ennye Bepmmnan u 1 v. KigpkicTs Beprmun rpada
Ha3UBAIOTh HOrO MOPsAAKOM. ¥ IMiff cTaTTi po3riis-
J1aeMo Jiuiie rpadu CKIHUEHHOTO MOPSIJIKY.

Ogzuavenns 1. 3saorcernum epagom G nHasuBa-
10T BropgnkoBany napy (G,w), ne G — rpad, a
w: E — (0,400) — Barosa QyHKIIis, K& CTaBUTH
y BIIIOBIIHICTH KOXKHOMY peOpy € J10/IaTHe YHCJIO
w(e).

Saxkenuit rpad G 3pyuHO 306parkaTu 3a J0-
oOMOroI0 miarpaMu rpada G, IpUIUCYI0Yn Hal KO-
JKHUM pebpoM e iioro Bary w(e).

Hapani gacTo 6y1eMo oIyCKaTh CJI0BO «3BazKe-
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HHiT», FKINO 3 KOHTEKCTY Ta IMO3HAYEHDb 3PO3yMLIIO,
IO MOBA iijie caMe PO 3BarkeHuit rpad.

I3 koxkauM rpadom G = (G, w) Ta HyMepaIie
HOro BEpIIMH HATYpPaJbHUMU ducjaamMu Big 1 10 n,
Jie . — TOPsIZIOK rpada, OB I3YI0Th MATMPUUIO CY-
migienoemi A(G) = (aiz)f;—q, B AKxift eneMent a;;
1-r0 PAJIKA T j-I'O CTOBIIA JOPIBHIOE W;j, AKIIO
BEPINUHA 3 HOMEPAMHU 4 Ta j € CyMiXKHUMHU (1depes3
w;; HO3HAYAEMO 3HaYEHHs Baru pebpa (7,7)), 1 mo-
piHIOE ( B IHITOMY BHUIIAJKY.

Osuavyenns 2. Cnexmpom zpaga G Ha3UBAIOTH
MYJIBTUMHOXKUHY BJIACHUX 3HAYEHb HOro MaTpuIl
cymixuocri. [oznagaiors o(G).

Ockinbku marpuig cymixuocri A(G) cume-
TPUYHA, TO CHEKTP rpada MICTUTH JuIle IificHi
qucIa.

3ayBaXKuMO, IO CNEKMP 36aHCEH020 2pada He
3aneaCUMB 610 CNOCObY HYMEPAUTE sepuur ma €
11020 1HBAPIAHMOM.

Tlosnauumo  xapaxmepucmuuruil MHO204%AEH
epagpa G gepes Pa(N) = |AI — A(G)].

Axmo o(G) = {A1, A2, ..., Ay} — crekTp 3Ba-
xkenoro rpada G, roni Pa () = [T, (A — \).

Posrisremo neobOximmi myis  opMyTrOBaHHS
y3arajbHeHOI TeopeMr 3aXCa O3HAYEHHST Ta T03HA-
vennst (mus. [9; 11]).

Jlinitinut nidepag epaga G € miarpadom, KoMm-
MOHEHTAMU 3B’S3HOCTI SIKOTO € JIAIE Tapu CyMi-
JKHUX BepiiuH (3 pebpom, 1o iX 3’€Hye) Ta 1po-
cri mukau. Ilosmaummo itoro sk Hy, ne k — ue
KiTbKicTh BepiwH y 1boMy migarpadi. Il Baroio
KOMIIOHEHTH 3B’SI3HOCTi, 10 € Mapor CyMiXKHUX
BepumH {4, j}, Oyzemo mMaru Ha yBasi wfj, a i
BAaror0 KOMIIOHEHTH 3B’sI3HOCTI, IO € IIPOCTUM ITU-
KJIOM, — JI00yTOK 3Ha4deHb w;; 3a yciMa pebpamu
OUKJILY (7”])

Beenemo nosnadenus: r(Hy) — igpkicTs KoM-
[OHEHT 3B’s13HOCTI JiiHiftHoro nixrpada Hy; c(Hy)
— KIIBKICTH KOMIIOHEHT 3B SI3HOCTI JIHIHHOTO IIijI-
rpada Hy, mo € nukiaamu; w(Hy) — Bara Hy, sgxka
€ 100yTKOM ycCixX Bar #oro KOMITOHEHT 3B’ SI3HOCTI.

Teopema 1. (ysaeaavnena meopema 3axca)

Sxwo Pg(\) = ch)\n—k — A" 4o AL
k=0

+ 02)\"_2 + -4, — xTApaxmepucmMmuBHUT MHO-
20unen epaga G = (G, w), mo
(1) c1 = O,'

(2) ¢ = = Lo wle)®

(3) ek = a1,y (-1 02w )
s k = 1,...,n, (cyma 6epemvcs no ecix nidepa-
dax Hy epaga G).

Haramaemo, mo imaykoanuit miarpad rpada
G — niarpad, yrBOpeHuil miMHOXKUHOIO BEPIITUH

rpada G pazom 3 ycima pebpamu G, ski cromyda-
IOTh I1i BEPITUHMU.

Osuauenns 3. 3saxenuit rpad G; = (G1,w)
Ha3UBAIOTh (HIYKOBaHUM Nid2padom 3BAZKEHOTO
rpada G = (G, w), gakmo G — iHgyKoBaHwii mi-
rpad G, i s nosinbHOrO pedbpa e rpada G Mae
micrie piericTb wy(e) = w(e).

Posriisinemo taky obepneny cnexmpasvhy 3a-
dawy 1S 3BaKeHOro rpaca: Hexail HaM BijoMuit
rpad G, i ME XOUeMO OJHO3HAYHO BiJHOBUTHU Ba-
roBy dyHKUilo w 3Baxkenoro rpada G = (G,w)
3a CIEKTPaMH IIEBHUX MOr0 iHJIYKOBAHUX IIi/Irpa-
diB. TobTo TOTPiIOHO, MOOW 32 3HAYEHHSIMU CITe-
KTpiB BuOpanux miarpadis Baru Ha pebpax rpada
G BU3HAYAINCS OTHOSHATHO /TS OY/Ib-sIKOI BAaroBol
dyukil w. Cuekrp inmykoBanoro miarpada Oye-
MO Ha3UBATU NIICNEKMPOM.

SayBaxkuMoO, IO 3aJa4da BiTHOBJIEHHS Bar 3a

criekTpamu mminrpadiB ekBiBasieHTHA 3aaadi Bif-
HOBJIEHHS 33 XaPAKTEPUCTUIHUMU MHOTOUIEHAMEI
nux miarpadis, OCKIIBKE 3a CIEKTPOM 3BaKEHOTO
rpada 0JIHO3HAYHO BiTHOBJIIOETHCS HOTO XapakKTe-
PUCTHYHWI MHOTOYJIEH Ta HABIIAKH.
Ogzunauenns 4. Biduosaotue cnexmpaavhe “u-
cao Srn(G) — miniMagbHA KITBKICTH 1HIyKOBaHUX
migrpadis G Takux, 110 3a CIIEKTPAMU BiIITOBIIHUX
3BaKEHUX 1H/YKOBAHUX MiArpadiB 3aBXKIU OIHO-
3HAYHO BiJHOBJIIOETHCS BaroBa (pyHKIliS 3BaKEHO-
ro rpada G.

3aysaorcenns. Tepmin  eidnosaiooue  cne-
KMPAAOHE “UCAO BUKOPUCTOBYIOTH BiIIIOBIIHO 10
nomepenuix mybmikaniit (mums. [10-12]), y sxux
OyJIO BBEJIEHO 1€ TOHSTTS. 3 OISy CyJacHOT
MOBHOI HOPMHM, KOPEKTHIIIOK (OPMOI0 € 6idH06-
A1068a8bHE cnexmpaavhe wucao. IIpore 3am1s 30e-
PEeXKeHHS TEPMIHOJIOTIYHOI MOCJiIOBHOCTI MU 3a-
JINIIIAEMO YCTAJIEHY HA3BY.

OckisibKu BaroBy (QyHKIHIO Oyab-sKOTO 3Ba-
2KeHOro rpada MOXKHA OHO3HAYHO BiIHOBUTH 3a
CIleKTpamMu Beix miarpadis, MOPOIKEHNX TapamMu
CyMI’KHUX BEpIIUH, TO OJEP:KYEMO TaKy BEDPXHIO
OIIHKY JIJIsi BiJHOBJIFOIOYOIO CIIEKTPAJBHOIO YH-
cra:

Srn(G) < |E(G)].

PiBuicTh y miit omiHmi mocAraeThes, 30KpeMa,
Jutst rpada-3iprn K ,,, ockinbku B po6oti [10] go-
BesieHo, 1mo Srn(Ky ,) = n, mo Bianosinae Kib-
KOCTi pebep y rpadi.

3asiaua BiIHOBJIEHHSI Bar AJisl IIOBHOTO
rpada K,

Hocmianmo obepHeny CrieKTpaIbHy 3339y JJIs
K. JIsis1 3py9HOCT STK MHOXKUHY BEePIITHH 06€peMo
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muoxkuny {1,2,3,4} ta nosnaunmo Baru Ha Horo
pebpax uepes a1, ds, ..., ag 3rijgHo 3 puc. 1.

Puc. 1. 3paxennit rpad Ku

3 HepiBHOCTi, HaBEJEHOI BUIINE, BUILIMBAE, IO
IIECTU TiJICIIEKTPIB JIOCTATHBO JIJIS BiTHOBJIEHHS
Bar Ha ycix pebpax. OOGIpyHTYyeMO JeTajibHiIIe:
J7IsT KOYKHOTO iHmykoBanoro miarpada Ky, mopo-
JI2KEHOT'O JIBOMa BEPIIMHAMH, XapaKTEPUCTUIHUN
nostinom mae Burys P(A\) = A2 — a2, Tomy 3a mi-
CTbMa MiJICTIEKTPAMHU MOXKHA BITHOBUTH YCi Baru
ai,az,a3,04,0as5, ag.

Tlocrae npuposHe 3anuTalHs: YU MONHCHG 610-
nosumu eazu zpaga K4 3a n’amovma nidenexmpa-
Mmu?

Jasti My po3ryisiHeMO BCi MOXKJIMBI HAOOPH IiI-
CIEKTDIB (3 TOYHICTIO 0 IepeHyMepaliil BepIIuH
rpada Ky) Ta moKaxkeMmo, 10 I'SITH IIiJCHEeKTPIB
HeJIOCTATHBO (& OTKe, 1 MeHIIoT KiJbKoCTi).

Teopema 2. Srn(K4) = 6.
JHosederns. HaBeremo BCi MOXKJIHMBI CTPYKTYpH
HabOPIB, MO CKJIAJAIOTHCS 3 II'ITU 1HJYKOBAHUX
miarpadis, 3 TOYHICTIO 10 i3oMOpdizMy BHOpaHUX
migrpadis. C3 nmo3Havyae MUKJI JOBXKUHA 3, a Ay —
saamor poxkuuu 1. Yucso, sike cTOITh mepe mo-
3HAYEHHsIM rpada, BKa3ye Ha KLIbKICTH miarpadin
[IbOTO BUJLy y HAOOPI.
Maemo Taki Tum HAOOPIB:

K4, 403;
Ky, 3Cs, Ag;
Ky, 2Cs5, 2As;
K4a C37 3A27
K4, 4A2,
4C35, Ag;
303, 2142;
203, 3A2;
Cs, 4As;

10. 5A,.

Posristmemo okpemo koxken Tum HAOOPY Ta Ha-
BeJIeMO MIPUKJIAJIN JIBOX PI3HUX 3BakKeHUX rpadin
K, (imakme xaxyuu, rpadis K, 3 pisaumu Ba-
roBuMu (QYHKIIAMHA, 33JJaHUMIA HA MHOXKWHI HOTO
pebep), Juist IKUX CIeKTPH BiANOBITHNX BUOPAHUX
iHmyKoBaHUX miarpadis € piBHuMu. Takum auHOM,
MH JOBEJIEMO, IO II'SITH MiACIEeKTPIB HEJOCTATHBO
JI7Is BITHOBJIEHHST Bar Ha pebpax 3BarXKeHOro rpada

Ky.

© 0N W

1. K4, 4C3. Jlerko mepekoHATHCs, IO Xapa-
KTEPUCTUYHI IOJIIHOMU yCiX IUKJIB JIOBYXKUHU TPH,
o € miarpadamu rpadis Ky, HaBesienux Ha puc.2,
PiBHI Ta MAIOTh TAKWUI BUTJIS;:

Pc,(\) = A* — Xa? + b% + ¢2) — 2abe.
Takox xapakrepuctuuni nogisomu rpadis Ky 3
puc.2 piBHI, OCKIJIBKH Il Tpadu MEePEXOIATh OTUH
B OJIHOTO TP IE€PECTAHOBIN BepmuH 1 Ta 3, a gK
Bizomo, ciekTp rpada € itoro iHBapianToMm i He 3a-
JIEXKUTD BiJ[ HyMepallil oro BepInH.

Puc. 2. I'padu K4 3 pisanmu BaroBumn pyHKIIAMEI
Ha pebpax

2. K4, 3C3, Ay. Be3 obmeskeHHSI 3arajbHO-
CTi, MOXKEMO BHOpATHU IUKJIM HA TAKUX MHOXKIHAX
sepru: {1,2,3},{1,2,4}, {3,4,6}. omno sanio-
ra Ay (masti i 3pydnocti Oygemo HazuBaTu Horo
pebpoM), TO iCHYIOTDH J[Ba NPUHIMIIOBO Pi3Hi Bapi-
aHTH BUOODY.

Posriisinemo nepwudi sunadox, Ko pebpo Ha-
JIEXKUATH JIBOM 3 00paHux muk/aiB. Hampukiam, pos-
riistHeMO BUOIp pebpa 3 Barow ag (immi BapianTu
POBIVISIAIOTHCH AHAJIOITIHO).

7151 Kparmoro po3yMiHHS METOTY 3HAXO/YKEHHST
npukaaaiB rpadis K4 3 pisaumu BaroBumu ¢yH-
KITISIMHU, CIIEKTPU BiJIIIOBITHUX BUOPAHUX iHyKO-
BaHUX HiArpadiB SKUX € pIBHUMU, PO3IJISTHEMO JIe-
TaJIbHIIIE Tefl BUIIAIOK.

-
y—/\g; » ST

7Y D D D T ) D

\ ‘\,, .

\Z 2/ ag N2
P
TN

1 2 3 1
H; H3 H; A;
Puc. 3. Habip Bubpanux iHIyKOBaHIX BJIACHUX
miarpadis

SamnuiemMo 3a y3araJbHEHOI TEOPEMOIO 3axca
(Teopema 1) xapakTepucTudHi MHOTOUYIeHH IPada
K, (puc. 1) ta iioro Bubpanux Biacuux miarpadis,
300pakeHnx Ha puc. 3:

Pay(N) = XN* — ad
Pai(A) = A3 — (a2 + a2 + a2)\ — 2a1aza6
Pyz(N) = A3 — (a3 + a4 + a2)\ — 2azasas
H§(>\) =X\ — (a? +ai + a})) — 2a1a4a5
K, (A) = M — (af +d} +af +af +ad +
—|—a6))\2 (a1a4a5 +a1a2a6+a2a3a5+a3a4a6))\+

+ a1a3 + a2a4 + araﬁ 2(a1a2a3a4 + aiasasag +
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+ asaqasag).

3  XapaKTepuCTHYHOrO MHOrowieHa Pa,(A)
3HaXOJIUMO 3HAUEHHs Baru ag. lasi, 31 3Hadenn Ko-
edinientis Muorownenis Pey (M), Paz(A), P, ()
Ta Py (\), omepKyeMO 3HAUEHHS Baru ag, a TAKOXK
HEBIODSIKOBaHI mapu 3HaueHb {ay,as}, {as, a4}
ta {a1,a4}.

Ananiz mokasye, IO y BHUIOAAKY, SKIIO
{a1,a2} = {a1,a4} = {a3,a4}, Hanpuxnam, npu
as = a4 = a, ap = az = b Ta a # b, BUOpsI-
koBauux Habip Bar (a1, ag, a3, G4) HEMOXKJIUBO
BiIHOBUTH OJHO3HAYTHO. 3 METOIO LIIOCTpaIlii HaBe-
nemo npukian asox rpadis Ky, axi maors pismi
BaroBi (byHKIIII, ajle OJHAKOBI CIIEKTPU BiAmMOBiI-
HUX iHayKoBaHUX migrpadis (puc. 4).

Puc. 4

AHAJIOTIYHO JI0 MEPINOro, PO3TJISTHEMO Jpyeull
6unadox — KO pebpo BXOIUTH JIMIIE O OIHO-
ro 3 BUOpaHUX IUKJIIB; HAIPUKJIA, PeOPO 3 BAroio
as. llpukaaa nBox 3BakeHux rpadis, MOJaHNX Ha,
puc. 4, JJeMOHCTPY€E HEMOKJIUBICTH OHO3HAYHOTO
BiJ{HOBJIEHHsI BaroBol (DYHKINI 3a BiIIIOBIIHUM Ha-
GOpPOM ITiJICIIEKTPIB.

3. Ky, 2C3, 2A5. MoxkeMo pO3IIISIHYTH J10-
BUIBHI JIBa UK/ JOBXKWHU Tpu. Hanpuknas, Bu-
Gepemo 1K/ Ha BeprmHax {1,2,3} ra {1,3,4}.

IIlono Bubopy mBOX pedep MAEMO II'SITh ITPUH-
[IUIIOBO PI3HUX BapiaHTIB.

e Crinpue pebpo BuOpaHUX NUKJIIB Ta pedpo,
sIKe CyMizKHe 3 HUM, HarpukJiaz, pebpo {1,2}
(puc. 5).

Puc. 5

Hagenemo npukias qsox rpadis Ky, ki ma-
10Th pisui Barosi byukiil (a3 # ay4), ane
o7IHAKOBI crieKTpu Bubpanux miarpadis (puc.
6).

Puc. 6

Hactynui Tpu BapianTm aHaJOrivHi mEpIIO-
MY.

e Pebpo, sike He HAJIEKUTH ABOM BHOPAHUM ITH-
KJIaM, Ta CyMiXKHe 3 HUM Pebpo.

e Pebpo, sike He HAJIEXKUTDH ABOM BUOpaHUM ITH-
KJIaM, Ta HECyMiKHEe 3 HUM pebdpo.

e JlBa cymixkui pebpa B OJHOMY 3 BUOpaHUX
IIUKJIIB, dKi HE € CINJBbHUMHU JJId IUX JIBOX
IUKJTiB.

e JIBa mecyMmixkHi pedpa, KOXKHE 3 IKUX HaJe-
KUTH PiBHO OJHOMY 3 JBOX BUOpAHUX IIH-
kiis. Hanpukmian, pebpa {1,2} ra {3,4}.
IIpukiag nBox 3BarkeHUX rpadis Ha puc. 7,
Jie a # b, JIEMOHCTPY€E HEMOXKJIUBICTH OJHO-
3HAYHOTO BIHOBJIEHHS BaroBoi (OyHKIII 3a
BiAmOBiIHIM HAOOPOM ITi/ICTIEKTPIB.

4. K4, C3, 3A,. ]ﬂ/}/ﬁin’rMoxeMo BUGpaTH 110-
BibHO. Po3ryisinemo, HapuKIa I, IUKJT HA, BEPIITU-
nax {1,2,3}. g BuGopy Tphox pebep icHye micrhb
IIPUHITUIIOBO PI3HUX BapiaHTIB.

e Tpu pebpa, 1O BUXOIAATHL 3 OJAHIET Bep-

IIUHU, sIKa HE HAJIEXKUTb BUOPAHOMY IHU-
KJIy, Hanpukiajg, 3 Bepmuau 4. Tobro pe-
6pa {1,4},{2,4},{3,4}. HaBenemo upuxiaz
asox rpadiB Ky, gxi maiorh pi3Hi Barosi
byHKITT, ajle OTHAKOBI CHEKTPU BUOpAHUX
miarpadis, 1e a, b, ¢, d — nmonapHo pisHi J10-
JaTHi gncia (puc. 8).

Puc. 8

e Tpu pebpa, 10 BUXOAATHL 3 OJHIET BepIU-

HU, sIKa HAJIEXKUTh BUODAHOMY IUKJIy, Ha-
MPUKJIAM, 3 BeprwHu 1.
Ha puc. 9 maBemeno npukian aBox rpadis
K,, axi marorh pi3mi Barosi ¢GyHKIl, ase
OJTHAKOBI CIIEKTpU BUOpaHuX miarpadis, e
a, b, c — nomapuo pi3Hi J0oHATHI YHCIA.
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Puc. 9

e Tpu pebpa, siki HaJIe2KaTh BEOPAHOMY ITUKJTY.
Ha puc. 10 maBemeno mpukiam gBOX rpadis
K4, gxi marors pizui Barosi dyHkmii, aje
OIHAKOBI crieKTpn BuOpanmx miarpadis, e

a #b.

() (2)

B

Puc. 10

e Tpu pebpa, gKi HaIEKATH OIHOMY IIU-

KJIy JOBXKWHU TPH, BIAMIHHOMY BiJl IHKJLY
{1,2,3}. Hanpukuaz, pebpa mukiy {1,2,4}.
IIpukaan nBox rpadis Ky, gki maiors pi3Hi
BaroBi (QpyHKIII, aje OJHAKOBI CIEKTPHU BU-
6panux migrpadis (ge b # d), HaBeseHO Ha
puc. 11.

Puc. 11

e Tpu pebpa, M0 HAIEKATH OJHOMY JIAHIIOTY
JIOBXKWHU TPU, AKUH Ma€ 3 BADPAHUM IUKJIOM
{1,2,3} mBa cuinbui pebpa. Hanpuxnam, pe-
6pa {1,2},{2,3},{3,4}. llpuknaz aBox rpa-
dis K4, saki Mators pizui Barosi ¢pyHKIil, ate
ofHaKoBi cuekTpu Bubpanux niarpadis (me
a # b), HaBeZieHO Ha puc. 12.

N

Puc. 12

e Tpu pebpa, 1Mo HaANIEKATH OTHOMY JIAHITIO-
I'y JOBXKWUHU TPH, AKUI Ma€ 3 BUOPAHUM I[H-
koM {1,2,3} onme crinbhe pebpo. Hanpu-
kiaz, pebpa {1,2},{1,4},{3,4}. Tlpuxiaz
mBox rpadis Ky, axi Maiorh pi3Hi Barosi
dyHKIIT, ajle OIHAKOBI CIEKTPU BUOPAHUX
ninrpadis (me a # b), HaBeneHo Ha puc. 13.

(2)
a b
a
e a o)
\\] ) f )
a A
@

Puc. 13

Otxe, 3 HaBeJEHUX MPUKJIAJIB BUILIUBAE, IO
OO HAOOPY IIiICIIEKTPIB HEIOCTATHBO JIJIsT OIHO-
3HAYHOTO BiJHOBJIEHHS Bar ycix pebep.

5. K4, 4A5. PosrisiHeMo JiBa IPUHITUIIOBO Pi-

3HI BapianTH BUOOpY pedep:

e Yorupu pebpa, Mo yTBOPIOIOTH ITUKJT JJOBXKU-
nn 4. Hampuknam, 1me MoxkyTh OyTu pedpa
{1,2},{2,3},{3,4},{4,1}. Haseaemo upu-
KJIaJT JIBOX pi3HUX 3BaxkeHuX rpadis Ky, s
AKUX BUOpaHi HAOOPH IIiJICIIEKTPIB € PiBHU-
MU, X049a Barosi (GyHKIUT pi3Hi pu as # ag
(puc. 14).

(2

SR

XA T

\\1, / ‘5,/)
W

Puc. 14

e Tpu pebpa, MO yTBOPIOIOTH IUKJ JIOBXKU-
Hu 3, Ta me oxHe pebpo. Hampukiiasm, pedpa
{1,2},{2,3},{1,3},{1,4}. Haseaemo mpu-
KJIaJT IBOX pi3HUX 3Bakenux rpadis Ky, ams
AKUX BUOpaHi HAOOPHU MiJICIIEKTPIB € PiBHU-
MM, X04a Barosi (DyHKIUT pi3Hi 1Ipu a3 # as
(puc. 15).

Puc. 15

6. 4C3, A,. HeBaxxnuso, sike came pedpo BH-
6patu. Hanpukian, pebpo {2,4}. Posriusinemo Ha-
CTYIHMI MIPUKJIA JIBOX PIZHUX 3BarKeHUX rpadin
Ky, e a # b, njsa sikux BuOpani HAOOpHU IijicITe-
KTpiB € piBauMu (puc. 16).

Puc. 16

Orxke, Takuit HAOIp MiICIEKTPIB TAKOXK HE J0-
3BOJISIE OJTHO3HAYHO BiJITHOBUTU Baru BCiX pedep.
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7. 3C3, 2A5. Posrimsnemo noBuibHI Tpu mm-
Kun JoBkuHu 3. Hanpukiia g, mukm Ha MHOXKHHAX
sepmmHax {1, 2, 3}, {1, 3, 4}, {1, 2, 4} (puc. 17).

H;
Puc. 17

ITTomo BubOpy ABOX pebep MaEMO YOTUPH TTPHH-
[UIIOBO Pi3HI BapiaHTH.

e JIBa pebpa, KOKHE 3 AKUX BXOJIUTH JIO JIBOX

BuOpaHux nuKJiB. Hampukiam, po3riissHeMo
Bubip pebep {1,2},{1,3}.
Haenemo macrymni nsa pisui mabopu Bar:
a3 =as =a,a4 =bTaaz =as =>, ay = a,
ze a # b. CuexkTpu Beix BuOpanux miarpadis
piBHi, xoua Barosi ¢yl piszHi (puc. 18).

Puc. 18

e JIBa HecyMixKHiI pebpa: o/HEe 3 HUX BXO/UTH
JI0 JIBOX BUOpaHUX IUKJIB, iHIIE — JIAIIE
no oxuoro. Hanpukian, pebpa {1,2},{3,4}.
Hapememo nmactymmi apa pismi HabOpum Bar:
as = a4 = a, a5 = ag = b Ta a
=b, a5 = ag = a, ge a # b. CuekTpu BcCix
BuOpanux miarpadis piBHI, X04a Barosi pyH-
Kuil pisai (puc. 19).

:a4:

Puc. 19

e JIBa cymikui pebpa: ojHe 3 HUX BXOJIUTH
JIO JBOX BUOpAHUX MUKJIIB, iHIIE — JIHIIIE
1o ompaoro. Hampukian, pe6pa {1,4},{2,4}.
Haenmemo mactymni nBa pisui mabopu Bar:
ay =az =a,as =bTaay =a3=0>b, ag = a,
Jie a # b. Crnexkrpu Beix BuOpanux miarpadis
piBHi, xoua Barosi ¢yl pizHi (puc. 20).

Puc. 20

e JIBa pebpa, sKi TpaIIAIOTHCA y BHOpaHUX

[UKJIaX 10 ofgHoMy pasy. Hampukiasm, pedpa
{2,3},{3,4}. HaBenemo mactynui asa pismi
mabopu Bar: a1 = a4 = a =1, a5 = b = 2,

a5:d:4\/%Taa1:a4:b:2, ag =a =
=1,a5=c= \/% CuekTpu BCix BUOpaHUX

miarpadis piBHi, xoua Barosi GyHKIT pizHi
(puc. 21).

BayBakuMo, 10 IPUKJIaJ 3HAYEHb a, b, ¢, d
migibpaHo TaKUM YHHOM, OO CIIEKTPU Bijl-
nosiux minrpacdis H3 6ymu pisaumu, T06-
TO TIeit HabIp € PO3B’SI3KOM TaKOl CHCTEMMU:

202 + % = 242 + d?;
b%c = a2d.

8. 2C3, 3A,. Bes obOMekeHHs 3araJbHOCTI, MO-
JKEMO PO3TJISTHYTH JOBLIBHI JIBA IUKIU JOBXKUHA
rpu. Hanpukiaz, nukiu va Bepumnax {1,2,4} ta
{2,3,4} (puc. 22).

Puc. 22

lono BubOpy TpHOX pedep: i BiIHOBJIEHHS
BCcix Bar mHeoOximmo obpatu pebpo, sKe HE BXO-
JIUThH 70 KOJTHOTO 3 BUOPAHUX IUKJIIB, TOOTO pedbpo
{1,3}. daui € woTupyn NPUHIMIOBO Di3HI BapiaHTH
BUOOpY Ime IBOX pebep:

e JIBa pebpa, siki HajeXaTb JIUIIE OTHOMY 3
BHODAHMUX IUKJIB Ta He HAJIEXKATh IHIITOMY.
Hanpukmnan, pebpa {1,2},{1,4}.

e J[sa pebpa, oOmHe 3 HAKHX € CIUIBHUM
ayst BuOpaHux 1mKIIiB. Hampukian, pebpa
{1,2},{2,4}.

B 060x 1ux BUnamkax, KOJU ag # a3, MOXKe-
MO [TOMIHSITH I Barel MiCITsIMU, 1 CHEKTPHU BCiX
BuUOpaHux rpadiB 3aJUMATAMYTHCSI HE3MiH-
HUMH, X04a Barosi (yHKIil OyayTh pisHuME.

e JIBa cymixkui pebpa, ajie sKi OJJHOYACHO He
HaJIeXKaTh 2KOTHOMY 3 BuOpanux 1ukJis. Ha-
upukian, pebpa {1,2},{2,3}.

Posrnsremo nactymnHi gBa pi3Hi Habopu Bar:
a3 = a4 = a, a5 =btaaz =a4 =0b, a5 =
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= a, ne a # b (puc. 23). Cuekrpu Bcix Bu-
Opanux miarpadiB 3aUMIATAMY ThCS HE3MiH-
HUMM, X04a Barosi yHKIT OyAyTh PI3HUMU.

(2) (2) (2)
2) (2 (2)

o

Gl by OB E RO
["lx,\ pe o 14 )

© ©

=

Puc. 23

e JIBa mecywmixkui pebpa. Hampuxiam, pebpa
{1,2},{3,4}. Posrusinemo HacTynsi asa pi-
3Hi HAbOpH Bar: as = a4 = a, as = b Ta
az =aq = b, a5 = a, ne a # b. Cuekrpu BCix
BimoBimHMxX BuOpanux miarpadis piBHi, XO-
9a Barosi pyHKIIT pi3Hi.

9. C3, 4A,. Be3 obMexkeHHsT 3araJibHOCTI, MO-
JKEMO BHOpATH JOBLIBHUI [HKJI JOBXKUHU TPH.
[MTono BuOOpy pebep, TO s BiAHOBIEHHA YCiX
Bar HeoOXigHO B3ATH TpHU pedpa, AKi He HAJIeKATH
BUOpaHOMY THKJTy. deTBepTe pedpo MOKHA, B3ATH
OyIb-siKe 3 IUKJIY, OCKLJIBKHM KOYXKHE 3 TPbOX pebep
[UKJIy CyMi2KHe PiBHO 3 JBOMa 3 pertu pebep.

Hanpukiaz, posrisanemMo nuKJI HA MHOXKHHI
Bepumd {1, 2, 3}, a TakoK pebpa Ha HACTYIIHUX A~

pax Bepmma {1,2},{3,4},{1,4},{2,4} (puc. 24).

O4eBnIHO, MO AKINO IMOMIHATHA MICIMI Baru
as i ag, TO crieKTpu BUOpaHUX miarpadiB He 3Mmi-
HATbCs. TakuM 9uHOM, TOBITHHUN BIOPSIKOBAHUIT
HabIp JI0/IATHUX Bar, Y sIKOMY G2 # (g, HEMOYKJIUBO
OJTHO3HAYHO BiTHOBUTH.

10. 5A5. OueBuaHO, IO II'ATU JOBIIBHUX pe-
6ep HeOCTATHBO JIJTs BiJIHOBJIEHHS BCiX Bar rpada
K4, ockinbku B TakoMy BUNAJKy Hidoro He Oyje
BiJIOMO IIpO Bary mocToro pebpa.

IIpoamanizoBaro Bci MOXK/IUBI BapianTu BHOO-
py gty ingyKoBanux migrpadis K4 Ta J0BeI€HO,
IO HA OCHOBi BiJIITOBiHOTO HAOOPY IIi/ICIIEKTPIB
HEMOXKJIMBO OIHO3HAYHO BiIIHOBUTH BaruW BCIX pe-
6ep. A orke, IT'SITH MJICIEKTPIB HEJOCTATHBO JJIsk
O/IHO3HAYHOIO BIHOBJIEHHA Bar y rpadax THUIry
K, B zarasmpHoMy Bunaaky. OCKUIbKEH s Bi-
HOBJIEHHSI Bar 3aB2K/IM JIOCTATHBO IIECTH CIEKTPIB
iHIyKOBaHUX TiArpadiB, KOXKEH 3 sIKUX MTOPOJIKe-
HUii 1aporo cyMiKuux BepmuH, To Srn(Ky) = 6,
TakuM IuHOM, Teopemy 2 10OBeIE€HO.

3ayBarKuMo, 10 3 JIOBEJIEHOI TEOPEeMH BUILIU-
Bag, mo K4 € HeTpuBiaJIbHUM IPUKJIAIOM rpada,
JIJIS STKOT'O JIOCSATAETHCS PIBHICTH y BEPXHIi OIIHIT
BIZTHOBJTIOIOYOTO CHEKTPAJILHOTO THCTIA:

$r(G) < [E(G)].
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0. Averkin, L. Tymoshkevych

SPECTRAL RECONSTRUCTION NUMBER OF GRAPH K,

In this work, we introduce new formulations of inverse spectral problems for weighted graphs in
which certain spectral data (namely, the spectra of selected induced subgraphs) uniquely determine the
edge weights of the original graph. To quantify this, we define the spectral reconstruction number of a
graph Srn(G) as the minimum number of spectra of induced subgraphs required to uniquely recover all
edge weights of G.

Motivated by their broad range of applications, inverse spectral problems for various classes of
matrices have been actively studied in the literature. These problems typically involve recovering a
matrix, or part of it, from the spectrum of the matrix itself or from the spectra of its submatrices.

From a matrix-theoretic perspective, the problem concerns irreducible symmetric matrices with zero
diagonal and nonnegative off-diagonal entries, which are adjacency matrices of connected edge-weighted
graphs. Thus, the results obtained here offer new inverse spectral formulations for this class of matrices.

The main contribution of this paper is the exact determination of the spectral reconstruction number
for the complete graph on four vertices.

Keywords: spectra of a graph, eigenvalues, inverse spectral problems, weighted graph, subgraphs
of a graph.
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I[TPO TEIKI 3ACTOCYBAHHYA KEPOBAHUX
BUIIA TKOBUX ITIOJIIB 3 JIOKAJIBHOIO CTPYKTVPOIO
B3AEMO/III

Y cmammi pozeaanymo keposani 6unadkosi noas 3 A0KAALHOW CMPYKMYPor 63ae€modii ma ixHi 3a-
cmocysanna. Ocnosuy ysazy npudinero NUMAHHAM 3aCMOCYBAHHA ONMUMAALHOZ0 KEPYSAHHA BUNAIKO-
BUMU CUCTNEMAMU HG 2PAPAT, 30KPEMA 8 GHAAL3T PUSUKY KAMAcmpod, MOJEeAI08AHHT COUIANDHUL MEPEIHC
Ma NCUTOMEMPUYHOMY MePedAHcesomy ananridi. Onucarno mamemamuwni nidxodu, wo do3604a10Mb HOp-
MANMBYBAMU MA SUPIWYEAMU 36004 CMOTACUNHOT onmumidayii 6 makxux cucmemazx. Pesysvmamu
POOOMU MOAHCYMD OYMU 3GCTMOCOBAHT 8 eKOHOMIYI, Kibepbesneyi, COUIaAbHUT HAYKAT Ma THWUL CHEePaT.

Kirro4uoBi cjoBa: KepoBaHi BUIAIKOBI 110Js, JIOKAJIbHA B3a€MO/Iisl, ONTHUMAJbHI cTpareril.

Beryn

Teopisa croxacTuyHOl onTHMI3allii i Teopia Ke-
POBAHUX BUITAJKOBUX TPOIECIB JTOCTATHHO TTOBHO
TIpeCTaBjIeHl B HAYKOBiil 1 HaBYabHi JiTepary-
pi, HATOMICTb TEOPif0 KEPOBAHUX BUIIAIKOBUX IIO-
JIiB Hapa3i BUCBITJIEHO y BIJIHOCHO HEBEJIUKi#l Kijib-
xkocti myb6utikamiii. [Ipu 11boMy 3acTOCYBaHHST TEO-
pii BUTMAJIKOBUX TIOJIB i KepyBaHHS HUMU MOTEH-
IifHO JIOBOJII ITHpPOKe. Y TepIry dYepry 3aBIdaKN
OTPUMAHUM Pe3y/IbTaTaM IO/I0 iICHYBaHHS i MOTIILy-
Ky ONTHUMAJIbHUX CTPaTerii KepyBaHHS BUIIAIKO-
BUMH IOJIAMHU JJisi (DYHKIIH PUBHUKY JOBOJI IIH-
POKOTrO KJjacy. B miit poboTi po3riasgaaoThes aesKi
MOZKJIUBl 3aCTOCYBaHHSA TeOpil KepOBAHWX BUIIAJ-
KOBHX IOJIB 3 JIOKAJTBHOIO CTPYKTYPOIO B3a€MO/IIT
J10 33124 OIIHKK PU3UKY KATACTPOd, /I MOJIEIIIO-
BaHHS 1 aHAJII3Y B3a€MO/Iii y COIIaJIbHUX MEPEXKaAX.
a TaKOXK y TICHXOMETPUIHOMY MEPEKEBOMY aHaJIi-
3i.

KepoBaHi BUIIaIKOBi moJIsl 3 JIOKAJIBHOIO
CTPYKTYPOIO B3a€MOZIIT

V 1miit poboTi 718 OMHMCY KEPOBAHWX BUITAIKO-
BUX TOJIB 3 eJeMEeHTaMu, M0 B3aEMOJIIOTH CHH-
XPOHHO Ha TmiacTaBi iHdOpMarii mpo JToKaTbHUIL
craH, OyIeMO BHKOPHUCTOBYBATH MaTepiaa pobo-
T [1].

g cucrem 3 JIOKAJIbHO B3a€MOIIOYUMU KOOP-
JMHATAMU CTPYKTYPA B3aEMO/IIl BUBHAYAETHCS He-
OpieHTOBaHUM CKiHdeHHHM rpadom okojis I' =
= (V,B) 6e3 merenb i kparuux pebep. ['pad
Mae mMHOXKuHY BeprmH V i pebep B. Ilozuaunmo
{k,j} pebpo rpada, mwo 3’exnye Bepumuu k i j.
Oxkin Bepumnu k& — e muoxuna sepuun N (k) =
= {j: {k,j} € B}. lloBnnit okin sepmman k —
© Yopret P. K., 2024

ne N(k) = N(k) U {k}; 106T0 okin Bepmmmn k,

BKIIOYHO 3 k. [lj1a Bcix migmuoxkun K C V Bu3na-

qumo okt N(K) = |J N(k) — K, i noBuwuii okin
keK

N(K)=N(K)UK.

Hexaii qyia koxkuoi sepunu ¢ € V (X, X;) 3a-
JaHui JeaKuil ToabChbKuil BuMipHuit mpoctip X; #
#+ & 3 bopeniBebkoo o-anrebpoo X;. X, mo Bia-
nosinae (X;,X;), Ha3UBATUMEMO JIOKAJIBHUM 1IPO-
CTOpPOM cTaHiB BepmwHu 7. JJami obnagrnaemo X :=
= X X, MyJbTUILIIKATUBHOI o-ajredbpoio X =

1%
= 0{ X Z{i}, mopoKenoo 1o0ytkom X X;. X,

eV eV

wo siguosinae (X, X), I0basIbHAN  IPOCTIp
cTaHiB cucrtemMu. Jlaa KOXKHOI MAMHOKWHU Bep-
mua K C V no3HadmMo MapriHAJbHUNA BEKTOD
crany ¢ = (z;: 1 € V) rak: v = (v: k € K) €

€ Xk = x X;.
ieK
Busnaunmo gna K C V c-aarebpy Xx =
= a{ X %z} = Q@ X;, mopomxkeny x X;, a
ieK ieK ieK
Xy = X.

Osnavenns 1 (qus. o3navenns 3.2 B [1]). 1) Bu-
MAJIKOBY BEJIMYUHY

£:(Q,F,Pr) = (X,X) = (iexv X;, ®xi>

i€V

Ha3UBAOTH BHiaaxkosuMm nonem Ha I' = (V. B)
(abo mpocro BumaaKoBUM mojieM Ha V). s & #
# K C V wmaprinajpui BUIAJKOBI BeIUYMHU 3i
3HAaUYEHHAMHU B mpOCTOpi X mosnadarumemo i .
¥ pasi K = {k} mucarumemo &.

2) Bunauxose nouie § na (V, B) na3zupatorb Map-
KOBCHKHUM TIOJIEM, SIKINO JIJIs BCiX k € V BUKOHYe-
ThCS:

Pr{& e Cr|&v_ny =av_(n)} =
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=Pr {gk € Cr | ENk) = fUN(k)}v
VeeX, CpeXp (1)

ae Pr{& € Cy | vy = @n ), Biomosizmo
Pr{¢& € Cr | &v—(1y = Tv_{x}}, — peryisp-
Hi ymMoBHi fimosiprocTi Ha (X, X)) mas 3a1aH0T0
EN(k) = TN(k); BUITOBIITHO Ey (31 = Ty _ (1) -

3) (Kanoniune Bunakose moje) YacTo npurry-
ckarumeMo, 1o (2, F, Pr) y vacrusi (1) o3naveHHs
€ kauoHigHUM TpocTopoM. Tomi €k i & — Biamo-
BimHi mpoexril i Pré = Pr.

4) (Juckperni cranu) fkino Bei sokasbhi npo-
CTOpH CTAHIB JIMCKPETHL, TO 3a3BUYAil yTOTOXKHIO-
BaTHMEMO DPO3IMOJiJ BUMAIKOBOTO TOJS Ta #HOro
37IiY€HH] MIITBHOCTI 1 THCATNMEMO y BUTIKY HAaSAB-
HOCTi KAHOHIYHOT'O OCHOBHOT'O WMOBIpHICHOTO ITPO-
cropy Pr(¢ = ) = Pr¥{z} = Pr(z), = € X.

Ax1mo MapKoBChbKHiT mporec & 3a Horo modymo-
Boto Bianosinae cucremi okonis {N(k): k € V}

a (V, B), mpupoiHO MPUITYCTUTH, 10 Y BiAMOBII-

HOCTI 710 eBosmonii B waci iimosipaicTs moxil {&, =
= xp} B k-il BepumHi 3aj€KUTh Bij monepemHix
CTaHiB yCi€l CHCTEMH TiMbKHU 9€pe3 3HAYCHHS CTa-
uiB Bepuus 3 okosty N (k) (Bkuouno 3 k) y MomeHT
dacy t—1. st onmcy nporo BBEIEMO HOHSTTS Map-
KOBCHKOI BJTACTUBOCTI Y TPOCTOPI 1 Yaci BiAmoBitHO
0 O3Ha4YeHHS 1.
Osnauenns 2 (nuB. o3Hadenus 3.10 B [1]). Hexaii
&= {ft,t = 0,17...}, E:(Q,F,Pr) — (X, X) —
MAPKOBCBKUH HPOIEC 3 JUCKPETHUM YaCOM 1 Ipo-
CTOPOM CTaHiB

(X,%) = ( x X1,®3e)

i€V

Ilepexigni #imoBipHOCTI £ HA3UBAIOTDH AOKAALHU-
mu [2, ¢. 100], sxrmo

Pr{&tt e Cp & =2a',... 2 =2" =
_ t+1 zt
=Pr{gt € Gy |5N(k) }o@)
g k€ V, 20 ... 2t € X, Oy € X Bukony-
t 0
erbea Prlé 8 ) vaijike BCIOIHM; TOOTO TIepeximgHa
WMOBIpHICTDH BepIuHu k 3a7€KATDH TITHKHU BiJ CTa-
Hy i1 TOBHOrO OKOJY y TONEpeaHiil MOMEHT Jacy.
[Tepexinni fiMmoBipHOCTI £ HABUBAIOTH CUHTPOH-
Humu [2, ¢. 100], skuio

Pr {§t+1 €Ck | & = xt} _

_ H Pr {£t+1 | é—t — xt} (3)
keK
mna seix K C V, 2t € X, Ok = x C € Xk
keK

t
BUKOHYETbCS Pré -maiizke BCIOJM.

dxrmo £ 3amoBombase (2) i (3), To iT HA3uBaAIOTH
MAPKOBCHEUM NPOUECOM 3 NOKAALHO 63GEMOIIONU-
MU cunzpornumu komnonenmamu Ha (I, X), Ko-
POTKO — (3anevicke 6id wacy) Maproscvke 6unagd-
K06€e MOoAE.

Jlai onuimemMo CTPYKTYpPy MOAe el mIpuiHATTS
PiIIEHD 3 JIOKATBHUMH Ta CAHXPOHHUMHU KOOPMHA-
TaMu.

OsnauenHs 3 (quB. o3navenns 3.16 B [1]). Ioci-
JIOBHICTH MOMEHTIB MPUHAHATTS pimieHb (MOMEHTIB
KepyBaHHs:) — JacoBa 1mkaia N.

1) Ilpocrip pimenp (MHOXKUHA — KEPYHOUUX
BILJIUBIB), MOXJIMBMX B MOMEHTH LPUAHATTH Pi-
menb, — A = x A; wa I, me A; — MHOXUHa

2%
MOXK/IUBUX [iff (pimens) s Beprmay ¢. [puiy-
CcKaruMeMo, 1o A; — mojabcbKuii mpoctip 3 060-
peniBcbkoio g-amrebpoo 2A;. 2 — GopesiBcbka o-
anrebpa 100yTKy Ha A.

2) dkwo pis piiieHb B BepluuHi ¢ B MOMEHT
gacy t 3 icropiero h! € H! MHOXKHHA KepylOdmx
BIUIMBIB OOMexena Al (ht) C A;, Ha3UBATUMEMO
Al (h') MHOKIHOIO JIOKATBHO JOTyCTHMAX il (pi-
IeHb) B MOMEHT Jacy t 3 ictopieto ht € HY.

3) Ipunyckarumemo, 10 TAKUM YUHOM BU3HA-
YeHE MHOKMHHO3HAYHE BiIOOpazKeHHs

Al: H 2% —{@), h— Alh), eV,

3aJIe2KUTh TIBKU BiJI JIOKAJIBHOL icTOPil i BUMipHe
3a Bopenem.
Tyt ana 3aganoi icropil
t 0,0, 1 1 2 -1t t
hz(x,a,a:,a,z,...,x ,a x)EH

JOKaabHa icropis hf € HY pepuunu i Bu3HaYae-
THCS K

t_ (.0 0 .1 1,2
h; = (wN(i),ai,mN(i),ai,xN(i),...7
t—1 -1

—tal Tt et
N()’ N (i)

H! naninena caigom ! o-anrebpu 106yTKYy 1po-

)er.

¢
CTOpPY (Xﬁ(i) X Ai) X X )+ Taxox npumyckaru-
ai): ht e Hf a; €

MeMo, mo MEOKuEA K} = {(hﬁ,

e Al (ht)} MmicTaTh rpadik BumipHOro Bimobparke-
HHA i € BuMipHuMHE 33 Bopenem B ciigi o-anrebpu
nobyrky R = K!n (ﬁf X Qli).

Kpim Toro, MHOKUHI

Ky = {(%w‘“) TR € X o € 4] (””W)}

MPUTTYCKAIOThCA BUMIpHUME 33 Bopejgem MHOXKHT-
S ) t_ t
HAMHU B TPOCTOPI XN(i) X Aj, a k' = X K; BU-
i€V
Mmipuoio 3a Bopemem B mpocropi X X A, ne X =

= x Xz 1§:U{x%

iev NG icv
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K10 BimoOpazKeHHs A§ He 3aJIeKaTh Bis t, Mn-
carumemo k; := k!, t € N, ik :=r! t € N.
OsHauenns: 4 (aue. o3navenns 3.17 B [1]). He-
xaii ol — pimenns, MO OOMPAETHCA B BEpIIHHI i
B MoMeHT wacy ¢, of = (al:i € V) — cymicuuii
BEKTOD DillleHb B MOMEHT 4acy t.

1) PangomizoBana crpareria (momituka) m =
= (7rt: te N) KEPOBAHOI CUCTEMU 3 B3AEMOIIIOUN-
MH KOMITOHEHTAMHU i IIPOCTOPOM piters y ¢dopmi
JOOYTKY BH3HAYAETHCS K BEKTOP JIOKAJIHHUX TTO-

mruk m = (m;,¢ € V), e jia BepuiuHU § T; =

= {ﬂ'?, o ,ﬂ'f, . } — TIOCJIi/IOBHICTh TI€peXiTHUX
iMoBipHOCTEI
t 0 0 t—1 t—1 .t
wi—wz(\x,a, o' a ,x)

Takum uunom, 7! — fimosipuicna wmipa Ha
(A;, ;) mas Beix (xo,ao,,...,xt_l,at_l,a?t) i
BUMIPHHM 9HHOM 3aJIe’KUTL Bim icTopii ht =
= (2%4d°...,2"7 o’ o) cucremu mo t-ro me-
pexomy. Orxke, Mmaemo g Oyab-sikux B; € 2;

t 0 0 0 1
Pri{al e B; |’ =2"a"=d',...,
gl = ptl gtl = gt=l gt = xt}
t 0 0 t—1 t—1 _t
:ﬂi(B,-\x,a,...,:L’ ,a ,x). (4)
2) IMapasenbHO 3 CHHXPOHHUMU [EPEXOJAMU 1 JI0-
KAJIbHICTIO IIePeXiIHUX /€D 3aB2K/IU [IPUITYCKATH-
MEeMO, IO TPUAHATTS pPillleHb y BEpITUHAX 3Iii-
CHIOETHCA YMOBHO He3aJIe¥KHO BiZl 3a/1aHOi icTopii
cuctemu. lle mpw3BOAWTL 10 yHIpaBJiHHSA MPOIE-
COM, KEPOBAHUM CHHXPOHHUM SIPOM TIEPEXOIY

eV
7é-tfl $t71704t71 atil,ft — ﬂft}
::l_[Trzt(Bl'aj aaoa amt 17at_1axt)7
eV
B, e, a°€A, 2z*eX. (5

Osnavennsi 5 (gus. o3madenns 3.18 B [1]).
1)Hexaii B momentu nepexomy ¢t = 0,1,...
MHOKWHU JIOMYCTUMUX PIiIieHb 3TiTHO 3 O3Ha-
deHHsM 3 (3) 3a7ekarh TUIBKM B JIOKAJIBHOL
icropii, i pimenns a! BepmwHW i BUPOOIAECTHCS
BIJIMOBIIHO 71O HWMOBIpPHOCTI 7rf Ha migcrasi iH-
dbopmauii Tinbku 1po JoKambhy icropito hf =
= (m%(i),a?,...,x'gé),af*l,m%(i)

) CTaHiB OKO-
sy N (i) Bepiiunu 4 i nonepeauix pimens B . dkio

mt( AL(hl) | hl) =1, 1o 7! masmBaTMMeMO MOKAITH-

HO JOIYCTUMOIO, & TOCJiIOBHICTb MepexiIHuX iMo-
Bipuocreii (piuens) m; = {ﬂf,t eN } — JIOIyCTH-
MOIO JIOKAJILHOIO CTPATETICIO JJIS BePIINHNA ©.

m = (m,i € V) Ha3WBaTHMEMO IOMYCTHMOIO
JIOKAJIbHOIO CTPATETIEI0 JJIA MOIEi TPUHHATTS Pi-
IIEHb.

2) Homycrumy JIOKaJbHY crpareriio m =
= (74,9 € V) Ha3UBAIOTH JOILYCTUMOIO JIOKATIHHOIO
MapPKOBCHKOIO CTPATEri€I0, SKIIO

t 0 0 t—1 -1 .t
’7TZ-( |xﬁ(i),ai,...,xmi),ai ’%V(i))

=ni( 1950

3azHaguMo, 10 gK TLILKE MAEMO CIIPABY 3 JIOKAJIb-
HUMH MAPKOBCHKUME CTPATETiSIMH, MOXKEMO TpPH-
mycruru, mo Al (hi) 3aJIeKUTh TLNbKU Bim hl ue-
pe3 x% ()} 14 3MeHILena 3a/1€2KHICTh BUPAXKAETHCSA
ak Al (hf) =: Al (z%(i)).

3) Homycrumy JIOKajbHYy MapKOBCbKY CTpa-
reriio m = (m;,4 € V) Ha3WBaOTH JOIYyCTH-
MOIO JIOKAJIbHOKO CTAllOHAPHOIO (MapKOBCHKOIO)
crparerieio, sKIoO ! ( | Iﬁ(¢)> =7t ( | xﬁ(i)),
1€V, nna seix t, t” 1 Beix x.

4) Homycrumy JIOKaJbHY CTamioHapHy (Map-
KOBCBKY) crpareriio m = (m;,i € V) Ha3MBalOTh
JIOIMTYCTUMOIO JIOKAJIBHOIO CTAIlIOHAPHOIO JIeTepMi-
HOBAHOIO (HEPAH/IOMI30BAHOIO) CTPATEri€l0, SAKILO

1eV.

m(- | Tia ) € V, — omHOTOYKOBa Mipa Ha

Al (‘Tﬁ(i))’ i€V, nna Beix x € X.

Knac ycix momycTuMux JIOKAJIBHUX CTpaTeriit
mo3nagaTuMeMo LS miakirac JOmyCTUMUX JIOKATh-
HUX MApPKOBChKUX cTpareriit — LSy,. Ak LSg mo-
3HAYATUMEMO KJIAC JOMYCTUMHUX JIOKAJIbHUX CTa-
mionapuux crpareriit, LSp — Kiac J0mycTUMUX
JIOKAJIbHUX JeTepMiHOBaHUX (= 4uCTUX) Crpare-
riit, LSpy — Kjac JOMyCTUMUX JIOKAJTHHUX CTa-
nioHapHux (MapKOBCHKUX) JIETEPMIHOBAHUX CTPA-
TeTiil.

Baysasicenns 1. Maemo LSp C LSs C LSy C
LSiLSp CLSpy CLSp CLS.

Hamra mera mossgrae B Tomy, mo0 IpUdTH /10
MapKOBCHKOI CTPYKTYPH, TIOIIOHOT 10 O3HAYEHHST 2.
ITobymoBa mporecy npuBeae HAC A0 MPUILYIEHHS,
0 3aKOHW PYXY /Jisi CHCTEMHU MOXKHA OXapaKTe-
pu3yBaTu iHBapiaHTHUM y 4aci HADOpPOM HMOBIp-
nocreit nepexomy. Tobro, Komm cucrema nepedbyBae
B CTaHi y i TPUWHATO PilTeHHd, IO Ji€ a, TO, He3a-
JIEZKHO BiZ CBOET icTOpil, HACTYmHUIT cTaH BUOMpa-
€THCS BLAMOBITHO /10 3aKOHY TEePeXOIy, aKuil 3ajie-
JKUTh TLIbKU Bif (y, a).

BukopucroByiouu 1e, crpareris m BU3HAYHUTH
iMOBipHICHY Mipy Ha HIPOCTOPI MHOCJJIOBHOCTEN
(a®,a',...) mns koxmHOTO iKCOBAHOrO MOTATKO-
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soro crany z. Ilapy (&, 7) GyaeMo HasmBaTH Ke-
POBAHOIO BEPCI€I0 £ 3 BUKOPUCTAHHAM CTPaTerii m
Keposanwuii mporiec B3arani He OyIe MapKOBCHKUM,
TOMY IO (byHKLul wt, i € V, 3amexarb He Tilb-
KW BiJl CTaHiB J;~ Ny’ 1e€V,ai Bi,[l; TIOTIePETHIX

(mokampaEX) cTaHiB 2% Buacrusictb

e T
MapxkoBa BBejeHA B H&CEI%’HHOMy 0(3)HaquHi, micrs
9Oro OOrOBOPIOBATUMYTHCS TPUHITHIIH.
Osnauenns: 6 (quB. o3navenns 3.21 B [1]). Ila-
a (&,m) — KepoBaHHMil IIpOLEC 3 JIOKAJIBHO B3a-

GMO/IiIO‘H/IMI/I CHMHXPOHHUMH KOMIIOHEHTaMHu, 3a/la-

HUil Ha cKindeHHOMY rpadi B3aemomiit I' = (V, B),
axmpo & = (£': t € N) — nporec 3 npocTopom cra-
HB X = X X;i7m = (m:4 € V) — gonycruma

eV .
JIOKAJIHHA, CTPATETIA.

IMapy (£,7) Ha3uBalOTh KEPOBAHUM MAapPKOB-
CBKHM TIPOIECOM 3 JIOKATHHO B3aEMOIIOYNMHI CHH-
xpounumu komionedramu Ha (I, X), koporme —
(3asexkne BiJ| yacy) KepoBaHe MapKOBCbKE BUIIAJI-
KOBE TIOJIe, SKIIO TIepexoan £ BU3HAYAIOTHCS TAKUM
YUHOM:

s Bcix ¢ prche’ g e -Maiie
BCIOJIM BU3HAYEHI yMOBHI HMOBipHOCTI, 1110 3a/0-
BosbHeAIOTH A Beix K C V, C; € X, j € K,

ye X, a; € Aj(yﬁ(j))’ Cxk —jexKC

e at)

Pr {6?_1 S CK ‘ 50 = 1’07010 = aO,
7gt—l — o' ot =t gt =y 0t = a)
P {gt-‘rl K‘ft:y7at:a}

(2

= [[Prf{¢t €€ =y, =a}

JjEK

H Pr{ & € G I &gy = Ynpy s = “ﬂ}

3)

JEK
& H Q; (Cj | yﬁ(j)vaj>
JEK
2 Qi (Ck |y, a).- (6)

dAxkmo K = V, 6yaemo nucaru Qy(Cy | y,a) =
=Q(C | y,a).

Mapkoscbke a1po Q = HjEV Q; nasuBaTHMe-
MO JIOKQJILHUM 1 CHHXPOHHIM.

3acrocyBaHHS

ITpocmoposuti onuc xkamacmpod. Y po-
6ori [3] upouoHyerbecs 3acrocyBaru pPe3yJbraru
poboru [1] mo po3B’s3aHHS MPOOIEMH KaTACTPO-
diuanx pwuswkis. Ilpumyckaerbes, IO MOKJIU-
Bl cramm z! i Brpatm z! cucremm B Bepmm-
Hi ¢ y MOMEHT 4Yacy t BU3HAYAIOTbCs BHIIAIKO-
BUM LIPOLECOM (HALPUKIIA/L, IPUPOIHOIO KATACTPO-
doro) & 3 moxauBuMmu cranamu y € Y. Yepes

o t—1

Hi (2, 2! mt - ;0" ) mo3HaMUMO yMOB-
|25 2R Y UG y

i posnomimm napwu (z!, z!) B MomenT wacy ¢ 3a ymo-
BH, ITI0 y TONEPeIHI# MOMEHT 9acy CTaHU i BTPaTu

LS t—1 t—1
B okouii N (i) Oysu ( > zﬁ( )) npouec &1 oys

y crami y i 6yam npuitaaTi pimenna u' ' . Takwmit

N ( )
PO3MO/ILT BU3HAYAE AWHAMIKY 3MiH B CHCTEMi 3Ti-

JHO 3 TaKUM CIIiBBIIHOIIIEHHSIM:
t ot
p (t7 Ls Zz)

_ it ot
75 H(:cz,zl|x

yey

t—1 t—1 t 1
Ny “Ray ¥ ())

x P (& =vy),

ne p(t,xt, 2t) — posmoxin nmap (z,2!) B Mmoment
gacy t B Bepmudi ¢. JlomaTrkosa (ikcailris mogarko-
Boro posuouiny crauis p(0,x;, z;) nis Beix ¢ € V
TIOBHICTIO BU3HAYa€ AWHAMIKY 3MiH CTaHIB cmCTe-
MH.

Haui aBropu poboru [3] mpomonyooTs npocro-
POBe y3arajibHeHHsI MO/l KePyBaHHs TOBIOCTPO-
KOBUMH iHBecTuuisiMu y Oe3meky. Y nbpomy pasi
cranu BepmuH rpada TPAKTYIOThCA sIK PiBHI Oa-
raTCTBa areHTiB eKOHOMIYHOI CHCTeMH, a pedpa —
HasgBHICTH 3B’SI3KiB MiXK areHTamMu. Y BHITaIKOBI
MOMEHTH Yacy B KOXKHiii BepmmHi 7 € V Moxke
BinOyTucsa karacrpodidna momia abo TepopucTh-
gHa artaka (HE3aJeXKHO Bif MOl B iHmIAX Bep-
[IMHAX), SKi XapaKTePU3YIOThCs BUIIAJIKOBOIO Be-
muannoio ;. [lpumyckaerbes, Mo JesKi pecypcu
U;; BLHIMAIOTHCS BiJl T; i IOTIM iHBECTYIOTLCA B
saxozu Oe3neku B Bepiuuny j € N(i). IloBui inBe-
cTuiil B 3axoau Oe3[eKH B BEPIIHHI j CTAHOBJISTH
Zi eNG) Usj. IH]‘3€CTI/IL[i'1. B 3ax9,:m Ge3mnexn 3M(?HH_Iy—
IOTh IHTEHCUBHICTh aTaK, fKi y TAKOMY pa3i Bike
3asiexkarh 1 Big imBectuniii, To6To p; = p; (i, u;).
Kpim Toro, impectumnii B 3acobm 3axucry y By3Ji
1 MOXKYTb 3MEHITATHU 30UTKHU 3 KOEDIIieHTOM Ipo-
MPIAHOCTI

€ (i, 1) = 03 iMOBipHif}TIO ‘1 - pi (zi,u;),
¢i (x4, u;) 3 imoBipaicTio p; (T;, u;) -
Jlasti aBTOpY MPUTTYCKAIOTh, IO TEMTTH €KOHOMi-
YHOTO PO3BUTKY pl y BY3JIi 4 3a/1€2KaTh B/ BJIaCHUX
ingukaropis 3pocranus (1 + r;) i 36mtkis (1 — &;),
a TakokK (akTOpiB 3pocTaHHsd /30UTKIB y CyciaHix

By3J1ax, T06To p! = pt ( ) Bigmosigaa

)’fN (1)
JMHAMIYHA MOJIEIIb eKOHOMlKI/I HaOyBa€ BUTIIALY
t+1 t ty .t t t
€Z; - (.131 - ui)pi (Tﬁ(zygﬁ(z)) 5

x?:mi7 t=0,...,T—1,

ner N( ) ( 5] € N( )) — CYKYIHICTb BUIAJIKO-
BHX IHIMKATOPIB 3POCTAHHA y By3JIax N (1); 5}5\7 0

— CYKYITHICTh TIOKa3HWKIB 30MTKIiB y By31ax N (i) B
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nepios 9acy ¢ Bij araku Ha By30J1 ¢ abo Ha cycijni
Bysmn j € N(i); uf = 3 ciq) Uy — imsecrunii
y 6e3meKky By3Jsa ¢ 3 CaMOro By3Ja i i 3 CyCimHix
By3uaiB j € N(i). Banexuicts 106pobyTy JaHOro
By3Jla ¢ MepexKi Bij| CyCiJiB MO2Ke CIIOHYKaTu BYy-
3041 ¢ 3pobutnm imBecTHiii u;; > 0 B cycimHi By3mm
Jj € N(i).

HinnoBuit PyHKITIOHA [T OMTHMI3AI] BUTpAT
Ha 0e3rmeKy MOXKe MaTh BUTJIS,

T
F(z,u) =EZ’ykZﬁ(9L‘f) — max
k=0

: uclU
= eV

abo

T
. ' 1 .
Floww) = fim By 30 Fiol) — mas

ze f;(,) — BekTOpHA (YHKINI KOPUCHOCTI Ka-
mitamy y By3m i; v € (0;1] JIUCKOHTYFO-
quii MHOXKHUK; E — MaremaTwyHe CIIOJiBaHHS,
z = {x;,ieV}, u = {w;,i,jeV}, U =
_ {uij > 0| Y e q iy < Tiin € V}. O6wupi
3a/a4dl HGaraToOKpuUTEpiaabHi, TPUIOMY KOMIIOHEH-
TH BEKTOPHOI (DYHKITT ﬁ (+,-) MOXKyTH Bimobpazka-
TU Pi3HI ACIMEKTH KOPUCHOCTI Ta PU3UKY y BY3JI %.

Coumepeostci. He menin mikaBum 3acToCyBaH-
HSM Teopil KepOBAHUX MAPKOBCbKHUX IIOJIIB € MO-
JesoBanHs conMepexk. Hampukiaz, y po6ori [4]
POBTIISIAETHCA Taka rpadidHa MOIEIh COIiAIBLHOT
B3aEMOJIII.

Posrnsaemo corianbHy Mepexy 3 n iHAWBIIIB
abo ByaziB. Byson i acouitoerbes 3 Buusom A;,
pesynbTaTom Y; i, MOKIMBO, KoBapianTamu. Ha-
mpuKJIad, Y MOXKe TPeACTABIATH AyMKu abo pe-
KJIAaMHI KaMmaHil; Y Moxke BimoOparkaTu MOBEIiH-
Ky, a A — 3a0xo4yBajbHI Brpy4aHHs, abo Y Moxke
npeacraBiaaTy iH(exiiiHe 3aXBopoBaHHd, a A —
BakiuHamio. ¥ anasisi pimens Bepxosuoro cyiy
CIHIA, nomanomy B poGori [4], YV; — e Ginapna
3MiHHA, SKa BimoOparkae, uu OysI0 pileHHs Cy/I-
i 4 JjibepanbHUM 4YM KOHCepBaTWBHUM, a A, ske
OJIHOYACHO OXOILTIOE BCIX CYyJ/JIiB, € iHJUKATOPOM
cdepu posriamy cupasu. Koau mepekoHauHs abo
JYMKW IHIUBIIB TpoxonsaTh (a3oBi nmepexomn 10
BIOPSIKOBAHWX CTAHIB, HATIPUKJIA, KOJIU € 30BHi-
ITHIN THCK OCSATTH OJHOCTAWHOTO KOHCEHCYCY, ab0
KOJI MOYKHA CTBED/?)KYBaTH, IO PO3MO/IiJ TOBe-
JIHKH, TepeKOHaHb, AyMOK abo iHIHX pe3ysbTa-
TiB JI0CAra€ piBHOBArM B MexKax 3B’s3KiB Mepexi,
TOMI JIAHIIOTOBUIT rpad Moxke OyTH MpPaBUIBHUM
TTIXOIOM JIJTST MOJIEJTIOBAHHSI CITLIBHOTO PO3TIOILTY
pe3ybTaTiB y MepexKi Ta BILIUBIB Ha Il pe3y/ibTa-
tu. Hanpukian, y nanux Bepxosroro cyay CIITA
PE3YJIbTATH IIPEICTABIAIOTD PillIEHH, YXBaJIEHl 3a
YMOB YaCOBUX OOMEXKEHb Ta TiJ TUCKOM JI€B’SATH

CYIJIiB JOCATTU OJHOCTANHOrO pillleHHSs; Il PillleH-
HsI MOXKYTb CIIPaB/Ii Tepe0yBaTH B CTAHI pIBHOBATH.

VY cTaTTi pO3NIAIAETHCA 3aCTOCYBAHHS KEPOBa-
HAX MapKOBCHKUX TIOJIB Y KOHTEKCTi Kay3aJbHO-
ro aHaIi3y B COIIaJbHUX MepeKax Ta JIAHIIOTO-
Bux rpadax. JlocmimKeHHsa OOIPYHTOBYE BHKOPH-
CTaHHS JAHIIOrOBUX rpadiB AK iHCTPYMEHTY st
MOJIEJIIOBAHHSA B3Aa€EMOJIN MixK 1H/IMBILyaJIbHUMU
OIMHUIIAMHU, IO TiIJAITHCS BILIMBY COIAJIHHUX
3B’s3KiB, iHTEpPdEPEHTIIl Ta MOIMMUPEHHS PE3yIbTa-
TiB.

Hanpsimuieni anukiiuni rpadu (DAG) i nan-
miorosi rpadu BUKOPHUCTOBYIOTH /IJIsi BHU3HAYEH-
HsI CTATUCTUYHUX 1 MPUINHOBO-HACJIJIKOBUX MO-
neneit. Crarucruyni rpadivni momesi moB a3y0Th
criocrepexkyBanuit posnozain ganux p(V) i3 rpa-
oM, e BepIInHU OB SI3aHI 3 BHUIAIKOBAME Be-
suanaamvu y V. I'padiuni momeni gacro Busma-
JamThest 3a gomomoror dakropusarii, ge p(V)
MOXKHQ, 3AMUCATH K JOOYTOK MEHIHX (DAKTOPIB
i3 MpaBWIOM I OTPUMAaHHs IHX (DPAKTOPIB, 3a-
naanM rpadoM. [IpuaInHOBO-HACTIAKOBHIT BHUCHO-
BOK i3 /JaHUX CIIOCTEPEXKEHb IMOJIATAE B TOMY, 100
pobuTy BUCHOBKK 11010 (PAKTUIHHX ab0 ITOTEH-
MIHHUX 3HAYEHb BUMAJIKOBUX BEJIMYWH HA OCHO-
Bi posmoziny manux crnocrepexenns p(V). Ilapa-
MEeTPH IPUIUHOBO-HACTIIKOBUX 3B S3KiB, IO CTa-
HOJIAATH MEPIIOYEPrOBUil IHTEpeC, siK IPABUJO, €
c/TabOBUMIPDHAME HiICyMKAMU, OTPUMAHUMU 3 PO3-
OB, a He caMuX po3nomiiiB. Hampukiam, ce-
peIHiil TPUINHOBO-HACTIIKOBUI edeKT BU3HAYAE-
Thest 5K cepeaniii kontpact E[Y (a)] — E[Y (d))].
puaunoBo-nacaiakosi moneni DAG € moryxuu-
MU IHCTPYMEHTAMHU I BU3HAYEHHS IPUIMHOBO-
CTi 3 BUKOPUCTAHHAM JAHWUX CIOCTEPE’KEeHL 1 Ha-
OyJIu IITIPOKOTO 3aCTOCYBAHHS B €ITiAeMioJIorii, co-
IMiaTbHAX HAyKaX Ta IHIMUX Taly3daX i MOXKYTb
OyTH BHUKOPHCTAHI [IjI BUBEIEHHsI TEOpil imeHTn-
dikamii y ckmaaanx 6araTOBUMIPpHUX HTPUIHMHOBO-
HACJIJIKOBUX CHCTEMAaX.

KepoBani MapKOBCHKiI TOJI BUKOPHUCTOBYIOTH
AK CIOCIO mapaMeTpu3allii MepesKeBUX JAHUX, IO
JI03BOJISIE 3MEHINUTH BUMOTH 10 O0CATY JaHuX i
MOJIETTIye€ OOYMCIeHHs i OIHIOBAHHS MOJIeeil.
VY crarTi HPOIEMOHCTPOBAHO, IO TaKi MOAEsi MO-
KyTh e(PEKTUBHO OTMHUCYBATH TPOIEC (DOPMYBAHHST
KOJIEKTUBHUX pillleHb, 30KpeMa Ha TPUKJIAIL pi-
merb Bepxosroro cymy CILIA.

Apropamu 0OOr'pyHTOBAHO, IO TPAJMINIHI Me-
TO/IM KAay3aJIbHOI'O aHAJII3y, OCHOBAHI Ha HAIPSM-
sennx amukaiuanx rpadax (DAGs), moxyTb OyTn
HETPUIATHUMMY /171 aHATII3Y B3aEMOJIN y COIiaIh-
HAX MepexKaxX Jepe3 IXHIO CKJIQIHICTh 1 BUMOTH JI0
obcary mannx. HaromicTs JanIiorosi rpadu 3a6e3-
eIy IOTH OiIbIIl KOMITAKTHE TIOJAHHS 3AJI€2KHOCTEH
Ta Ja0Th 3MOry (popMmasidyBarTu PiBHOBaXKHI CTa-
HU B3a€MOJIH Y COIaTLHUX MeperxKax.
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IIcuxonozisn. FckpaBuM NPUKIIAIOM 3aCTOCY-
BaHHA rpadidamx momeseil y mcuxosorii € crar-
T [5], sika bOKyCyeThCsT Ha BUKOPWCTAHHI TICHXO-
METPUIHOTO MEPEZKEBOTO aHAJIZY M JTOCTIIZKEH-
Hsl CTPYKTYDH Ta B3a€EMO3B’sI3KiB y OaraToBUMip-
HUX JIAHUX, 30KPEMa B MCUXOJIOTIIHUX JTOCTiI2KEH-
uax. Ilpu npoMy ciia BuaimTH Taki OCHOBHI MO-
MEHTH:

e I aHAJI3y MepexKi BUKOPUCTOBYIOTH I'pa-
diuni Momemni, e By3IH MPEACTABISIOTH
3MiHHI, 8 pebpa — yMOBHI acomiamii MixK HE-
MU, MEPEKi JTO3BOJSIOTH BUSABIIATH TATEPHU
acoriariif, siki 9acTo BimoOparkaioTh JIATEH-
THY CTPYKTYPY JaHUX;

® 17T OIIIHKYW MEPE¥KEBUX CTPYKTYD BU3HATAE-
ThCA TOTOJIOTiSI MepeXKi, 30KpeMa MIIHHICTH
3B’$I3KiB, EHTPAJbHICTb BY3JB Ta CTPYKTY-
pa KjacTepiB, MepexKi aHAII3yIOThCS dYepe3
KOHTEKCT TUMYACOBUX JAaHUX (HALPUKJIAL,
4aCcoBl psiyiu) ab0 LAHEJIbHUX JIOCILJKEHD;

® II[0/I0 3aCTOCYBAaHHS PE3yJIbTATIB MOXKHA BH-
JiIUTH TakKi OCOOMMUBOCTI: y MOCITiTKEHHSIX
0COOHUCTOCTI MeEpeKi JO3BOJIAIOTH OIUCATH
B3aEMO3B’S30K MiK PHCAMHU XapaKTepy Ta
MOTHBAIAHUMY IisMu; y cdepi BUBYCHHS
CTaBJIEHb MOJETIOIOTHCSA 3MIHHA B OIIIHKAX Ba-
2KJIMBOCTi CTABJIEHD, IO JOMOMATa€ MOSCHU-
TU TOJSAPU3AILI0; y HOCHLJIPKEHHSX IICUXi-
YHOTO 370POB’S Mepexi BimoOpazkarmTh B3a-
€MO3B’S3KM MiXK CHMIITOMAMHU, IO CIPHUSIE
KpAIOMy PO3YMIHHIO MPUYWH Ta MOXKJIWBUAX
BTPYYaHb;

® BHUIIAIOTH TaKi TepeBaru MapHUX MapKOB-
CbKHUX BHUIMAJKOBUX TOJIB: THYYKICTH y JO-
CJTII?KeHHI YMOBHHX 3aJIeKHOCTEH 663 HeoO-
XiJJHOCT1 KOPCTKUX AIPIOPHUX IPUIIYIIEHb,
Mepexki 3a6e31e4yoTh HAOUHE IIPe/ICTaBJIEH-
HS JTaHUX, CIIPUSIOYN MeHeparlii rimores;

® Pa3oM 3 THIM, € EeBHI OOMErKeHHsI Ta BUKJIN-
KM, Cepeji SKUX TPYAHOIII 3 IHTePIPeTALiE0
IIEHTPAJIBLHOCTI BY3/IiB i 3aJ€XKHICTH Bi/Tl BU-
Oopy 3MIHHUX, HEOOXiTHICTH TOTATKOBHUX 0~
CJIIIPKEHD JJI8 BJOCKOHAJIEHHS METOIIB 00PO-
ONeHHsT JAHUX, HAPHUK/IAI, /s IPOIyIIe-
HuX ab0 HEOTHOPITHUX TAHUX.

CraTTs HAroJONIyE HA BAYKIUBOCTI MEPEKEBO-
ro aHaJ3y K MOTYXKHOTO iHCTPYMEHTY JIJIsi PO-
3yMiHHS CKJIQTHUX B3a€MO3B’sI3KiB y HararoBumip-
HHUX JAHUX, OCOOJHUBO B IICUXOJIOTIYHIA Hay1I.

BucHoBknu

Teopiss KepoBaHWX BUMAIKOBUX TMOJIB, TOMPH
CBOIO BiTHOCHY MAaJIOJIOC/IIZKEHICTh TOPIBHSAHO 3
TEOPIEI0 CTOXACTUYHOI ONTUMIi3aIlil Ta KepOBaHUX
BUIIAIKOBUX IPOIECIB, JEMOHCTPYE 3HAYHWI IO-
TeHIIiaJ /IUTs MPAKTUYHOIO 3acTocyBanus. Barkiu-
BHUM JOCATHEHHSM Y IIill rasry3i € orpuManns QpyH-
JAMEHTAIHHUX PE3YJIbTATIB MO0 iCHYBAHHSA Ta
METO/IiB TIONIYKY ONTUMAJIbHUX CTPATETriil KepyBa-
HHsI BUMAIKOBAMHU TOJSAMHU JJIs MIHPOKOTO KJIACY
dyukiiit puzuxy. OcobauBy yBary npuBepTae Mo-
2KJIMBICTh 3aCTOCYBAaHHH I1ii€l Teopil y BHUIIAJKAX,
Jie HasgBHA JJOKAJIbHA CTPYKTypa B3aemosii. Hamps-
MU TPAKTUIHOTO BUKOPUCTAHHS HE OOMEXKYIOThCS
OIIHKOIO PU3HUKIB KATacTpod, MOIEIIOBAHHAM Ta,
aHAJI30M B3a€EMO/Iifl y COIiaibHUX MepeXkax, a Ta-
KOXK IICHXOMETPUYHUM MepexkeBuM anasizom. lle
CBiTUNTH TPO MIKINCIUTIIIHAPHWI XapaKTep Te-
opil Ta ii MOTeHIiiHy YHIBEepCAJBHICTH y 3aCTO-
CyYBaHHI /10 Pi3HUX TpeaMeTHnX rajiyseit. [logamn-
A PO3BUTOK Teopil moTpedye po3IMMUpeHHs HaYy-
KOBOI Ta HaBYAJIbHOI JITEPATYPH, a TAKOXK PO3PO-
OJIEHHST METO/IOJIOTI] 3aCTOCYBAHHS 10 KOHKPETHUX
MPAKTUIHNX 3a7a4. JIoKambHa CTPYKTYpa B3a€MO-
Jii BUCTYTIa€ KJTIOYOBOIO XapaKTEPUCTHKOIO, IO BH-
3Havae crenndiky 3acTOCyBaHHS TeOpil, TOMy Ba-
KJIMBUM € PO3BUTOK METOJIIB ONTUMI3AIl /s pi-
3HAX KJaciB (DYHKINH PHU3UKY, IO BiJIOBIIAIOTH
peaIbHUM TIPAKTUYIHUM cuTyarism. st edexTun-
HOT'O BIIPOBA/PKEHHS TEOPETHIHUX PE3YIbTATIB He-
00Xi/THO 30CepeuTH yBary Ha pO3pO0JIeHHI CIelri-
aJTI30BAHUX METO/IB JIs KOXKHOIO 3 BHU3HAUEHHUX
HAMPsAMIB 3aCTOCYBAaHHS, PO3BUTKY MATEMATHIHO-
ro amapary s OUIBIT TOYHOTO OIMHCY JOKATh-
HUX CTPYKTYP B3aEMOJIIT Ta CTBOPEHH] BiITOBITHIX
nporpaMuux iHcTpyMeHTiB. OcobsmBy yBary ciin
IPHUILTATH PO3POOTEHHIO METO/IIB, IO J03BOISIOTH
BpPaxoByBaTH CHeru@iKy JOKAJTbHUX B3AEMOIIN y
KOHKDETHHX [PAKTUYHUX cuTyaniax. Takum 4u-
HOM, HE3BAXKAIYW HA BITHOCHO OOMEKEHY MpeI-
CTaBJIEHICTh y HAYKOBiil JiTepaTypi, Teopis Kepo-
BAHUX BUMNAJIKOBHUX IIOJIB Ma€ 3HAUYHMUI ITOTEHIAT
JIUISE TPAKTUIHOIO 3ACTOCYBAHHS B PI3HUX TajTy3sX.
CTOCYBAHHSI MOYK€ CYTTEBO BIIMHYTH HA, €DEKTHB-
HICTh PO3B’SI3aHHS BaXKJIWBUX MPAKTUIHUX 33739
y pisHmx cdepax JOACHKOI MisiIbHOCTI, Bix TexHi-
YHUX ACIIEKTIB OIHKU PH3UKIB KATacTPOd IO CO-
HiaJIbHUX TA ICUXOJOTTYHUX ACHEKTIB aHaJi3y Me-
pexk B3a€MO/Iil.

Cnucox aimepamypu
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ON SOME APPLICATIONS OF CONTROLLED RANDOM
FIELDS WITH LOCAL INTERACTION STRUCTURE

This paper explores controlled random fields with a local interaction structure and the fields’ potential
applications. The primary focus is on optimal control problems for stochastic systems defined on
graphs, emphasizing risk assessment, social network modeling, and psychometric network analysis. The
study formalizes mathematical approaches that facilitate stochastic optimization and decision-making
in complex systems with locally structured interactions.

The theoretical framework is developed within the context of Markov random fields, where inter-
actions are defined on finite graphs. The article introduces a mathematical model that captures local
dependencies among interacting elements and derives methods for optimizing their collective behav-
ior. A key result concerns the existence and characterization of optimal control strategies in stochastic
environments, demonstrating their applicability to risk management and dynamic decision-making.

The paper also discusses the use of controlled Markov fields in social network modeling. Specifically,
it examines how individuals influence each other within structured networks and how equilibrium states
emerge under specific interaction rules. This modeling technique proves useful in predicting opinion
dynamics, social polarization, and decision-making in hierarchical systems.

A further application is psychometric network analysis, where controlled random fields facilitate
the study of cognitive and psychological interactions among individuals. The methodology enables
the identification of latent structures within high-dimensional psychological data, improving predictive
accuracy in behavioral sciences.

The results contribute to interdisciplinary research at the intersection of mathematics, economics,
and social sciences. The findings provide valuable insights into how locally structured systems can be
effectively managed and optimized in various applied domains.

Keywords: controlled random fields, local interactions, optimal strategies.
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FRACTIONAL CALCULUS AND ITS APPLICATION IN
FINANCIAL MATHEMATICS

Fractional calculus extends classical calculus by allowing differentiation and integration of non-integer
orders, providing valuable tools for analyzing complex systems. In this part of the paper we demonstrate
the main methods of fractional calculus, including Fuler’s, Riemann-Liouville, and Caputo approaches.
The behavior of functions such as x™, e’*, and sin(x) is analyzed for fractional orders, demonstrating
how fractional differentiation results in varying patterns of growth and decay.

The second part explores the application of fractal derivatives in financial mathematics. We present
the use of the Riemann-Liouville derivative to model stock prices in illiquid markets, where the price of
an asset may remain unchanged for some time. For this, subdiffusion processes and a fractal integro-
differential equation with the Riemann-Liouville derivative are used. The idea of subdiffusion models is
to replace the calendar time t in the risk-free bond motion and classical GBM by some stochastic process
Hy, which represents a hitting time, which is interpreted as the first time at which G hits the barrier t.

Next, we focus on the pricing of a Furopean option when the underlying asset is illiquid. The option
price is found as a solution to a fractal Dupire integro-differential equation, in which the time derivative
is replaced by the Dzerbayshan— Caputo (D-K) derivative. The D-K derivative is a generalization of
the Caputo approach. The form of the D-K derivative depends on a random process Gy, called the
subordinate. We take a standard inverse Gaussian process with parameters (1,1) as the subordinate Gy
and formulate the Proposition about the form of the fractal Dupire equation for the chosen subordinate.
These approaches provide tools that allow the investor to take into account the illiquidity of the financial
markets.

Keywords: fractional calculus, Riemann-Liouville derivative, Euler’s approach, Riemann-Liouville
approach, Caputo‘s approach, subdiffusion, Dupire equation, Black-Scholes model, Partial Integro-
Differential Equations, Dzerbayshan—Caputo derivatives, subordinator.

Introduction tive and integral have past memory making them
much more advantageous than classical counter-
parts. The history of fractional calculus can be
traced back to the work of Euler and Laplace in the
18th century. Later, other prominent mathemati-
cians such as Caputo, Liouville, and Riemann also
made significant contributions to the field. Over
the past few decades, this branch of mathematical
analysis has gained attention due to its significant
potential for applications in various fields includ-
ing physics, engineering, finance, and biology. The
main idea of fractional calculus is to extend the
An interesting question is the existence of dif-  concepts of differentiation and integration to func-
ferentiation and integration for fractional order, tjons with non-integer orders. This allows for a
the so-called fractional calculus. As explained in  more accurate description of complex phenomena,
[2], the classical derivative restricted by rate of  such as anomalous diffusion [7], viscoelasticity [11],
change falls short to describe many phenomena and fractal behaviour [12].
that could not be constructed properly by inte-
ger order calculus encompassed by fractional calcu-
lus. Due to this fact, fractional derivatives are pro-
posed for capturing the past history as in the clas-
sical integration. Hence, both fractional deriva-

Differentiation and integration are fundamen-
tal concepts in mathematics that have been stud-
ied intensively for centuries. In its simplest form,
differentiation involves calculating the slope of a
function at a given point, while integration involves
finding the area under a curve. These concepts are
well known and have been thoroughly studied over
the years, leading to clear and well-known results
that are widely used in a wide variety of fields.

The purpose of this paper is to study ap-
proaches to fractional calculus, illustrate them by
visualizing the results in the Python programming
language and demonstrate how Dzerbayshan— Ca-
puto (D-C) derivative is used for option evaluat-

© D. Zubritska, N. Shchestyuk, D. Sluchynskyi, 2024
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ing. By achieving this goal, this study aims to fill
the gap in the existing literature on this topic and
provide a better understanding of the potential of
fractional calculus in financial mathematics.

The paper is organized as follows. The sec-
ond section consists of two subsections. In the
first subsection the comparison between classi-
cal and fractional calculus interpretations is dis-
cussed. Also we review the main approaches to
fractional calculus: Euler, Liouville, Riemann, and
Caputo. The second subsection focuses on the
Riemann—Liouville approach to fractional calculus.
This approach builds upon the Riemann method
and the Cauchy integral formula, allowing for the
generalization of integration to non-integer orders
using the Gamma function. The fractional in-
tegral is defined, and its important properties,
such as the additive property of fractional integrals
and the relationship between fractional integration
and differentiation, are discussed. The Riemann-
Liouville approach has a huge application in fi-
nancial mathematics and it is used for stock price
modeling on illiquid markets. The Caputo’s ap-
proach modifies the Riemann-Liouville definition
to simplify initial condition handling in fractional
differential equations, making it highly valuable
for real-world modeling. The updated approach
is known as Dzerbayshan—Caputo derivative intro-
duced later and is applied for option pricing on
illiquid markets. In the last subsection, we ex-
amine how the fractional order « influences the
behavior of derivatives across the Euler, Caputo,
and Riemann-Liouville approaches. The behavior
of functions such as 2™, e** and sin(z) is analyzed
for fractional orders, demonstrating how fractional
differentiation results in varying patterns of growth
and decay.

The third section is devoted to the applica-
tions of fractional calculus in financial mathemat-
ics, particularly for describing the dynamics of
the illiquid markets. Classical models, like Black-
Scholes, assumes that asset prices follow Brown-
ian motion, a process with independent and sta-
tionary increments. However, these models often
fail to account for the irregularities and memory
effects observed in illiquid markets, where asset
prices exhibit anomalous behaviors like stationar-
ity or jumps. In this context, fractional calculus
and subdifusive models which incorporate hitting
times and irregular trading activity provides a nat-
ural extension to incorporate such complexities, of-
fering a more accurate representation of the under-
lying dynamics of financial illiquid assets.

First, we mention the usual model of subdif-
fusion, which is the celebrated Fractional Fokker-

Planck equation (see for example [8]). This equa-
tion is based on the Riemann- Liouville fractional
derivative and describes the probability density
function w(t) of the sub-diffusive stock process.
This theory fully detailed in the literature (see for
example [7], |6, [8]). The application of the Frac-
tional Fokker-Planck equation to the risk measur-
ing in financial mathematics you can find in [22].

After that we focus on the option pricing prob-
lem under subdiffusion. The main idea of subdif-
fusive is to replace calendar time ¢ by hitting time
H;, which interpreted as the first time at which
stochastic process (so called subordinator) G hits
the barrier ¢. Initially for the option pricing under
subdiffusion was used the method of discounted
mathematical expectation of the payoff function
under risk-neutral measure (see for example [7],
6], [23], |24]). A new method was proposed re-
cently by the Donaten and Leonenko (see [20]),
which uses a fractional Dupire equation with Dzer-
bayshan—Caputo derivatives for deriving the Euro-
pean call option.

In this study we just apply the idea of this ap-
proach for the standard IG process (SIG), which
simplifies the equation and recovers the fractional
Dupire form under specific conditions. It is note-
worthy that this approach was detailed for inverse
a— stable and inverted Poisson processes in [20],
for inverse inversian Gaussian in |21], for Gamma
in [22].

Finally, we formulate the proposition about ap-
plication of the fractal Dupire PIDE in the case
of the SIG subordinator. By incorporating frac-
tional calculus, we have used for SIG a model that
captures the non-local and memory-dependent na-
ture of market dynamics, offering a more accurate
and flexible tool for pricing financial instruments
in such environments.

Interpretations and approaches to
fractional calculus

Main approaches to fractional calculus.
Fractional calculus is an extension of traditional
integral integration and differentiation. Similarly,
fractional exponents are an extension of integer ex-
ponents.

Integer calculus has clear and well-known phys-
ical and geometric interpretations. For example,
the geometric value of a first-order derivative at
some point xg is equal to the tangent of the tan-
gent line to the graph of the function at the point
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with the abscissa xy and is equal to the angular
coeflicient of this tangent line.

In the case of differentiation and integration
of arbitrary order, there were no clear geometric
and physical interpretations for almost 300 years.
Eventually, however, interpretations were found.
In |10], the geometric interpretation is the so-called
‘shadows on the walls’, and the physical interpre-
tation is ‘shadows of the past’.

Here is an explanation of what exactly these
interpretations are. For example, the geometric
interpretation of fractional integration is to add a
third dimension to the standard pair 7, f(7). If 7
is time, then the added dimension can be called a
‘deformed’ timescale. The physical or mechanical
interpretation of fractional calculus is to use two
types of time in calculations: cosmic and individ-
ual.

Since this paper is devoted more to the math-
ematical side of the issue, it is worth describing
the ‘shadows on the walls’ in a little more detail.
The geometric interpretation of the fractional in-
tegral is to display the so-called ‘fence’ on two
walls, as is clear from this sentence, fractional cal-
culus provides a third dimension for analysing a
function. Together with the ‘fence’, whose shape
changes according to the change of time ¢ from 0
to b, its shades on the walls also change, represent-
ing the right-handed Riemann-Liouville fractional
integral and the classical integral with a moving
lower bound. [10]

The history of fractional calculus starts from
the work of Euler and Laplace in the 18th century.
In 1730, Euler proposed a generalization of this
formula:

(d"z™)
(dz™)

=m(m—1)...(m—n+1zm™

Using the properties of the Gamma function:
F'm+1)=m(m-1)...(m—n+1)I(m—-—n+1)
he came up with the following formula:

(d"z™)  T(m+1)
(den)  T(m—n+1)

(m—n)

This formula is very useful and easy to use for cal-
culating fractional differentials of functions of the
form f(x) = z%, where a € R. [9]

In the period from 1832 to 1855, Liouville pro-
posed three important definitions for fractional
calculus. In the first definition, using the ex-

ponential representation of the function f(z) =
(d™ex)

J— m ,a
@ = aetx

= Y cne™®, he generalized

as:

dv - .
f(x) _ Z Cnazea"l
n=0

dxv

Its second definition is a fractional integral |9):

g o 1 - z + a)a* tda
[ = gy |, ook

/“ P(x)dx" = ﬁ /Ooo O(x — a)attda

By replacing  + o and « — a with 7 in the above
formulas, the following formulas were obtained:

' po 1 - N1 =) dr
[ w0 = iy [ w0 -

/“ B(x)dxc = —— /:O B(r)(r — z)"Ldr

r
The third definition Eg)a fractional differential:
THD _ E () pe+ ht
+7H(T._21)F(x+2h) .
d”dl;(tx) = flTZ (F(m)%F(m —h)+
+L‘f '_21)F(x o) —

From 1847 to 1876, Riemann proposed the other
definition of the fractional integral:

Do) = o | S — 0" ()t + ()

The Riemann-Liouville definition is one of the two
most famous in the field of fractional calculus, it is
a combination of the previous two definitions: the
definition of the derivative of the Cauchy integral
formula and the Riemann definition.

f(r)dr

o (i) [

In this formula, n is the so-called ‘ceiling’ of «,
which means that n is the smallest integer greater
than the number whose ceiling it is, in our case
n—1<a<n.l9

oD f(t) =

Another well-known definition is Caputo’s def-
inition, created in 1967, and as mentioned earlier,
it is an improvement of the Riemann-Liouville def-
inition for the calculation of fractal equations. [9]

1 Lofr(nydr
I(a—n) /a (t — 7)oti-n’

(n—1<a<n) (1)

S DR () =
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The Riemann—Liouville approach. The
Riemann-Liouville approach is based on the Rie-
mann approach and the Cauchy integral formula.

By using the Cauchy formula for repeated inte-
gration over parameters, we can calculate the an-
tiderivative « of the function order several times,
which leads to the following formula:

7((;1)! /O (t—7)*" f(r)dr

As mentioned in another section, the generalisa-
tion of the factorial is the so-called Gamma func-
tion. So, to improve the already obtained formula,
we will replace this factorial with the Gamma func-
tion, generalising the result.

1 K a—1
m/o(t—ﬂ f(r)dr,a>0

I°f(t) =

1°f (t) =

This formula is a working formula for fractional in-
tegration. It is called the Riemann-Liouville left-
handed integral. This integral is considered one
of the easiest formulas to understand in the world
of fractional calculus. The main note is that «
can be a complex number due to the limitations of
the Gamma function, but always with a real part
greater than zero.

This integral has the following important de-
pendencies:

I (Iﬁf) — Ia+ﬁf%1a+1f _ Iaf

Unfortunately, we cannot simply say that a dif-
ferential of order « will be equal to an integral of
order —a. Due to the presence of the Gamma func-
tion in the Riemann-Liouville left-handed integral
formula, the use of negative order is not possible,
and hence it cannot be used to define a fractional
order differential.

To start converting an integral to a differential,
you should start with the fact that after differenti-
ating n times, the integration will be equal to the
original function itself.

d- I"f)=f(t

@) = £ ()
This means that the derivative is the left-hand side
of the integral. However, the integral is not the
left-hand side of the derivative because the integral
adds an arbitrary constant. That is, in general, the
inverse of the previous property is not true. Un-
der this condition, we would still like to be able to
define differentiation through operations that are
understandable and possible. Such an operation,
which has the desired properties, would be:

Here, [«] is the ‘ceiling’ of «, the result of round-
ing the number to the next smallest integer greater
than the given number. Let’s write this record in
more detail:

D000 s (4 [ L
(2)

where n is the ceiling of a. This is the left-
handed Riemann-Liouville fractional derivative.
Most fractional calculations are long and compli-
cated, if not completely intractable, if performed
manually without the help of a computer.

Illustration of fractional calculus ap-
proaches to some basic functions. In this
subsection, we will illustrate and visualize the Eu-
ler, Riemann-Liouville, and Caputo approaches to
fractional calculus for some functions.

a) Euler’s approach.
d"z™  T'(m+1)
dem T(m—n+1)

:rﬂl—11 (3)
The simplest example is the following function:

fla) =1

for which:
1
dee T (1—«)

In this case, we substitute m = 0,n = «, where
alpha is the order of differentiation, into the for-
mula . Using Python, we visualize the graphs
of the differentials of the function f (z) = 1 for the
following orders: 1,32 1 3

2'20 T 20 T2
alpha = 1/2 alpha = -1/2
75 _—
50 g
-
25
I
' élphalz 32 ' élpha =.312

0
-250
-

=500

-750

050 075 100 0.00 025 050 075 100
X X

000 025

Figure 1. Graphical representation of the fractional
differentials of the function f (z) =1 using the
formula in Python.
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In order to obtain Figure 1, the matplotlib
library was used to calculate the result of the
Gamma function, using the gamma() method,
which returns the value of the function depending
on the input x. Another example is solved below
for Euler’s formula, in this case the function has
the following form:

flz)=a

Let’s repeat the steps described above. In formula
([2), we will make the following substitutions: m =
=1, n = «, where « is again the order of differen-
tiation. After performing these steps, we will get
the following function:

d*x =@
dee T (2—a)

Again using Python and its matplotlib library and
the gamma() method, we will calculate and dis-

play the graphs of the differentials of the following

function of orders: % 3 L 3

»20 T2 T
alpha = 1/2 alpha = -1/2
10
>0s
—//
00 T T T T T — T T T T
alpha = 372 alpha = -3/2
75
50
-~
25
000 025 050 075 100 000 025 050 075 100

X X

Figure 2. Graphical representation of the fractional
differentials of the function f (z) = x using formula

in Python.

As you can see from the previous examples, the
Euler approach is very convenient for calculating
fractional differentials of functions of a type:

f(x) = 2™ n € Q. Analyzing the graphs of
the derivative functions shown in Figures 1 and
2, we can draw the following conclusion: there is
no single law by which these functions are con-
structed. For example, for a = 3/2f(z) = 1 will be
monotonic and strictly increasing, and for f(z) =
= z the fractional differential will give us a mono-
tonic strictly decreasing function. Similarly, for
a = 1/2, the function is strictly decreasing for
f(z) = 1 and strictly increasing for f(x) = =z.

While for the other two alphas, no such dynam-
ics is observed.

b) Caputo’s approach

At first glance, this approach (see ) seems overly
complicated and requires too many calculations.
However, according to Theorrm 5 of Maria Ishtev
[5], the differential of an exponential function is of
the form:

f(z)=eM

and after a number of transformations, it looks
like:

dae)\:r > )\k+nxk+nfoz

_kZOF(k—f—l—i-n—a)
AnxnfaE17n7a+l, (4)

dz®

where A e C,n—1 < a <n,a€ Rné&N. The
proof of this theorem is based on the generalised
Mittag-Lefler function for two parameters:

0 k

Eap(2) = Z ma

k=0
a,8>0, o, BER, z€C

and the facts from [5]:

n—1

k—a
DRF0)=D"F 1)~ Y =y O
k=0

t>0,aeR n—1<a<n

and
Dae)‘t = tiaELl_a()\t).
With this formula, we can already write solu-

tions for several examples. Let’s start with the
function:

flx)=e"
Let’s use the formula and get it:

xk+n—o¢

daem_i
dz® _k:OF(k—i—n—i—l—a)

Using WolframAlpha, we visualize graphs of order

differentials: %, —13

13 _3
2020 2"
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alpha= 1/2 alpha=-1/2
v y
1 14
1 .H"‘ 12} r/
10 / 10 _/
8 / 8 /
/
6 p \ //
/ g ,/
e e
- -
B x x
1 3 1 1 3
alpha=3/2 alpha=-3/2
I \": it
12} f“ 12 ;‘J
/ /
10 / 10 /
8 / 8 //
; /
s yd 4 ) Ve g

Figure 3. Graphical representation of the fractional
differentials of the function f (z) = €® using the
formula (ED, using WolframAlpha.

For the next example, let’s look at a function:
fz)=e*

Using the formula , we get the following differ-

ential function:

da62w oo 2k+nxk:+nfo¢

dx® k:OF(k—l—n—l—l—a)

Using WolframAlpha, we visualise graphs of order
differentials: %, L3 3

272 2°
alpha =172 alpha =172
) ;
st . 35
/
6 / 30 /
/ /
/
' / 0 ,/
/ /
/ 15| /
/ 10 /
B _ v o 05
{ x )/ x
1 0 -0 0. 10 1 15 -1 -0 [0 10 1
alpha =312 alpha = -312
) y
11 / /
| /
12} / L /
/ /
10 / /
8 10 /
/
o/ |/
i/ 05} /
I / I //

Figure 4. Graphical representation of the fractional
differentials of the function f (x) = ¢*” using the
formula (ED in WolframAlpha.

Analyzing the graphs of the derivative func-
tions shown in Figures 3 and 4, we can draw the
following conclusion: these functions have a clear
pattern. It can be noted that in both figures, the

graphs correspond to the behaviour of the integral
differential for functions of the form f(x) = e™*.
Thus, we see that the change in a changes the y-
value of the point of intersection of the graphs with
the ordinate axis. The growth dynamics of the
graphs also has a single pattern that corresponds
to the whole number.

¢) The Riemann-Liouville approach.

The application of the Riemann-Liouville formula
(2) requires numarical methods of calculation,
which is a separate complex task. It is also im-
portant to note that Python library for it has very
large limitations. This library contains methods
for calculating two approaches: Riemann-Liouville
and Grunwald-Letnikov.

Main

Function Usage

GLpoint Computes the GL differintegral at a point

oL Computes the GL differintegral over an entire array of function values using the Fast Fourier
Transform

6Ll Computes the improved GL differintegral over an entire array of function values
RLpoint

Computes the RL differintegral at a point

RL Computes the RL differintegral over an entire array of function values using matrix methods

Figure 5. A set of functions and their functionality
of the differint library.

Using this library, let’s give an example for a
trigonometric function:

f (2) = sin(x)

Let’s use the RL() function to calculate the order
differentials: %, -1, —32

5:—35,—5- And visualise the results
using the mathplotlib library:

alpha =172 alpha = -1/2

alpha = -3/2

024

>

011

0.0 1
000 025 050 075 100 ©0 02 04 06 08 10
X X

Figure 6. Graphical representation of the fractional
differentials of the function f (z) = sin(z) using the
approach, using the Python library differint.
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Analyzing the graphs in Figure 6, we can only
note the monotonicity of each of the functions
shown on it. So for all three values of o used,
the functions are increasing. However, we cannot
observe any single behaviour that would depend on
the order of differentiation and would correspond
to the behaviour of the function f (z) = sin(z) in
the integer domain.

Fractional calculus in financial
mathematics: Option pricing for
subdiffusion model

In traditional financial markets, the Black-
Scholes model is widely used for option pricing(see
[4], [3]). However, in illiquid markets where trad-
ing delays and irregularities occur, classical diffu-
sion models often fall short. Subdiffusive mod-
els|1], which incorporate waiting times and irregu-
lar trading activity, offer a more accurate way to
represent such markets.

The idea of subdiffusion models is to replace
the calendar time t in the risk-free bond motion
and classical GBM by some stochastic process Hy,
which represents a hitting time, defined as:

Hy=inf{r >0:G, >t} (5)

and interpreted as the first time at which G; hits
the barrier t. H; is positive, non-decreasing and
has all the properties to be used as a stochastic
clock. By construction, the inverted process may
be constant. Therefore, any process subordinated
by H; exhibits motionless periods.

The definition of hitting time is based on
the use of some other random process called a sub-
ordinator G;. The subordinator G; is generally a
non-decreasing stochastic process.

The usual model of subdiffusion is the cele-
brated Fractional Fokker-Planck equation (see for
example [8]). This equation describes the probabil-
ity density function w(t) of the sub-diffusive stock
process:

ow_ [0 PP
et u@x 2 0x2

- w(a,t), (6

where D f (t) is is the left-handed Riemann-
Liouville fractional derivative (see sections above
and formula (2)). This application of the frac-
tional derivatives to the financial mathematics is
a quite important, but the more detailed consider-
ation of this problem is outside the framework of
this paper.

This study focuses on the option pricing prob-
lem under subdiffusion.

In the classical diffusion model, the fair price of
a European call option on an asset with price St
at time ¢ is provided by the Black-Scholes formula.
The alternative way to compute the fair price using
Dupire equation [15].

For the subdiffusive we derive the European call
price using a fractional Dupire equation with Dzer-
bayshan—Caputo derivatives|13].

For this aim we start with classical Dupire
equation and consider the case when o (S, t) = o
is the constant. Then the Dupire equation has a
form

oCc(T, K
9C(T, K) +7(T)C = u(T)C—
o oCc 1 9?C 0
_ e - 272
WK oo + 50K s,

where C(T, K) is the option price at time T" with
strike price K, r(T) is the risk-free rate, u(7) =
=7r(T) + q(T) is the drift, ¢(T) = 0 is the contin-
uous dividend rate and o is the volatility.

After that we input variable ¥ = In K. The
derivatives with respect to K are then transformed
as follows:

o 10 0? 1 0?

0K Kok’ 0K2? K20k?
Substituting these expressions into the original
equation, we obtain the Dupire equation in terms

of k=InK:
oC(T, k) _TﬁC(T, k)
or ok 2
For the option pricing in subdiffusion model we
just replace the derivative for the time in the
Dupire equation by a Dzerbayshan—Caputo (D-C)
derivative (see |20], |[13]). So, the fractional Dupire
PIDE has a form

a2 9*C(T, k)

YDO(T,k) = 22 (T, k) + 0—28—20 (T, k)
H\+, - ok H\+, 2 Ok2 H\+, )
where ¥ Du(t) is the convolution-type derivative,

called the Dzerbayshan-Caputo (D-C) derivative.

The Dzerbashyan—Caputo derivative general-
izes the classical Caputo|14] derivative by incorpo-
rating a convolution kernel. This adaptation pro-
vides greater flexibility in modeling market behav-
ior influenced by memory effects and irregular tem-
poral dynamics. Specifically, it allows the model to
accurately capture the heavy-tailed waiting time
distributions and subdiffusive characteristics often
observed in illiquid markets. By combining frac-
tional calculus with the dynamics of Lévy subor-
dinators, this approach bridges the gap between
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theoretical models and observed market anomalies.
We focus on this derivative to better account for
the stochastic time changes driven by inverse sub-
ordinators, making it particularly well-suited for
subdiffusive option pricing.

The D-C derivative for a function u(t) is given
by:

‘I'Du(t):b%u(t)—i— /0 %u(t—s)u(s)ds. )

Here, the function ¥ represents the Lévy expo-
nent associated with the subordinator G;.

In this study, we use the Standard Inverse
Gaussian (SIG) process as the subordinator Gy.
Inverse Gaussian (IG) subordinator G; is a non-
decreasing Lévy process, where the increments
Giys — G, follow the inverse Gaussian distribution
0(dt,~) with probabilities density function (PDF):

ot 51— (0212 t+7) 2

W) = s

and with Lévy measure

z > 0;

(=%
e\ 2 /dx, x>0,t>0. (10)

s
) = e

For v = 6 = 1 we have the standard IG distribu-
tion in the form

" (_@4)2)
e 2x
V23 ’

For a given subordinator G, its inverse, denoted
as Hy, is defined by the hitting time Hy . The
density function h(z,t) of H; has an integral rep-
resentation [16] and for standard IG distribution
has a form:

f(.’L‘,t) =

z>0,t>0.

e W

1 1 [
h(xz,t :fex_f/ sin (z4/2y)+
@0 = h [ ey

+1/2y cos (z1/2y))dy.

The moments of H; can be numerically evalu-
ated using h(z,t), and explicit formulas for the first
and second moments were obtained via Laplace
transforms. Asymptotic behavior shows that for
large ¢ |17]:

(1), ~>0
E(Ht)w{ (% 6%)15 7=0

Var(Hy)~ (%)2 t2.

For the standard case (§ = 1,7 = 1), we have
E(H;) ~ t and Var(H;) ~ t* and this fact ex-
plaines why we choose these parameters.

Thus we focus on standard inverse Gausian sub-
ordinator(see |18]|) G Its Lévy-Khintchine repre-
sentation can be written as:

+oo
U(z) = /0 (1 —e**)u(dz),

where 7 is the Lévy measure.

The Lévy measure for standard IG subordina-
tor will be:

1
V2723

Thus, the integral kernel v(s) in is the integral
of 7 over (s,00):

v(dz) = e"2dz, z>0,,t>0. (11)

+oo 1

—€
s V Q'ITZS

—_Z
2dz

v(s) =

_ %_f(é) _

Here, erf(x) denotes the error function, which
is related to the standard normal cumulative dis-
tribution function ®(x):

2 -
V(s) = 20 (s) — 2 +
21s

Then we can represent the D-C derivative as:

et )ds
V21rs .

Now, substituting this to , we obtain:

T Du(t) :2/0 %u(t—s) (@ (5) = 1+

T 9 e~ 3
—Cy(T—s,k)(® -1+ ds =
[ grenr s (29 )
r 0 o2 9?

(12)

Thus we can state the following proposition.
Proposition 1. If the subordinator G for the hit-
ting time (@ is the Standard Inverse Gaussian
(SIG) process, the fair price Cy (T, k) of the Eu-
ropean option with time to maturity T and strike
price K is the solution of the PIDE (@, where:

o O(s) is the standard normal cumulative dis-
tribution function;

e 1 is the risk-free rate;

e o is the asset volatility,
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e k=logK.

It is worth noting, that the Dzherbashyan-
Caputo fractional derivative plays a crucial role in
this model cause it incorporates the nonlinear dy-
namics of the market, particularly the delays mod-
eled by the subordinator. The convolution kernel
of this derivative includes the function ®(s), which
captures heavy tails and the slow decay of the wait-
ing time distribution. This enables the model to
accurately reflect the behavior of illiquid markets
and pricing anomalies.

Remark 1. To solve the PIDE numerically, the
time T and space k variables are discretized into
grids with steps At and Ak (see |20]). The in-
tegral term is approximated using the trapezoidal

rule or quadrature, while the derivatives % and

03—]:2 are computed with finite difference methods.
An implicit time-stepping scheme is used for sta-
bility, with initial conditions C (0, k) = (eF — K)*
+ and asymptotic boundary conditions applied at
k — £oo. The equation is transformed into a sys-
tem of algebraic equations and solved iteratively
using numerical tools like Python or MATLAB,
ensuring accuracy and stability of the solution.
Another calculation algorithm was presented by
Omid Nikan et al [19].

Conclusion

Fractional calculus is a branch of mathematics
that extends classical calculus to allow differenti-
ation and integration of non-integer orders. This
study looks at the main methods of fractional cal-
culus: Euler’s, Riemann-Liouville, and Caputo ap-
proaches.

The study analyzes the functions ", e**, and
sin(x) for fractional orders like 1/2, —1/2, 3/2, and
—3/2. Euler’s method was used to find analytical
solutions for the functions f(z) = 1 and f(x) =
= z. The Riemann-Liouville method was applied
to the function f(x) = sin(z) using the Python
differint library. The graphs of the differentials
showed that the behavior of the functions changes
depending on the specific case, with no general pat-
tern across all cases. The graphs demonstrated

consistent trends of either growth or decay, similar
to what is observed in integer-order differentiation,
where different orders of differentiation lead to dif-
ferent behaviors.

The Caputo method was used on the functions
f(x) = e® and f(x) = e**, with approximation
methods applied. Unlike the previous cases, the
fractional differentials for these functions followed
a consistent pattern, with the graphs behaving
similarly but differing only in the intersection point
with the y-axis, depending on the order of differ-
entiation.

In the Riemann-Liouville approach, the study
used the RL() function from the differint library
to calculate the fractional derivatives of the func-
tion f(x) = sin(z) for orders 1/2, —1/2, and —3/2.
The graphs of the resulting fractional derivatives
showed that all the functions exhibited monotonic
growth. However, there was no clear pattern that
could be attributed to the order of differentiation
in the same way as integer-order derivatives.

In financial modeling, the Riemann-Liouville
fractional derivative has been used to describe sub-
diffusive processes, improving the Black-Scholes
model by accounting for market features that tra-
ditional models don’t capture, such as irregular
trading and delays. By adding subdiffusion with
a fractional Partial Integro-Differential Equation
(PIDE) using the Dzerbayshan—Caputo derivative,
the model better reflects how asset prices move
by considering memory effects and subdiffusive be-
havior.

The study finds that subdiffusive models are
more accurate and sensitive, especially in captur-
ing market behaviors like periods of price stabil-
ity. However, these models are computationally
heavy and not suitable for real-time use by most
investors. While fractional calculus is a powerful
tool for modeling complex systems like fluids and
fractals, it requires a lot of computing power and
time. While these models are useful for specific
tasks, they are not necessary for general financial
applications. Therefore, developing simpler ap-
proximation methods remains an important area
of research. This study shows that fractional cal-
culus can improve financial modeling.
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Sybpiuvra /. €., lecmiwox H. FO., Caywuncorud . FO.

OPAKIIIVMHE YNCJIEHHYI TA 10T'O 3ACTOCYBAHHY ¥V
OIHAHCOBIIT MATEMATUIII

OpaxiiiifHe YNCIEHHsT PO3MINPIOE KJIACHYHE YHUCJIEHHS, JTO3BOJISIIOUN Ir(DePEHIiIOBAHHS Ta iHTerpy-
BaHHs JIOBLIBLHOIO (HEILJIOro) MOPSAIKY, IO HAJAE IiHHI IHCTPYMEHTH IS aHAJI3Y CKJAIHUX CHCTEM.
VY miit yactuni pobOTH MU JEMOHCTPYEMO OCHOBHI METOMN (PPAKIIIHOTO UUCIEHHS, 30KpeMa IIiIX0au
Eitnepa, Pimana-Jliysins ta Kamyro. Amamisyerbest mosesinka GyHKIii, Takux gk ", e i sin(z),
Uit (DPAKIIHUX MOPSIIKIB, 10 JEMOHCTPYE, K (DpakiiiitHe 1udepeHIiioBaHHs TPU3BOIUTD JI0 PI3HUX
3aKOHOMIPHOCTEH 3pOCTAHHS Ta 3TacaHHs.

Y npyriit 9acTUHI JOCTIIKYETHCS 3aCTOCYBaHH (PPAKTATLHUX MOXiTHUX ¥ (PIHAHCOBIM MaTEMATHUIN.
Mu nipeicTaBiisieMO BUKOpUCTaHH:A 1ToXiaHol Pimana-JIiyBimis 1jist MOe/ TIOBaHHS IMHAMIKY ITiH aKIIiif Ha,
HEJIKBIJTHUX PUHKAX, JI€é BAPTICTh aKTUBY MOYKE 3aJIUIIATHUCS HE3MIHHOIO MMPOTATOM JIesIKOTo dacy. s
[IOI'0 BUKOPUCTOBYIOThCS CyOandy3iitai mporecu ta dpakraiabHe iHTErpo-audepeHIiajibHe PIBHIHHS 3
noxinnoro Pimana-Jliysims.

Ines cybnndysiitnux Mozeseii mossArae B TOMY, 1106 3aMiHUTH KaJleHIapHuil yac ¢ y pyci 6e3pu3uKoBol
oburiranil Ta KJIACHIHOMY reOMeTpHIHOMY GpoyHiscbKoMy pyci (GBM) JiesiKkuM CTOXaCTHIHUM IPOIECOM
H,, siKuif € MOMEHTOM JIOCATHEHHS [EBHOTO piBHsA. loro MOXKHa iHTepHpeTyBAaTH K HEpIIHi MOMCHT,
kot tipotiec Gy mocsirae 6ap’epy t.

Hani My 30cepe KyeMocs Ha OIIHIOBAHHI I[IHU €BPOIEHCHKOrO OMITIOHY Yy BUIAJKY, KOJIU 0a30BUi
akTuB € HeJTikBiHuM. [iHa omiioHy BU3HAYAETHCS sIK PO3B’sI30K (PPaKTAJIBHOIO IHTErPO-TH(hePEHITIaIBHOTO
piBasansg Jiomipa, B 9KOMy HOXiJHA 32 4acoM 3aMiHIOEThCs noxigno JIxepbamsana-Kamyro (D-K).
Tloxinna D-K € yzarampoennam migxomxy KamyTo. @opma moximmoi D-K 3amekuTh Bif BHUMIaIKOBOTO
nporiecy Gy, SKU HA3UBAIOTH CyOOPAMHATON. MU pO3IJIsgaeMo cTaHIapTHUN 0OepHEHUIT rayCciBChKuit
nporec i3 mapamerpamu (1,1) sk cybopaunary Gy 1 pOpMyIIIOEMO TBEPKEHHS IPO BULJIAT, (QPAKTAIb-
Horo piBusHHg Jlfomipa /i1 BUOpaHoi cyoopmHaTH.


http://encyclopediaofmath.org/index.php?title=Black-Scholes_formula&oldid=50024
http://encyclopediaofmath.org/index.php?title=Black-Scholes_formula&oldid=50024
https://www.investopedia.com/terms/b/blackscholes.asp
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3aB/ISIKY 3aIIPOIIOHOBAHUM II1/IX0/IAM 1HBECTOP OTPUMY€E iHCTPYMEHTH, IO JO3BOJISAIOTH HOMY BpPaxo-
ByBaTU HEJIKBIIHICTH (HiHAHCOBUX PUHKIB.

Kirro4uoBi cioBa: dpakiiiine qncienus, nmoxigua Pimana-Jliysismurs, minxin Eitnepa, minxin Pimana-
Jliysimna, migxia Kamnyro, cyomudysisa, pisusaus lomipa, mogens Bieka-ITloyn3a, gacTkoBi inTerpo-
nudepenttiaabhi piBHsHHS, oxiaHl JIxepbamsua-KamyTo, cybopaunara.
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GAN-GENERATED STROKES EXTENSION FOR PAINT
TRANSFORMER

Neural painting produces a sequence of strokes for a given image and artistically recreates it using

neural networks.

In this paper, we explore a novel Transformer-based framework named the Paint

Transformer to predict the parameters of a stroke set with a feed-forward neural network. The Paint
Transformer achieves better painting results than previous methods with more inexpensive training and
inference costs. The paper proposes a novel extension to the Paint Transformer that adds more complex
GAN-generated strokes to achieve a more artistically abstract painting style than the original method.
This research was originally published as a Master’s thesis [1J.

Keywords: neural painting, transformer, GAN.

Introduction

Painting has been an excellent way for humans
to record what they perceive or even imagine the
universe around them and has long been known
to demand proficiency. Computer-aided art de-
sign essentially fills this gap and enables us to
make our creative pieces, particularly with the ap-
pearance of Al. However, most current generative
Al painting methods are still centered on teach-
ing computers how to "paint" at the pixel level to
achieve or mimic some painting style, for exam-
ple, purely GAN-based approaches [2| and style
transfer [3]. Humans create artworks through a
stroke-by-stroke process, using brushes from coarse
to fine. It is of great potential to make machines
imitate such a stroke-by-stroke process to develop
more genuine and human-like paintings. Thus, as
an emerging research topic, stroke-based neural
painting is analyzed to generate a series of strokes
to mimic how human painters create artistic works.
Generating stroke sequences for the painting pro-
cess is challenging even for skilled human painters,
especially when the targets have complicated com-
positions and rich textures. Some previous work
tackles this problem by a sequential process of gen-
erating strokes one by one, such as greedy search
step-by-step [4], recurrent neural networks [5], and
reinforcement learning |6]. Using an iterative op-
timization process, techniques [7] tackle this prob-
lem via stroke parameter searching.

Although these methods generate attractive
painting results, considerable room for advance-
ment in both efficiency and effectiveness still ex-
ists. Sequence-based methods such as RL are rela-
tively quick in inference but suffer from lengthy
training time and unstable agents. Meanwhile,
optimization-based approaches do not need train-
ing, but their optimization process is highly time-

© M. Poliakov, N. Shvai, 2024

consuming. Distinct from earlier techniques, in
this paper, we explore the painting process as a
set prediction task and a novel Transformer-based
framework, named Paint Transformer, proposed
by [8], to predict the parameters of a stroke set
with a feed-forward neural network. Paint Trans-
former achieves better painting results than previ-
ous methods with more inexpensive training and
inference costs.

Despite excellent Paint Transformer results,
there is room for further improvement. The paper
proposes a novel extension to Paint Transformer
that adds more complex GAN-generated strokes to
achieve a more artistically abstract painting style
than the original method.

Related work

Paint Transformer. Paint Transformer is
a progressive stroke prediction procedure. The
model predicts multiple strokes in parallel at each
step to minimize the difference between the current
canvas and our target image. Paint Transformer
has two modules: Stroke Renderer and Stroke Pre-
dictor. Provided a target picture, Iy, and an inter-
mediate canvas picture, I., Stroke Predictor yields
a set of parameters to choose the current stroke
set S,.. Then, Stroke Renderer renders the stroke
picture for each stroke in S, and plots them onto
the canvas I, creating the resultant image I, [8].
Or simply:

I = PaintTransformer(I., I;) (1)

Only Stroke Predictor is trainable in Paint Trans-
former, while Stroke Renderer is a parameter-free
and differentiable module. Stroke Predictor has
a self-training pipeline that uses randomly sam-
pled strokes. During training, in each iteration, a
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list of foreground stroke parameters Sy and a list
of background stroke parameters S, are randomly
sampled. Stroke Renderer then generates a can-
vas picture I, by taking as input S and producing
a target picture I; by overlaying Sy onto I.. In
the end, Stroke Predictor taking I, and I; as input
can predict a stroke list S,., after which Stroke Ren-
derer can produce a predicted image I, taking S,
and I. as intake. Therefore, Stroke Predictor op-
timization is conducted on both stroke and pixel
levels and the training goal can be stated as:

L= Estroke(sra Sf) + Epizel<lr7 It) (2)

where Lyizer and Lgirore are pixel loss and stroke
loss, respectively. Strokes are randomly sampled
so that unlimited data for training can be gener-
ated. Thus, Paint Transformer does not need any
prepared-in-advance training dataset.

In Paint Transformer, a stroke is a simple 1-
channel brush image, called primitive brush, which
can be transformed by shape parameters and color
parameters. The shape parameters of a stroke in-
clude height h, width w; a center point coordinates
x, y, and rotation angle . Color parameters con-
tain RGB values represented as r, g, and b. Thus,
a stroke s can be denoted as {x,y, h,w,0,r,g,b}.
Let I, and I,,; be an input and output canvases,
and S = {s;},_, is alist of n strokes. Given a prim-
itive brush image I, and a stroke s;, Stroke Ren-
derer can change its color, and affine transforms its
shape and location in the canvas Cartesian coor-
dinate system, obtaining its rendered stroke image
fg. Also, the renderer generates a 1-channel alpha
map «; with the same shape of fg, as a binary mask
of s;. Representing Ifnid = Iip and IV .0 = Loy, it
is possible to write the stroke rendering operation:

Lia=a L+ (1—a") I} (3)

mid
and the whole Stroke Renderer process as:
Iyt = StrokeRenderer(I;,, S) 4)

The purpose of a Stroke Predictor is to predict a
set of strokes that can cover the distinctions be-
tween an intermediate target and a canvas image.
Taking I., I; with dimension 3 x m x m as input
(here, m is the stroke image’s width and height,
and 3 is the number of channels), Stroke Predictor
passes I, and I; through two independent convolu-
tion neural networks to extract their feature maps
as Fe, Fy with dimension ¢ x 7 x 7.

Afterward, F., F;, and a learnable positional
encoding |9] are concatenated and flattened as the
intake of the Transformer encoder. The decoder

part takes N learnable stroke vectors as intake.

Ultimately, the decoder predicts initial stroke pa-
rameters S, = {sl}i\il and stroke confidence C, =
= {cq}fil using two branches of fully-connected
layers.

Furthermore, in the forward phase, confidence
score ¢; can be transformed to a decision d; =
= BinarySign(c;), where BinarySign is a binary
function whose value is 1 if ¢; is positive and is
0 otherwise. The decision d; is used to decide
whether a predicted stroke should be painted on
the canvas image. Because the BinarySign func-
tion has zero gradient almost everywhere to enable
backpropagation sigmoid function o(z) is used to
compute the gradient [8]:

8d1 . Oo (Cl) . €xXp (701')
de; O (1+exp(—ci))2 ©)

Collecting all inferred strokes with positive deci-
sions, it is possible to get the final S, = {si}i]il
with N strokes and define Stroke Predictor as:

Sy = StrokePredictor(1., It) (6)

Paint Transformer can simultaneously mini-
mize the differences between target and prediction
on both image and stroke levels. Here is a list of
losses that are used to train Paint Transformer [8]:
Pixel loss is straightforwardly used to recreate a
target image. Thus, the pixel-wise loss Ly;zei be-
tween I, and I; is minimized on the whole image
level:

Lyiver = | — L], (7)

Stroke loss is essential to define suitable metric for
estimating the difference between strokes on the
stroke level. To achieve the best results, three-
component losses are combined in the loss. Stroke
L distance is intuitive (s, and s, indicate pa-
rameters of strokes u and v, respectively):

DL = llsu = sully ®)

Wasserstein distance is used because using the L,
metric alone ignores different scales for large and
little strokes. A rectangular rotational stroke with
parameters {x,y, h,w,0} can be represented as a
2D Gaussian distribution N(p,> ) by the next
equations as stated in [10]:

w=(z,y),
54 _ [ cos6 —sind 5 0 cosf  sind
| sinf cosf 0 % —sinf  cos6
w

2

%sin29+ %00529

w—h

5 COS 0 sin 6

|: %COSQB—‘r%SinQ@ —h cosOsin O :|

)
Hence, the Wasserstein distance between Gaussian
distributions N (g, »,,) and N(py,Y.,) is (where
Tr denotes the trace of a matrix):

1
u,v l l 5
D = |lpu — poll3 +Tr <zu +3, -2 (23 zuzs) ) (10)
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Binary cross-entropy is used to predict a stroke’s
confidence with the positive (negative) ground-
truth decision should be as high (low) as possible.
Let’s assume s, as a target stroke with ground-
truth label g, and s, as a predicted stroke with
confidence ¢, and, where g, = 0 if s, is an empty
stroke and g, = 1 if s,, is a valid stroke:

Dyl = —gu-logo (cu) = (1 = gv)-log (1 — o (cu)) (11)

The number of valid ground-truth strokes varies
during training. Paint Transformer has a match-
ing instrument between the prediction set S, of
N strokes and the ground-truth set S, of a max-
imum N strokes (there could be both empty and
valid strokes in S;) to compute the loss function.
Paint Transformer uses the permutation of strokes
that yields the minimal stroke-level matching cost
to calculate final loss using the Hungarian algo-
rithm. For prediction set S, that has a stroke s,
and for the target set S, that has a stroke s,,, their
cost value is (corresponding cost for empty target
strokes is always 0):

Mu,v = Ggv (IDQIL‘;U + ,Diqfl’/v + Duw)

bece (12)
Thus, marking the optimal permutations for pre-
dicted and target strokes as X and Y, respectively,
that are provided by the Hungarian algorithm, re-
spectively, the stroke loss is given by:

Lstroke = EZQY}-(IDL; L+IDVV1 4+ D7t L) (13)

bee
=1

Paint Transformer imitates a coarse-to-fine algo-
rithm to mimic an artist and yield painting results
during prediction. Provided a photo of dimension
H x W, Paint Transformer runs from coarse to fine
in order on K rankings. Painting on each ranking
is conditional on the result of the prior ranking.
The target image and current canvas are cut into
the number of non-overlapping P x P patches be-
fore being processed by the Stroke Predictor.
Neural Painters. The paper by Reiichiro
Nakano investigates different experiments with
neural painters built on differentiable simulations
of a non-differentiable painting program. Firstly,
two methods of training a neural painter using
VAEs and GANSs, respectively, are presented. Sec-
ondly, the paper recreates SPIRAL reconstruction
results [11] using a non-RL learning adversarial
technique with a neural painter. Thirdly, the use
of a neural painter as a differentiable image pa-
rameterization is suggested. By optimizing strokes
directly using backpropagation, a method is sug-
gested to visualize pre-trained image classifiers by
letting them to paint classes they were trained

to determine [12|. For the purposes of this pa-
per, we are specifically interested in the GAN-
reconstruction of a non-differentiable painting pro-
gram brushstrokes.

The action space represents the set of param-
eters that are used as control inputs for the My-
Paint. The action space maps a single action to
a single stroke in the MyPaint. An agent paints
by sequentially yielding actions and spreading full
strokes on a canvas. The action space consists of
the next parameters [12]:

e Brush coordinates are a set of three Carte-
sian coordinates pairs representing the stroke
shape. The coordinates describe a start
point, end point, and middle control point,
forming a quadratic Bezier curve. We denote
them as {zs, ¥s, Te, Ye, e, Yo  respectively.

e Start and end pressure describe the pressure
used on the brush at the start and end of the
stroke. We denote them as {ps,p.} respec-
tively.

e Brush size that specifies the brush radius and
denoted as s.

e Color consists of three variables that repre-
sent the RGB color of the brush and specified
as {r,g,b}.

To recreate a MyPaint brushstroke using a neu-
ral network |12 proposes VAE and GAN methods.
We focus here on the GAN [13] method because it
produces sharper images than VAE and thus more
accurate strokes. An adversarial loss is used to
directly learn a mapping from actions to strokes.
Unlike a typical GAN, the noise is not injected into
the intake of the generator. Instead, the genera-
tor takes the input action and maps it directly to
a stroke. The discriminator is provided with real
and generated action-stroke pairs and tries to de-
cide whether the pair is real. This is comparable
to a conditional GAN |[14]. Pairs of true strokes
on the left and the complementary GAN neural
painter results on the right.

Methodology

G AN-generated strokes training. In this
paper, we propose combining GAN-stroke render-
ing system referenced above with Paint Trans-
former to introduce more complex strokes. Cur-
rent Paint Transformer Stroke Renderer has only
eight parameters, while GAN-stroke rendering has
12 with potential to increase up to 50 parameters
that MyPaint supports. First of all, we needed to
set up the MyPaint program to generate strokes
for the training, so we prepared a setup script, for
macOS |15]. The training of the GAN network was
done locally on an Intel CPU based Mac laptop.
Since MyPaint generated the strokes using CPU,


https://github.com/mxpoliakov/PaintTransformerGAN/blob/main/gan_stroke_generator/build_mypaint_macos.sh
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there is a bottleneck for training performance even
if GPU is available. The /training code is based
on the implementation of Neural Painters by [12].
The modification is that we directly feed generated
MyPaint strokes into the discriminator in real-time
from a data loader. At the same time, [12| pre-
generated stroke images first and trained the net-
work afterward. We also simplified the MyPaint
API calling code and wrapped it in a data loader
|15] for convenience. The following stroke param-
eters are used: {xs,Ys, Te, Ye, Tes Yo, S, Ps, Pe - We
do not use color parameters to train strokes com-
pared to the original implementation because we
can colorize the strokes later in the Paint Trans-
former. We trained GAN strokes for about 11.7
million iterations, and it took about 36 hours to
do so due to the CPU bottleneck.

tag: img_in tag: img_out
step 11,732,500 step 11,732,500

Figure 1. A GAN result sample on 11.7 million
iterations

The sample of the result on the final iteration
is provided in Figure On the left (img in) is
the image painted by MyPaint and on the right
(img_out) is the GAN-generated image on the
same set of action parameters. The discriminator
loss, generator score, and real score are provided
in Figures and [4] respectively. The x-axis
depicts iterations, and the y-axis is the numeric
score.

Figure 2. GAN-generated strokes discriminator loss

Figure 3. GAN-generated strokes generator score

Figure 4. GAN-generated strokes real score

GAN Stroke Renderer. Once the GAN
stroke predictor is trained, we can quickly predict
the MyPaint stroke shape using nine parameters
on the GPU with comparable quality to MyPaint.
We can now utilize the GAN-generated strokes
we trained, as a basis for a new stroke renderer
for Paint Transformer that would yield more ad-
vanced strokes than the original. We denote the
new stroke renderer as a GAN Stroke Renderer.
The set of parameters is now {Z, Ys, e, Ye, Te,

Yes Sy Dss PesT5 g, b}, As a first step, we infer set
stroke shapes from {xsv Yss; Tey Yey Les Yo S»ps»pe}
using GAN-generated strokes pre-trained weights
(step 1 denoted in Figure [5). Note that we do
not train GAN-generated strokes anymore and use
them as a predictor. The GAN output does not
have clear zero pixels and has numbers close to
zero instead. Therefore, we cannot create a binary
mask immediately and must utilize a denoising so-
lution. Considering Equation [3] for original Stroke
Renderer, we form an alpha map via o' = fg >
> Qo.s(I}), where Qo s is 80th-percentile. By also
forming a color map ¢’ from {r, g, b} we can rewrite
Equation (3| as (steps 2, 3 denoted in Figure [5)):

I id:ai-l_g-ci—&—(l—ai) N

m mid

(14)

Stroke Predictor modification. We would
need to modify the Stroke Predictor so that
it could work with the new GAN Stroke Ren-
derer. We change the architecture of the Trans-
former to accept 12 parameters instead of 8
original. The main challenge is to modify the
loss function so that it would take new pa-
rameters. Specifically, the Wasserstein distance
needs a modification (Equation E[) Initially,


https://github.com/mxpoliakov/PaintTransformerGAN/blob/main/gan_stroke_generator/mypaint_gan_train_predict.py
https://github.com/mxpoliakov/PaintTransformerGAN/blob/main/gan_stroke_generator/mypaint_images_data_loader.py
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GAN Generated
Strokes

%
~

)
s, {r, g. b}
£
“p

2. Denoise & Colorize

1. Predict stroke shapes

\*ﬂlr u = .
{5, Yss Xes Yer Xes YeuS, Psu Pe}
s

=

3. Combine

Figure 5. GAN Stroke Renderer

it accepts {z,y,h,w,0} , and we need to take
{Zs, Ys, Tes Yes T, Yes S, Ps, Pe . Instead of modi-
fying this loss function directly, we decided in-
stead to translate {xs,ys,Ze, Ye, e, Yo, Sy Ds, Pe |
into {x,y, h, w, 8} by creating a rotating bounding
box around the stroke.

We know that the stroke is a quadratic Bezier
curve represented by, where Py = Py = (2s,Ys),
P, =P. = (ze,y.), Po = P. = (xc,y.) and t €
€ [0,1]:

2 2
=Y B}(t)-P,=> t'(1—t)>"-P,
=(1—-t)? - Py+2t(1—t)- P+ 1> Py
=(1—t)? - P,+2t(1—t)-P.+t*- P,
plats A
/ ENNAE - .//
. ERR \(
T \
(a) Non- "
rotating (¢) Rotating
bounding (b) Curve bounding
box alignment box

Figure 6. Bezier curve [16]

Firstly, we can find a non-rotating bounding
box by finding extremities of the Bezier curve by
finding maxima and minima on the component
functions, solving the equation B'(t) = 0 [16]:

B'(t) =2(1-t)(P.— Ps)+2t(P.— P.) =0 =
t= P Fe (16)
- —2.P.+P,+P.

Now when we know ¢, we could find the solution
and compare it with Ps; and P.. The lowest value
is the lower point P,;, = min(B(t), Ps, P.), and

the highest is the upper point for the bounding box
Prae = maz(B(t), Py, P.) (Figure fa). To get a
rotated bounding box, we need to make P = (0,0)
and align the curve on the x-axis via (Figure :

a = arctan ¢ — R = CF’S(—Oé) —sin(—a)
Te sin(—a)  cos(—a)
P,=P,— P, = (0,0)
PC:<PC_PS)'R
Pe:(Pe_Ps)'R
(17)

Afterward, we calculate a non-rotating bounding
box for P, P., P, via Equations [1 . j and make
a reverse transformation [16]:

Prin = min(B(t), P, P,) =
Praw = maz(B(t), P, P.) =
(Fmaz> Ymaz) - R + P
(Zmin, Ymin) - R~ + P
(Zmaws Ymin) - R~ + Py
(&mins Umaz) - B+ Py

(fbmanm ym(w)
(xmaza ymaw) =

(wmln y Ymin

)=
( maw’ ymaw)
)

( mzn’ ymzn

(18)

Thus, a rotating bounding box can be represented
by four points

(Tmins Ymin), (Tmaz Ymaz)s (Trnins Ymin)s (Tmazs Ymaz)
as depicted in Figure We also need to account
for start and end pressure and size; we found em-
pirically that we can modify {zs,ys, e, Ye, Te, Yo }
with {s,ps,p.} before calculating the bounding
box, which yields better results (clamp is used to
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restrict a value between 0 and 1):

(xs +0.15-

ys = clamp(ys + 0.15 -

(ze +0.15-p., 0, 1
(s

(

(

rs = clamp

T, = clam
y (19)
Y = clamp
—clamp 560—015-57 0, 1);

= clamp(y. — 0.15 -

Finally, we need to convert four coordinate points
into {z,y, h,w, 0}:

_ Tmaz + Tmin .

y = y;naa: + Ymin
2 ’ 2

w = \/(y'/maw - ymax)z + (x;nzn

- xma$)2

(20)
h= \f Umas = Yoin)? + (Fmas — Thnas)?
0 = arctan ym” Ymaz
maw — Tmazx
The code implementation can be found in

get_rotated_bounding_box |15 method, and
the resulting bounding boxes on GAN-generated
strokes are shown in Figure [7]

Figure 7. Rotated bounding box on GAN-generated
strokes

Experiments

Training. Once the Stroke Predictor is op-
timized for the new set of parameters, we can
train Paint Transformer with a GAN Stroke Ren-
derer system. We trained Paint Transformer for
180 epochs, and the training process took about 6
hours on NVIDIA RTX 5000. In comparison, the
original Paint Transformer takes about 5-5.5 hours
to train 180 epochs on the same GPU. This means
that the training time for our GAN extension did
not increase significantly. In Figures [ and [ we
can notice the training charts for pixel and stroke
L, distance losses. Wasserstein distance loss and a
binary cross-entropy decision loss are depicted in
Figures[I0 and [TT] respectively. The x-axis depicts
iterations, and the y-axis shows the numeric score.
Canvas-target-predict triads Sy, Sy, and S, are
shown in Figure during the training. We also
changed the monitoring framework from Visdom
to the commonly used Tensorboard.

Figure 8. Paint Transformer pixel loss

Figure 9. Paint Transformer stroke L; distance loss

Figure 10. Paint Transformer Wasserstein distance
loss

Figure 11. Paint Transformer binary cross-entropy
decision loss

Results. We modified the inference module
so it could work with GAN Stroke Renderer and
obtained the results depicted in Figure We
take Figure as an input, and we also show the
original Paint Transformer results in Figure
For comparison, we choose the images in differ-
ent settings: sunflower and frog are macro images,
while the fjord and the city are landscape images.
Overall, we can notice that our Paint Transformer
extension paints the resulting pictures in a more
granular fashion (using the same value of K as the
original). This creates a more abstract painting
style, especially in the fjord, city, and sunflower
cases. We can also notice that the Paint Trans-
former extension does not paint larger strokes for
uniform patches. We can also notice that the
Paint Transformer extension does not paint larger


https://github.com/mxpoliakov/PaintTransformerGAN/blob/main/train/models/painter_model.py#L159
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Sh

Figure 12. Canvas-target-predict triads in training

strokes for the uniform patches. We need to further
modify Wasserstein distance loss and the binary
cross-entropy decision loss to improve the results.

Conclusions

We proposed a GAN strokes extension to the
Paint Transformer aimed at introducing more com-
plex strokes. We refined the Stroke Rendering sys-
tem, which generates strokes using a pre-trained
GAN and has 12 parameters compared to the orig-
inal 8. We partly modified the loss function to

The results have
a different painting style and are more abstract;
however, the extension paints strokes of similar
size. This indicates that we need to make further
effort in modifying Wasserstein distance loss and
the binary cross-entropy decision loss to improve
the results, which we plan to address in our fu-

accept a new parameter list.

ture work. In addition, converting the network
architecture to use 4-channel images might further
enhance the results by removing artifacts on the
generated strokes.
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(a) Input image (b) Original output (¢) GAN-extension output

Figure 13. Comparison of the input image, original output and GAN-extension output.
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Honsxos M. X., Illsati H. O.

PO3IIMNPEHHAI MOXKJINBOCTEIL PAINT
TRANSFORMER 3 'EHEPYBAHHAM MAS3KIB IIEH3JIA
3A JOIIOMOI'OO GAN

Heiiponne MaroBaHHSI CTBOPIOE TOCIIIIOBHICTH Ma3KiB JIJIsT 33/TAHOTO 300PaXKEHHS 1 XYI02KHBO BiJITBO-
PpIo€ HOT0 3a JOMOMOTOI0 HEPOHHIX MepexK. ¥ IIiif CTaTTi MU TOCTITKYEMO HOBY apXiTEKTYPY, OCHOBAHY
na Transformer, mix mazsoio Paint Transformer, sika mporaosye mapamMerpu HaOOPY Ma3KiB 3a JOTOMO-
OO0 IPSIMOIIPOXiaHol HefiponHol Mepexki. Paint Transformer 3abesneuye kpaii pe3y/ibraTu MaJIOBAHHS
MIOPiBHSAHO 3 MONEPEIHIMI MeTOJaMU, MAIOYN HUXK4Yi BUTPATH HA HABYAHHA T4 BUKOPUCTAHHS. Y CTATTI
TaKOXK IIPOIOHYEThCsT HOBe posmupenns Paint Transformer, sike jo7ae 6i1bin ckiraHi Ma3ku, 3reHEpO-
Baui GAN, ju1a mocaraenus 61IbIT XyT02KHBOTO Ta aOCTPAKTHOTO CTUJIIO MAJIIOBAHHS, Hi2K OpUTiHAIBLHUN
METOJI.

Kutto4uoBi ciioBa: HeiiponHe MaJitoBaHHs, TpaHcdopmep, GAN.
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ROBUST BAYESIAN REGRESSION MODEL IN
BERNSTEIN FORM

In this paper, we present an inductive method for constructing robust Bayesian Polynomial Regression
(BPR) models in Bernstein form, referred to as PRIAM (Polynomial Regression Inductive AlgorithM).
PRIAM is an algorithm designed to determine stochastic dependence between variables. The triple nature
of PRIAM combines the advantages of Bayesian inference, the interpretability of neurofuzzy models in
Bernstein form, and the robustness of the support vector approach. This combination facilitates the

integration of state-of-the-art machine learning techniques in decision support systems.

We conduct

experiments using well-known datasets and real-world economic, ecological, and meteorological models.
Furthermore, we compare the forecast errors of PRIAM against several competitive algorithms.

Keywords: PRIAM, Bayesian inference, BPR, neurofuzzy model, polynomials in Bernstein form.

Introduction

Data mining competitions are an effective tool
for evaluating the performance of specific meth-
ods among the growing variety of approaches.
Recent contests, such as those hosted on Kag-
gle (https://www.kaggle.com/competitions) and
the Data Mining Cup (http://www.data-mining-
cup.com) have demonstrated the advantages of
Bayesian and support vector (SV) methods. How-
ever, despite their high performance, these meth-
ods often face challenges in seamless integration
into decision support systems. In contrast, neuro-
fuzzy modeling offers an appealing framework for
knowledge representation. This work seeks to com-
bine the strengths of Bayesian reasoning, the ro-
bustness of the SV approach, and the interpretabil-
ity of neurofuzzy modeling.

Brief historical outlook. Bayesianism began
with Savage’s personalistic school of thought and
gained strength through the objective selection
of prior probabilities based on the maximum en-
tropy principle [1]. Since then, Bayesianism has in-
spired a series of significant contributions. For in-
stance, Bayesian Occam’s razor was demonstrated
by Gull [2] as a method to estimate the parameters
of prior probabilities in regression analysis. This
concept was later applied by MacKay for the reg-
ularization of artificial neural networks in the so-
called Bayesian evidence framework [3]. Addition-
ally, the theory of Gaussian Processes (GP) incor-
porates evidence, also referred to as marginal like-
lihood, as a fundamental component of Bayesian
inference [4].

Brown and Harris [5] established a correspon-
dence between associative memory networks and
fuzzy logic in neurofuzzy adaptive models. These
models combine the transparent knowledge repre-

© O. Mytnyk, 2024

sentation of fuzzy systems with the analytical abil-
ity to learn from observations. The ability to de-
scribe the behavior of neurofuzzy models as a series
of human-readable linguistic rules makes them par-
ticularly well-suited for expert systems. However,
conventional neurofuzzy models often suffer from
the curse of dimensionality. To address this, Hong
and Harris [6] proposed a polynomial complexity
neurofuzzy approach.

Another efficient approach to process analysis
is the Statistical Learning Theory (SLT) developed
by Vapnik [7]. SLT is founded on the structural
risk minimization principle, which is implemented
in support vector machines (SVM) for classifica-
tion problems [8]. SVM has since been extended
to regression problems, leading to the development
of support vector regression (SVR)[?], and further
refined into Bayesian SVR[10]. In this work, we
leverage the support vector (SV) approach to en-
hance the robustness of our models.

General problem statement.
observe the data:

D = {(y;,%;)} L4,

We hypothesize the existence of a stochastic de-
pendence that maps each x to some value y ob-
tained from a random trial governed by the law
p(y|x). To determine this stochastic dependence,
we aim to identify the probability density func-
tion p(y|x). However, this inverse problem is in-
herently ill-posed. Using the finite training set D,
we can only estimate posterior predictive distri-
bution p(y|x, D). This estimation depends on the
confidence in the observed data and the regular-
ization methods applied to make the problem well-
posed. In this paper, we focus on finding the mean
of the posterior predictive distribution along with
its variance.

Suppose we

yeR, xe€X=R"
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The paper is organized as follows. We be-
gin with an overview of the Bayesian framework.
Next, we explore neurofuzzy models in Bernstein
form and introduce a procedure for searching sub-
optimal models. Robustness is incorporated into
the model afterward. As a result, we propose
PRIAM - an inductive algorithm for construct-
ing robust BPR models in Bernstein form, capa-
ble of encoding prior knowledge and generalizing
effectively. Finally, we conduct experiments with
PRIAM on both synthetic and real-world datasets,
comparing its performance to that of other com-
petitive algorithms.

Bayesian Framework

Let the systematic component of the stochastic
dependence be described by a latent function f of a
model M from the model space H. This raises the
following questions: how should the model space
H be chosen, how should the model M € H be
selected, and how can the function f € M be de-
termined. Bayesian reasoning provides answers to
the last two questions.

Selection of a model M. According to the
Bayesian approach, the model with the maximum
posterior probability P(M)|D) is selected. Assum-
ing a flat prior distribution of models over the
space H (i.e. complete ignorance), the models are
ranked by their marginal likelihood p(D|M), also
known as evidence. Evidence reflects the ability of
the model M to generate the data D and is defined
as the following Lebesgue integral:

p(DIM) = /Mpwf,M)du(f), (1)

where p(f) represents the prior probability mea-
sure on the function space M. The likelihood
p(D|f, M) reflects the ability of the function f €
€ M to generate the data D. Assume that the
random component of the stochastic dependence is
represented by additive noise, so that y; = f(x;)+
+0;, where §; are independent and identically dis-
tributed random variables. Under this assumption,
the likelihood takes the following form:

Hp 5ilf, M

where p(d|f, M) is a noise model. Both the noise
model and the prior measure u(f) will be selected
later.

The evidence (1) can be approximated using
various techniques, including expectation propaga-
tion (EP), Laplace’s method, Markov chain Monte
Carlo (MCMC). An overview and comparison of
these methods are provided by Kuss [11].

p(D[f, M

Selection of a function f. The posterior
probability measure can be derived using Bayes’

rule:

p(DIf, M)du(f)
p(DIM)
Our goal is to determine the posterior predictive
distribution, which represents the posterior beliefs
about the output value y. This distribution is
obtained by integrating over the posterior uncer-
tainty of the function:

du(f|D) =

p(y[x, D, M) = /Mp(ylx,f,M)du(le)-

According to Bayesian decision theory, to obtain a
single function estimate g € M for regression y(x),
we minimize the Bayesian risk, defined as the ex-
pectation of a loss functional L:

Rlg) = L(f.0)) = [ L. gau(siD)

The loss functional L reflects the researcher’s
subjective attitude toward risk. Typically, the
choice of L is a point of debate among researchers.
We will establish our choice of L later.

In the next section, we address the question of
how to select the model space and organize the
model search process.

Polynomial Regression in Bernstein Form

Hong and Harris [6] introduced neurofuzzy
models based on the following truncated ANOVA
decomposition for input variable x = {x }

x):bJriBg Z
k=1

a>p
B,‘f, ng are univariate and bivariate polynomials
in Bernstein form, defined as linear combinations
of Bernstein basis polynomials of degree d:

F) = oo [s(ah)]

= Zl+r+t d ww’t(bm"t [ (xp7 xq)] .

We refer to models (2) as neurofuzzy models in
Bernstein form. The Bernstein basis polynomials
are defined as:

o9 = (5) -5

d ,
d iy,T t
¢ () = <i,r, t>u (1 —u—v)t

To determine the barycentric coordinates s and
u = {u, v} we follow the approach proposed in [12],
which introduces a fast inverse de Casteljau map-
ping based on a uniform knot layout.

1

(@ xh) . (2)

Bj(x
d
By, (2P, 29) =
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After training such neurofuzzy models, depen-
dencies can be interpreted using fuzzy logic and
generate a set of fuzzy rules [5]. It is well-known
that Bernstein basis polynomials are non-negative
and satisfy the unity of support property: 3 j ¢ =
= 1. Therefore, Bernstein basis polynomials are
valid fuzzy membership functions. The advan-
tages of this approach include: transparency of the
model structure, interpretation of dependencies in
terms of fuzzy logic, and polynomial complexity of
the resulting set of fuzzy rules.

Selection of a model space H. Let us lever-
age the advantages of neurofuzzy modeling. To
achieve this, we define the configuration of the
model space as an upper triangular [n X n] matrix
C. Each diagonal element cj represents the de-
gree of a univariate polynomial in Bernstein form
for the factor z*. Each element above the diagonal,
Cq>p, Tepresents the degree of a bivariate polyno-
mial in Bernstein form for the pair 2P and z%. The
corresponding model space is expressed as:

M(w,b,x) = H(C,w,b,x) =

=b+ Y B(a*)+ > By (af,2), (3)
k=1 q>p

where parameters w = {... 7w§“, R 1/ A
The models in the form (3) generalize those in the
form (2). Furthermore, the models (3) can also be
considered linear in parameters w within a high-
dimensional Euclidian space W with the canonical

scalar product (-,-) and norm || - ||:

where ®(C) : X — W represents the mapping:

<I>:X|—>{...,¢;’“ (mk)77¢;‘ff (2P, x?), ...}

Model search in neurofuzzy model space.
Algorithm 1 demonstrates how an initial model
guess can be refined using evidence-based calcu-
lations.

Algorithm 1 Model search
Input: observations D, convergence level v > 0,
initial model M(©) =% (C(O))
Result: suboptimal model Mqpt
Iterator t <+—0
repeat
Mopt — M(t)
Generate a set of candidate models:

{Mz(-;ﬂ) =H (C,E;H))} , where

ij
citV=c+1,;, 1<i<j<n
Choose the model with the maximum evi-
dence: )
MO = arg [p(t+1) — maxp (D|Mij )]
t+—t+1
until p®) < pt=1 4

First, we define the space H of models M in
the form (3). Based on prior assumptions about
the model structure, the initial configuration C(©)
is constructed. At each step, a set of candidate
models is generated, each differing in the degree of
one polynomial in Bernstein form. For each candi-
date model, the evidence is calculated. The model
with the maximum evidence is selected. The new
model is accepted if its evidence exceeds that of
the previous model by a threshold v. This thresh-
old determines the linear convergence speed and
reflects the degree of confidence in the prior model
structure.

Robust BPR in Bernstein Form

To leverage the robustness of Support Vector
Regression (SVR), we define the noise model as:

(331, M) = 5

mexp(—ﬁ\f%le), (4)

where |- | is the e-insensitive loss function (e-ILF),
which provides sparseness and robustness to the
BPR models. The parameters € and 3 are referred
to as hyperparameters. In this work we assume
flat priors for these hyperparameters.

Let the prior probability measure p(f) have a
density p(w|M) with respect to the Lebesgue mea-
sure on the parameter space W:

du(f) = p(w|M)dw.

Let this density be a multivariate Gaussian with 0
mean and identity covariance matrix I:

p(w|M) = N(0,T).

We define the loss functional L as L(f,g) =
= {0if f = ¢g;1if f # g}. In this case, the
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Bayesian risk is minimized at the mode of the pos-
terior function distribution, yielding the so-called
Maximum a Posteriori (MAP) estimate. The MAP
estimate for BPR with the noise model (4) corre-
sponds to the canonical SVR problem:

N
1
R(f) =815l + 5lIw]* — min,  (5)

j=1
with solution in the form:

Jmap(x) = 3_ (0 — aj)(®(x;), ®(x)) + bmap,
wmap = >_;(a; — af)®(x;), a;,a; € (0,0),
yi — (W, (x)) —€ }

y;j — (w, ®(x;)) +€ [~

where a;, o are the Lagrange multipliers of the
corresponding quadratic programming (QP) prob-
lem.

The algorithm 1, under the assumptions de-
scribed above, is referred to as PRIAM. In the
following subsections, we demonstrate how to esti-
mate the evidence and error bars in PRIAM.

bmap = meany; {

Evidence Estimation

For fast evidence estimation, we adopt the ap-
proach described in [13], where a locally smoothed
loss function is used to approximate e-ILF. This
approach yields the following approximation, re-
ferred to as Bayesian Evidence Criterion (BEC),
for negative logarithm of the Bayesian evidence:

— Inp(DIM) = BEC(M, ¢, B) =

B

Although the BEC approximation is not entirely
accurate, it preserves sparseness and is recognized
as the fastest method for model comparison.

While evidence should be maximized, BEC
should be minimized. Additionally, since BEC de-
pends on the hyperparameters € and 3, it can also
be minimized with respect to these hyperparame-
ters:

BEC(M) = miﬁnBEC(M,e,ﬁ). (7)

This is a nonlinear minimization problem. The
gradient of BEC is expressed as:

NS 3Ngy, N Romp — ﬁ

where Ngy is the number of support vectors, and
the empiric risk is defined as Remp = Zjvzl 10]e.
To minimize (7) with respect to the hyperparam-
eters, we employ the Interior Reflective Newton
(IRN) method. IRN is known for its global and
quadratic convergence properties [14].

BEC _
Vs = 1+¢p

Estimation of error bars. The variance of
the noise model (4) can be easily computed as:

2 N €2(ef+3)
B2 3(ef+1)
It is well-known that, for Gaussian noise, the

posterior predictive distribution is also Gaussian
P(Ye| X4, D) = N (ys| fmean (x«), 02), with variance

0% =

02 = ke — k] (K+ 03D 7'k, +0%, (8)

where matrix K ~ k(x;,x;) = (®(x;), (x;)),
k., = [k(x1,%X:),.. k(xn,x,)]T and k.. =
= k(x«,%s). Although our noise model differs
from the normal distribution, it can be shown that
the distribution (4) is sufficiently close to a nor-
mal distribution with the same variance to justify
using (8) as an acceptable approximation for the
posterior variance. Furthermore, as demonstrated
by Gao [15], the computation of k, and K can be
reduced to the marginal support vectors X, =
= {x; : |ly: — f(x;)| = €}. Finally, we use £20 to
represent the 95% confidence interval.

Pros and cons of the SVR with BEC ap-

proach. Advantages:

1. SV expansion is independent of the input
space dimension, mitigating the curse of di-
mensionality in reconstruction problems.

2. A unique solution is obtained after training,
as it is derived from solving a QP problem.

3. The SVR model exhibits robustness and
sparseness.

4. The BEC provides an exceptionally fast
model search method.

Disadvantages:

1. The BEC computation lacks precision, ne-
cessitating the selection of models with sig-
nificantly smaller BEC values during model
comparison.

2. Relying on the mode of the posterior function
distribution for a given model (MAP estima-
tion) deviates from pure Bayesian inference
principles.

Experiments

For the experiments, we selected the LONGLEY
and FILIP datasets from the Statistical Reference
Datasets project [16]. Additionally, we included
the well-known synthetic FRIEDMAN dataset. The
AUuTOMPG dataset, which represents city cycle
fuel consumption, was obtained from the UCI Ma-
chine Learning Repository [17]. The CPI and
RCON datasets correspond to economic models
of the Consumer Price Index and Real Consump-
tion, respectively, as studied in [18]. The WIW
dataset represents a meteorological wind-induced
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wave model, while IBSS corresponds to an ecolog-
ical model of macrozoobenthic biomass.

We compared PRIAM with GMDH (Group
Method of Data Handling), NF-GMDH (Neuro-
fuzzy Group Method of Data Handling, imple-
mented in “GMDH Modeler 0.9.37”), RNN (Re-
current Neural Networks), and ANFIS (Adaptive
Neuro Fuzzy Inference System), both implemented
in “NeuroSolutions 5”. Additionally, we evaluated
GPR (Gaussian Process Regression) and XGBoost
(Extreme Gradient Boosting), both available as
Python packages. A brief excerpt of our experi-
mental results is shown in Table 1.

The table also includes information about the
size of the full dataset (IV), the size of the learning
dataset (Njearn), and the number of input factors
(n) for each problem. A significant discrepancy be-
tween the MSEs of two different methods can be

detected using Fisher statistics F](\?EZ),)an-

Let us create a rating table for different algo-
rithms. The algorithm with the smallest MSE re-
sult receives 10 points, the second 8 points, and
so on. The two algorithms with the worst re-
sults receive no points. If multiple algorithms show
insignificant differences in results, they share the
same number of points. This way 30 points are dis-
tributed among all algorithms for each dataset.

As shown in Table 2, PRIAM achieves the high-
est rating among all the algorithms. Its perfor-
mance is stable and never ranks among the worst.
It is worth noting, however, that this rating is not
absolute but instead reflects the strength of a spe-
cific algorithm in a particular implementation.

In the next subsection, we provide a detailed
description of the result for the RCON dataset.

Dynamics of real consumption. The
model for real consumption (RCON) is defined as
a function of two factors: the interest rate (R) and
real domestic income (RDI). The dataset consists
of 24 observations, corresponding to monthly sam-
ples over a two years period. The first 14 points
are used for training, while the last 10 points are
reserved for forecasting and calculating the gen-
eralization error. The initial configuration of the
model C©) = diag{1,1} reflects our prior belief in
linear dependencies. The optimal PRIAM model
is shown in Fig. 1.

2,
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Figure 1. RCON dataset and optimal PRIAM
model with 95% confidence interval. Squares stand
for SVs, circles are vectors inside e-tube.
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(a) BEC contours (b) NMSE contours

Figure 2. The contour plots illustrate the
dependencies of BEC and generalization error on the
width of the e-tube (abscissa axis) for different values

of the hyperparameter 8 (ordinate axis). Crosses
indicate the optimal hyperparameter values.

The corresponding optimal model configuration
is given by Copt = diag{1, 2}, highlighting the re-
inforcing effect of RDI. The normalized model
representation using the SV expansion is as fol-
lows:

Jopt (%) = 0.43 + 6.6k (xs,x) + 25.5k(x9, x) —
— 29.8k(x11,X) — 2.6k(x12,%) + 0.3k(x13,X).

Dual model representation in neurofuzzy space:

fopt (x) = 0.43 + 0.06¢5(z") — 0.06¢1 (") —
—0.58¢3(z%) + 0.13¢7 (2?) + 0.45¢3(2?).

where ! = R, 22 = RDI. Here, we observe a
weak dependence of RCON on R.

To evaluate the efficiency of BEC, we conduct a
more detailed analysis of the relationship between
BEC and generalization error with respect to the
hyperparameters. According to the BEC contours
(Fig. 2a), the optimal hyperparameter region is
characterized by € near 0.12, and high values of
5. PRIAM successfully identifies the optimal hy-
perparameters, as § = 29.8 and € = 0.12. MSE
contours (Fig. 2b) further confirm the efficiency of
€ ~ 0.12. However, they also indicate that fore-
casting is largely indifferent to the value of 8 for
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Table 1. Comparison of algorithms on different datasets by normalized MSE
Algorithm LonGgLEy Fiuip  FriEDMAN  AMPG CPI RCON WIW IBSS
N (Niearn) 16(11) 82(33)  1000(500)  392(300) 24(14) 24(14) 166(100) 50(25)
n 6 1 10 4 4 2 3 2
FE0 2.2 1.3 1.0 1.0 1.8 1.7 1.1 1.4
PRIAM 0.017 0.004 0.009 0.022 0.003 0.027 0.033 0.076
GMDH 0.051 0.016 0.029 0.024 0.130 0.042 0.025 0.124
NF-GMDH 0.001 0.039 0.037 0.026 0.008 0.098 0.043 0.053
RNN 0.018 0.012 0.008 0.028 0.090 0.101 0.033 0.083
ANFIS 0.002 0.001 0.009 0.027 0.003 0.051 0.031 0.110
GPR 0.054 0.010 0.008 0.025 0.096 0.043 0.032 0.086
XGBoost 0.022 0.001 0.004 0.019 0.073 0.063 0.041 0.140
Table 2. Algorithm rating
Algorithm LonGLEY Fiuip  FriEDMAN AMPG CPI RCON WIW IBSS Rating
PRIAM 4 6 3 8 9 10 5 6 51
GMDH 0 0 0 6 0 6 10 1 23
NF-GMDH 9 0 0 2 6 0 0 10 27
RNN 4 3 7 0 2 0 5 6 27
ANFIS 9 9 3 0 9 6 5 1 42
GPR 0 3 7 4 2 6 5 6 33
XGBoost, 4 9 10 10 2 2 0 0 37

wide e-tubes. The significance of § becomes no-
table only for narrower tubes.

Generation of fuzzy rules. We demonstrate
how fuzzy rules can be generated based on the
model in neurofuzzy space [19]. A balanced neuro-
fuzzy model, like the one described above, can be
decomposed into two neurofuzzy submodels in the
canonical form due to the unity of support prop-
erty:

fi(@') = 04941 (x") +0.37p 1 (1),
fo(x?) = =0.150142(-) + 0.567142(-) + 0.881142 (")
where the Bernstein basis polynomials are used as
fuzzy membership functions, gb;.l = 44, With the

corresponding fuzzy labels on input space: A} —
low R, A} — high R, A3 — low RDI, A? — aver-
age RDI, A2 — high RDI. Each submodel gener-
ates simplified rules independently and contributes
to a fuzzy knowledge base of reduced complexity.

The rules and their confidences can be easily de-
termined if the output fuzzy membership functions
are represented as B-splines. In this case, at most
two adjacent coeflicients are nonzero. Let us define
fuzzy membership functions for the RCON output
variable, normalized on [0;1], using three second-
order B-splines pp, with a triangular shape. These
B-splines are defined over the knots {-0.5; 0; 0.5;
1; 1.5} with peaks at {0; 0.5; 1}. They correspond
to the following fuzzy labels: By — low RCON,

B1 — average RCON, By — high RCON.

The rule R; produced by submodel f; is ex-
pressed as: “if z¢ € A;, then y € By with confi-

79

dence i where the rule confidences c};j are de-
termined by converting the weights of the model
in the neurofuzzy space as follows:

ey =, (5 (wrg i ) ).

Thus, we derive five rules:

Ry : if Rislow, then

RCON is low (0.02) or average (0.98)
Ri: if Ris high, then
RCON is low (0.26) or average (0.74)
if RDI is low, then
RCON is low (1.0)
R?: if RDI is average, then

RCON is low (0.08) or average (0.92)
R3: if RDI is high, then

RCON is average (0.24) or high (0.76)

Although these rules are not suitable for making
exact forecasts. They enable experts in the appli-
cation domain to understand relationships between
variables, verify the trained model, and collaborate
with machine learning engineers in model fusion.
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Conclusion

We have presented an inductive method for
constructing robust Bayesian Polynomial Regres-
sion models in Bernstein form. This method in-
tegrates the strengths of Bayesian inference, the
support vector approach, and neurofuzzy model-
ing. The dual model conception—combining sup-
port vector expansion with Bernstein form — en-
ables PRIAM to remain competitive with modern
machine learning algorithms while also being suit-
able for knowledge representation in expert sys-

tems. The use of fuzzy rules with reduced com-
plexity allows domain experts to contribute at var-
ious stages of the modeling process, including such
tasks as prior setup, model validation, and knowl-
edge extraction.

Our experiments on real-world economic data-
sets demonstrate that PRIAM outperforms many
modern algorithms while adhering to a parsimo-
nious model construction logic. Notably, bivariate
dependencies appear only when the true underly-
ing function (as observed in synthetic datasets) ex-
plicitly includes a product of endogenous factors.
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POBACTHA MOJEJIb BAECIBCBHKOI PETPECII V ®OPMI
BEPHIIITENMHA

TyT npencrasiieHuit iHIyKTUBHAN METOJ IOOYI0BH pOOACTHUX MOojIe/eil 6aeciBCbKOI MOIHOMIaIbHOT
perpecii (BIIP) y dopmi Bepumreitna, mo orpumas nazsy [IPTAM. TIPIAM — ue ajropurM, npusHa-
YeHUi JJTsl BUSHAYEHHSI CTOXACTUYIHOI 3aJIeXKHOCTI MiXK 3Minaumu. TpukommonenTHa npupoga [IPTAM
TIOETHY€E TIepeBaru 0AE€CIBCHLKOIO BUCHOBKY, MPO30PICTh Ta JIHTBICTUYHY iHTEPIPETOBHICTH HEHPOHETi-
TKUX Mojeneit y dpopmi Bepurmreitna, pobacTHICTL METO/Iy OTOPHUX BEKTOPIB.
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AJITOPUTMY 38 OLJIBIIICTIO METPUK.
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DEVIATION OF THE INTERFACE BETWEEN TWO LIQUID
HALF-SPACES WITH SURFACE TENSION: MULTISCALE
APPROACH

This paper investigates the deviation of the interface between two semi-infinite liquid media under the
influence of surface tension and gravity using a multiscale analysis. The initial-boundary value problem
is formulated based on key dimensionless parameters, such as the density ratio and the surface tension
coefficient, to describe the generation and propagation of wave packets along the interface. A weakly
nonlinear model is employed to examine initial deviations of the interface, enabling the derivation of
integral solutions for both linear and nonlinear approximations. The linear approrimation captures the
fundamental structure of forward and backward waves, while nonlinear corrections account for higher-
order effects derived through multiscale expansions. These corrections describe the evolution of the wave
packet envelope, highlighting the interplay between dispersion, nonlinearity, and surface tension. In-
tegral expressions are provided for both linear and nonlinear solutions, including those illustrating the
role of even and odd initial deviations of the interface. Comparisons between linear and nonlinear ap-
prozimations emphasize their interconnectedness. The linear model defines the primary wave dynamics,
while the nonlinear terms contribute higher harmonics, refining the solutions and facilitating stability
analysis. The results reveal significant contributions from higher-order harmonics in determining the
dynamics of the interface. Furthermore, the study explores the conditions under which the nonlinear
envelope remains stable, including constraints on initial amplitudes to prevent instability. This research
opens new perspectives for further analysis of stability and wave dynamics at fluid interfaces using sym-
bolic computations. Potential applications include the study of wave behavior under various geometric
configurations and fluid properties. The findings contribute to advancing hydrodynamic wave modeling
and establish a foundation for future research in this field.

Keywords: internal waves, initial-boundary value problem, multiscale expansions, surface tension.

Introduction multiscale methods. Here, we will mention only
a few studies in this field. Nayfeh [8] derived an
envelope evolution equation (NLS) for waves on

fluid interfaces with surface tension. Grimshaw

The study of wave packets along the interface
of two semi-infinite fluids forms the basis for solv-

ing initial-boundary value problems (IBVPs) re-
lated to the generation and evolution of internal
waves. These include the transmissibility of wave
harmonics and modulational stability, or the so-
called Benjamin—Feir instability [1].

Benjamin-Feir instability in hydrodynamics has
been widely analyzed, focusing on stabilization
mechanisms and extreme wave formation. Segur
et al. [2] demonstrated dissipation stabilizes insta-
bility for waves with narrow bandwidth, confirmed
experimentally; Wu [3] supported this via simula-
tions, while Onorato et al. [4] linked the Benjamin-
Feir index to extreme wave probability. Zakharov
and Ostrovsky [5] explored nonlinear effects from
modulation instability, and El and Hoefer [6] re-
viewed dispersive shock waves. Armaroli et al. [7]
validated wave stabilization under wind-viscosity
balance through experiments.

It should be noted that wave propagation in
layered fluids has been effectively studied using

© 0. Avramenko, 2024

and Pullin [9] examined modulational stability of
finite-amplitude interfacial waves, while Selezov et
al. [10] investigated nonlinear wave-packet propa-
gation using higher-order multiscale expansions.

This work extends the IBVP for the deviation
of the contact surface between two semi-infinite
fluids under surface tension, incorporating nonlin-
ear effects and advancing understanding of inter-
facial wave dynamics.

Statement of the IBVP

Problem statement. This paper investigates
the IBVP based on the solutions of problem [§]
concerning traveling wave packets of dispersive na-
ture. The following parameters were introduced as
the basis for dimensionless quantities: the accel-
eration due to gravity g, the density p;, and the
characteristic surface tension Tj.

The problem of wave packet propagation along



52 e-ISSN 2663-0648. Morunaucpkuit MmareMaTnduuil kypHaa. 2024. Tom 7

the interface z = n(z,t) between two fluids of dif-
ferent densities was addressed, with the effects of
surface tension T is taken into consideration

Nt — Gjz = —anzPj at
$1,0—pda,i+(1—p)n+0.5a (Vé1)” =0.5ap (V)*

o\ —3/2
-T (1 + (anz) ) Nze =0 atz=an(z,t),
|V¢1| — 0 at

z = an(z, t),

z — 00,

where Q1 = {(z,2) : |2] < 400,—00 < z < 0},
Dy = {(z,2) : |z|] < 400,0 < 2z < 400}, p =
= pa/p1, pi(i = 1,2) are the densities of fluids in
Q;, @ = a/l is a small parameter characterizing
the steepness of the wave, a is the maximum de-
viation of the contact surface n(x,t), and [ is the
wavelength.

Let the initial condition at z = 0 be given as a
deviation F'(x) of the interface

n(z,0) = F(z). (2)

Preliminary results on traveling wave
packets. The result presented in this study is
based on previously obtained findings for traveling
wave packets derived using the method of multi-
scale expansions [8]. The results from the afore-
mentioned study, essential for solving the IBVP
(1)-(2), are presented below.

According to the method of multiple-scale ex-
pansions, the deviation of the interface is repre-
sented as a sum of the first harmonics

n(x,t) =ni(zo, x1, 22,0, t1,t2) (3)
+ anz(wo, 21, w2, to, t1, t2) + O(a?),

where x, = o™z, t, = o™t are the spatial and
temporal scaling variables.

In the first approximation, the deviation of the
contact surface caused by a forward wave n, is
expressed as the sum of the product of the com-
plex envelope A(x1,x2,t1,t2) and the carrier for-
ward wave exp i(kxg—wtp) and the product of their
conjugates,

ni = Aexp(i(kzo — wto)) + Aexp(—i(kzg — witp))

(4)
where, in the linear approximation, the envelope is
considered a constant value, as it cannot depend
on higher-order scales.

The solvability of the linear approximation
problem determines the dispersion relation, which
links w and k; let its two solutions be denoted as
w12 = :tW(k)

Here, we present the expression for the second
forward harmonic, derived in [8] from the linear

problem of the second approximation, in the form

ng = A(k,w) A% exp(2i(kzo — wty)) (5)
+ A(k, w)Z2 exp(—2i(kzg — wtp))

where the coefficient A(k,w) satisfies the condition
A(k,w) = Ak, —w).

In [8], it is also shown that the envelope A sat-
isfies an evolution equation in the form of a NLS

A — 051w Age = dic*w ' TA%A,  (6)

where ¢ = ¢ — W't and ¢ = ¢, J(k,w) is the
Benjamin-Feir index which in this system satisfies
the condition J(k,w) = J(k, —w).

The IBVP solution

Linear approzximation. Since the hydrody-
namic system allows the propagation of only cer-
tain types of harmonics (4) and (5), with the fre-
quency w and wavenumber k linked by the disper-
sion relation, and the envelope A governed by the
evolution equation (6), the problem arises of cor-
rectly specifying the initial shape F'(z) of the con-
tact surface n within the framework of the weakly
nonlinear model (1)-(2). Let the initial position of
the contact surface n(z,0) in the linear approxi-
mation take the form of a certain function f(x)

nlin(xvo) = f(x) (7)

On the one hand, the function f(z) can be repre-
sented as an integral using the Fourier expansion
over the frequency spectrum, followed by synthesis
based on this spectrum

flx) = (8)
+oo “+o0
%[/_ <217r 3 f(& exp(—ikf)d{) exp(ik:x)dk]
Considering equations (7) and (8), we have
Min(7,0) = (9)
+oo
3 (af(k) cos(kx) — by (k) sin(k:z)) dk,
where
I
0= 5= [ f@eoskeds, ()
1t ,
) =g [ F@sinkede. ()

On the other hand, taking into account the dis-
persion relation solution w; = 4+w(k), in the linear



0. Avramenko.

Deviation of the interface between two liquid half-spaces ... 53

approximation, the oscillation of the contact sur-
face can be represented as an integral over the wave
numbers of the forward wave (4)

+oo
ny (z,t) = / (alm(k) exp(i(kz — w(k)t))

+agin (k) exp(—i(kz — w(k)t))) dk, (12)

and for the dispersion relation solution ws =
= —w(k) corresponding to the backward wave

+oo
ne () = / (alm(k)exp(i(kx—i—w(k;)t))

+@in (k) exp(—i(kx + w(k;)t))) dk  (13)

where aj, (k) are the unknown coefficients of the
linear approximation expansion of the interface de-
viation, which coincide for the forward n;f (z,t)
and backward 7, (z,t) waves due to the homo-
geneity of liquid media in both directions of wave
propagation.

It is obvious that

nlin(xvt) = nngn(x7t) + nl;n(x’t)'

Next, we obtain 7, (x,0) from (14) taking into
account (12) and (13)

(14)

+oo
Miin(,0) = 2/ (alm(k) exp(ikzx) (15)

+ apin (k) exp(—ikx)) dk.

Equating the expressions for the initial devia-
tion of the contact surface 7, (x,0) from (9) and
(15), we obtain

ain(k) = i(af(k) +ibys(k)).

Substituting formulas (10) and (11) into (16) we
obtain

(16)

“+oo
! / £(€) exp(ike)de,

:877T .

and substituting (17) into (12)-(14) gives the lin-
ear approximation of the contact surface deviation
in the following integral form

Qlin (k) (17)

1 +oo +oo
o | [ : F(&) exp(ik€)d¢ expi(kz — w(k)t)

—+oo

1 +oo[ “+o0

+ | F(&) exp(ik)dE expi(kxz+w(k)t)

—+oo

+ f(&) exp(—ik€)dE exp(—i(kx — w(k)t))} dk.

+ F(&) exp(—ik€)d€ exp(—i(kz —I—w(k)t))} dk.

or taking into account the formulae (10) and (11)

Niin (xv t) = U?{n(% t) + nﬁn(% t) (19)

where

+oo
nlim(m,t):% / <af(k) cos(kz F w(k)t) (20)

— 00

—by(k)sin(kx F w(k)t)) dk.

Nonlinear approximation. Let us proceed
to derive the nonlinear approximation of the con-
tact surface deviation. To this end, we consider
one of the solutions to the evolution equation (6)
and write it for both solutions of the dispersion
equation

Ay (t, k) = %aexp (iia2Wt) . (21)

where « is an arbitrary constant determining the
amplitude of the envelope, A, (¢, k) corresponds
to the forward wave with frequency wy = 4w(k),
and A_(t,k) to the backward wave with frequency
wo = —w(k).

Then, for wave packets traveling along the
contact surface, taking into account (4) and (5)
and also the fact that J(k,w) = J(k,—w) and
A(k,w) = A(k, —w), the contact surface deviation
caused by the forward n,,(z,t,k) and backward
n,,(x,t, k) waves at the wave number k are ex-
pressed as the sum of the harmonics

Tlfz (xv t, k) =
Az (t, k) exp(i(kz F w(k)t))
+ AL (t, k) exp(—i(kz F w(k)t))

(22)

+ alA(k,w(k)) (Ai (t, k) exp(2i(kz F w(k)t))

+ AL (L) exp(—zi(kmq:w(k)t))>+0(a2).

1
Assume that the coefficient 3@ in the expressions

(21) for the envelopes AL (t, k) is equal to the
complex coefficient aji, (k) and taking into account
(16), it can be expressed in terms of the coefficients
ay(k) and by (k) of the function f(z) expansion

a= ;(af(k) + ibf(k)>. (23)

Let us substitute the expressions for the envelope
(21) into (22) taking into account (23). After
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transformations, we obtain expressions for the non-
linear approximation of the forward %, (, ¢, k) and
backward 7, (z,t, k) traveling waves in the form of
real-valued expressions

nrfl('x’tvk) = (24)

—_

= [ay(k) cos(kz F &t) — by (k) sin(kz F @t)]

[\

+ %A(k,w(k)) ((a?p(k) — B2(k)) cos 2(kz T (k)t)
—2ay(k)bs(k)sin 2(kx:FCu(k)t)> +0(a?),

where
o w(k)

w(k)
Performing the synthesis of the traveling waves
(24) by the spectrum of wave numbers, we obtain
expressions for the nonlinear approximation of the
contact surface deviation n(z,t) in the form

S(k) = w(k) — (25)

n(z,t) =i (z,t) +ny (z,t) (26)
+a(ng (z,t) +ny (x,1)) +0(a?),

where

nE (2, t) = % /_ :C (af(k) cos(kaFor) (27)
— by (k) sin(kz F m))m

ny (z,t) = (28)

| oo

3/ Ak, w(k)) ((afc(k) - b?c(k)) cos 2(kxFo(k)t)

—2ay(k)by(k)sin2(kx F d}(k)t)) dk.

The expression (26), obtained for the interface de-
viation 7(x, t), contains the nonlinear contribution
(27) of the first harmonic 7 (z,t), which differs
from its linear approximation nljl.tn(x, t) in (20). Tt
additionally includes (28) the contribution of the
second harmonic 75 (z,t). Let us introduce the
terms

denoting the contributions of the first and second
harmonics to the nonlinear solution.

It should be noted that within the framework of
the nonlinear model, the synthesis operation over
the spectrum of traveling waves, namely, the first
and second harmonics, is mathematically valid,
since each of the traveling harmonic waves repre-
sents a solution to the linear approximations of the
problem at the corresponding order.

Let us now return to the question of the form of
the initial contact surface deviation F'(x), which in
the linear approximation we defined in (7) as some
function f(z). From (26)-(28), it is straightfor-
ward to obtain

F(z) =n(z,0) = (29)
+oo
[ [af(k) cos(kx) — by (k) sin(kz)

+ %A(k,w(k)) ((a‘;‘(k) — V3 (k)) cos 2(k)
—2ay(k)by(k)sin 2(kac)> ] dk+0(a?).

It is evident that
F(z) = f(z) + O(a),

i.e., the refined initial contact surface deviation dif-
fers from the specified initial deviation in the linear
approximation by a small quantity.

Let us consider the stability conditions for the
envelope in the form of the solution (21) discussed
here. The frequency (25) in the nonlinear approxi-
mation (24) taking into account (23) is in the form

&(k) = w(k)

- i (afc(k) — b3(k) + 2iaf(k)bf(k))

(30)
J(k, w(k))
w(k)

Expression (30) imposes constraints on the enve-
lope amplitude where we observe that an imag-
inary term appears in the exponent. The pres-
ence of this term leads to instability. This can
be avoided by setting to zero either the imaginary
bs(k) or real ay(k) part of a, which can be easily
achieved by using an even or odd function f(z),
respectively.

Special cases. It is evident that in the case
of an even function f(z) (below, the index ‘ev* in-
dicates the values corresponding to this case), we
can transition to simpler expressions with integrals
over (0, +00)

1 [t
a5 (k) =~ / F(€) cos kede, b5 (k) = 0,
0
in the linear approximation
ev 1 oo d
agi, (k) = E/o f(&) cos kEdg,

“+o0
i) = [ ap ).
X (cos(km — w(k)t) + cos(kx + w(k)t)) dk,

and in the nonlinear approximation

0w, t) = i’ (z, 1) + 15" (2, 1),
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where

+oo
net) = [ a )
0

X <cos(k:1:d;€” (k)t) +cos(ka:+dje”(k)t)) dk,

1 [T
775”(96775):1 | Ak, w(k))(a$)? (k) x

X <COS 2(kx—w° (k)t)+cos 2(kx+o* (k)t)> dk,

w a’ (k
@e”(k):w(k)—(ae”)2‘w7 o f2( )

A similar result can be easily obtained for another
specific case when the function f(z) is odd.

Conclusion and further developments

Linear and weakly nonlinear integral expres-
sions for waves propagating between two liquid
half-spaces, induced by the initial deviation of the
contact surface, have been derived. A limitation
on the initial position of the contact surface devi-
ation within the model has been noted, stemming
from the characteristics of the solution obtained
using the method of multiscale expansions. The
prospect of this study lies in the potential to obtain
solutions for various geometric and physical prop-
erties using symbolic and numerical computation
methods. In particular, based on the solutions pre-
sented here and the Benjamin-Feir stability condi-
tion, it will be possible to derive the conditions for
the emergence of rogue waves.
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BIIXWJIEHHS MMOBEPXHI KOHTAKTY IBOX PIIKMX
HATIIBITPOCTOPIB 3 TTIOBEPXHEBUM HATATOM:
BATATOMACIIITABHI TITIXI/T

Ila cTaTTsa npucBsAYeHa JOCTIIXKEHHIO BiIXUJIEHHS TOBEPXHI KOHTAKTY MiXK JIBOMAa HaIliBHECKIHYEHHU-
MH PiJHHAMHE IIi/T BILTHBOM CHJI IOBEPXHEBOIO HATATY Ta IPaBiTaIlil 3 BUKOPUCTAHHIM OAaraTroMaciirabHo-
ro ananizy. [louarkoBo-kpaiioBa 3aa4a 6a3y€TbCsd HA KJIIOYOBUX O€3PO3MIPHUX [MapaMerpax, 30KpemMa Ha
BiIHOITIEHH] TYCTHH 1 KOeDIIi€HTI TTOBEPXHEBOTO HATATY, JJIsi OMKUCY T€HEPAIlil Ta, MOMMUPEHHST XBUJIBOBUX
MMaKeTiB y3/I0BK MOBEPXHI KOHTAKTY. 3a JOMOMOTOI0 CJIA0KO HEJHIHHOT MOIEi JTOCTiIKYIOTh TO9aTKO-
Bl BiIXWJIEHHS TTOBEPXHI KOHTAKTY, IO /I03BOJISE€ OTPUMATH iHTErpaJibHI PO3B’SI3KW I SK JIHIAHOTO,
Tak i HeminiftHOrOo HabaMKeHb. JliHiliHe HAOIMKEHHS OMUCYE OCHOBHY CTPYKTYPY MPsMOI Ta 3BOPOTHOL
XBHUJIb, TOJI SK HEJIHIWHI MOMPaBKH BPAXOBYIOTH €(EKTH BUINOIO MOPSIKY, SIKi BUBOIATHCI 33 IOMO-
MOrow Gararomaciirabaux poskaaais. 1i mompaBku XapakTepu3ylOTh €BOJIOIII0 O0BITHOI XBUIBOBOIO
TTaKeTa, BUSABJISAIOUN B3a€MOJIII0 MiXK JIMCIIEPCi€ro, HEMIHIMHICTIO Ta MoBepxHeBUM HaTsaroMm. HamaoThes
iHTerpajibHi BUpa3w I JIHITHEX 1 HeJiHIHHWX PO3B’A3KiB, 30KpEMa TAKUX, M0 JEMOHCTPYIOTH POJIb
MapHAX 1 HEMAPHUX MOYATKOBUX BiIXMJ/IEHb MOBEPXHI KOHTAKTY. IIOpiBHAHHS MiXK JTiHIAHUM 1 HemiHi#-
HUAM HAOJIMKEHHSIMHU IiIKPECTIOI0TH 1X B3a€MO3B A30K. JIiHiiiHA MOEe/Ih BCTAHOBJIIOE OCHOBHY JHHAMIKY
XBHJIb, TOJI K HEJIHIWH] 9/I€HN H0Jal0Th TAPMOHIKH BHUIIOIO MOPSIKY, YTOIHIOIOYN PO3B’I3KHU i 103BO-
JITIOYW TIPOBOJUTH aHaJi3 cTikocTi. Ili pe3yabrary BUABIAIOTHL CYTTEBI BHECKH BiJl TAPMOHIK BHUIIIOTO



56 e-ISSN 2663-0648. Morunaucpkuit MmareMaTnduuil kypHaa. 2024. Tom 7

MOPSIAKY v BU3HAYEHHS NWHAMIKH MOBEPXHI KOHTAKTYy. KpiM TOro, y MOCTiIKeHHI PO3LJISHYTO YMOBH,
3a AKUX HeMiHifiHa 00BiIHA 3aUMIAETHCA CTIHIKOI0, 30KpeMa OOMEKEHHsT Ha MTOYATKOBI aMILTITY/Id, 1100
3amobirTH BUHUKHEHHIO HeCTIHKOCTI. J1oCiIKennsa BiAKPUBAE HOBI TIEPCIEKTUBN IJIST TIOIAJIBINIOTO aHa-
JIi3y CTIHKOCTI Ta AUHAMIKYM XBHUJIb HA MEXKi MOy PiAWH 3a JOMOMOIOK CHUMBOJBHUX O0UmCIeHb. 11o-
TEHIIiiHI 3aCTOCYBAHHS TEPeI0avaA0Th MO/IAJbINE BUBYEHHS MOBEIIHKN XBU/Ib 33 PI3HUX T€OMETPUIHUX
nmapaMerpiB cucTeMu Ta BiacTuBocTeil pigud. OTpuMani pe3ysibTaTh CIPULSIOTH PO3BUTKY MOJIEIIOBAHHS
riIpoIMHAMIYHAX XBWJIb 1 3aKJ1aJIaI0Th OCHOBY JIjis TOJAIBIINX JOCHIIKEeHb y 1l rajy3i.

KurouoBi ciioBa: BHyTpIIIHI XBHJIi, MOYATKOBO-KpaitoBa 3amatda, OaraToMaciiTabHI pO3BUHEHHSI,
MOBEPXHEBUN HATAL.
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HEJITHIMHE IIOIIINPEHHS XBUJILOBUX ITAKETIB ITPU
XBUJIHLOBUX YNCJIAX, BJN3bKUX J0 KPUTUYHOTO,
B JIBOIIAPOBIN TTAPOAMHAMIYHIN CUCTEMI
CKIHYEHHOI I'JIMBUHN

Poszeasarymo 3adauy npo nowupenHs CAGOKOHEATHITHUT TEUADOSUT NAKEMIE Y d80UaAPOSIT 210podu-
HAMINHIT CUCTEMT <«Wap 3 MEEPIUM OHOM — Wap 3 KpuwKkos. Jlis 0CAi0AHCEHHA MaA GHAAIZY BUKO-
pucmano memod bazamomacwmabrur possunernv (MBP) do mpemwvozo nopsadky, wo dae ModcAuGICMY
OMPUMATU NEPULE HADAUINCEHHA DOCNIONCYBAHOT MOJEAT, AKT € NMHITHUMY 810HOCHO Hesdomux GyrKuit,
wWo € dodanKamu Y 6ionosionuT poskiadar. Y pesysomami 60aemvbes OMpPuUMamy e80M0UITIHE PIBHANHA
06610101 LEUALOBUL NAKEMIE Y PoPMI HeATHiTiHo20 pienannsa [lpedineepa. Koau wacmoma uewmpy xeu-
AB0B020 NaKeMY 6AU3bKG 00 HYyAA, ompumani 3 MBP peayavmamu ne moccymv dymu 6uKopucmaHi dis
MOOEAIOBAHHA TEUADOBUT PYTI6 Y JoCAidHcy8anil cucmemi. B cmammi poszaanymo epanusnuti 6unadox
NOWUPEHHA TEUNDOBUL NAKEMIB NPU HAGKOAOKDPUMUNHUL TEUALOSUT “wucaax. Ha ocrosi ducnepcitino-
20 CNIBBIOHOWEHHA A YMOS PO36 A3YSAHOCTE IPY2020 MaA MPEMBO20 HAOAUNCEHD SBCMAHOBAEHO, ULO
NOWUPEHHA TEUADOSUT MAKEMIE NPU TEUNDOBUT HUCAGT, OAUSLKUT 00 KPUMUYHO20, ONUCYEMBCSA He-
AHITHUM pienannam HIpedinzepa. Ompumane PIBHAHHA MICTMUMD NEPWY NOTIOHY 3G NPOCMOPOBOID
K0opAuHamo ma 06i MOXidHL 3a 4aC08010 KOOPAUHAMOW 1 MOdHCE OYMU NOWUPEHUM HA 6CT TEUADOET

yucaa. Taxoosc eusedeno cni6GIOHOWEHHSA MINC TEUNDOGUM YUCAOM MG MANUM napamempom.

Kuro4uoBi ciioBa: BHyTpilnHI XBuJii, HetiHiitHe piBHsHHA [[Ipesinrepa, XBUIbOBE YUCTIO.

Beryn

Bukopucranus acCHMIOITOTUYIHAX METOIB JI0 3a-
Jad JIOCHiIZKeHHsI TIOIMUPEHHsT XBUJILOBUX TTAKETIB
€ OJHUM i3 HAWMIONIIMPEHIIIX CIOCOOIB MaTeMa-
THUYHOT'O MOJIEJIIOBAHHS XBUJILOBUX PYXIiB y pian-
HaX. 30KpeMa, 3aCTOCYBaHHsI MeTOJy Oararomac-
mrabuux possuderb (MBP) o cnabkonemniniiinmx
3aJ1a9 TaKOr'o KJ1aCy IPU3BOJIUTD JIO AHAJI3Y TOCTi-
JOBHUX HaOJIMKEHD, SIKi € JIHITHIMEI BiIHOCHO He-
BimoMux QyHKIIT — JOJAHKIB BiAIOBIIHMX acmuM-
NTOTUYHUX PO3KJIAJIiB.

VY nocnimzkenni [1] nposeneno aHamiTHIHE MO-
JICTIOBAHHS TONMUPEHHS XBUJILOBUX MAKETIB Y JIBO-
MIapoBiil TigpoMHAMIYHINA CHUCTEeMI «IHBIIPOCTIp —
miBrpocrips». 3a jonomoroo MBP orpumano mep-
1 Tpu HabMKenHs. BuBemeHo gucmepciiine cris-
BiTHOIIIEHHST Ta YMOBHU PO3B’SI3YBAHOCTi JIPyroro
Ta TPeThoro Hab/mKeHb. OTPUMAHO €BOJIIOIIHE
piBHsSIHHSI OOBiIHOT XBUJIBOBUX IAKETIB y BUIJISIII
uesiniiinoro pisaguua [peninrepa (HPII). ITpo-
BEJIEHO aHAJII3 MOYJISIIINHOL CTIHKOCTI XBUITHOBUX
ITAKeTIB.

Po6otu [2] Ta [3] npucesideni ananisy momupeH-
Hsl CJIADKOHEJNHIHNX XBUJIBOBUX ITAKETIB y Tiapo-
JUHAMIYHIN cUCTeMi «IHBIIPOCTIp — Iap 3 TBEp-
JIOIO KPHUIIKOIO». 30KpeMa, OTPUMAHO €BOJIIOTIHE
piBHSHHS OOBiTHOI, TpoaHai30BaHO (HOPMY XBU-
JIBOBUX ITaKeTIB, JIOCJIIIPKEHO TUTAHHS MOJLYJISIIIA-

(© Hapadosuti B. B., 2024

HOI CTiMKOCTI.

VY crarrsx [5] Ta [6] gocimKkeHo MaTeMaTHIHY
MOJIEJIb XBUJILOBUX PYXiB Yy TiApOJMHAMIUHIN cH-
CTeMi «ITap 3 TBEPIUM JHOM — IMap 3 KPUIIKOM».
Orpumano piBHAHHS JJjis OOBITHOT XBUJILOBOTO T1a-
keta y ¢popmi HPIII. IIpoanasrizoBano xapakTepHi
0COOJIMBOCTI TIOMIUPEHHST XBUJILOBUX ITAKETiB.

3 Bukopucranasm MBP y poborax [7], [8] a [9]
IPOAHAJII30BAHO MUTAHHS TIONTUPEHHS CJIA0KOHE/Ti-
HIHIX XBUJIBOBUX MAKETIB Y TIIPOAMHAMITHAX CH-
cTeMax «Imap 3 TBEPIAUM JHOM — IMap — IHap 3
BIJIBHOIO TTOBEPXHEIO», IMBIIPOCTIp — Iap — IIap
3 TBEPJOI0 KPUIIKOK», «IIap 3 TBEPAUM JHOM —
map — Iap 3 TBEPAOK KpHIIKoo». OTpumanHo
€BOJIIOIIHI PIBHAHHS OOBIMHOI XBUJILOBUX IAKe-
TiB y dopmi HPII, mpoBenero amasis xapakre-
PUCTHK IOIIMPEHHS XBWJIb. ¥ BKa3aHUX poboTax
OyJI0 IPOBEJICHO JETAJTBHUAN aHAJII3 XBUITHLOBUX PY-
XiB. 3a3HAYUMO, IO ¥ BUMAJKY MAJIAX 9aCTOT, KO-
g w — 0, pe3yabTaTu, OTPUMAaHI y BKa3aHUX PO-
6orax, HEe MOXKYTb OyTH 3aCTOCOBAHI J[JIsT MaTeMa-
THYIHOTO MOJIEJIIOBAHHS XBWIbOBUX PyxiB. lleit Bu-
najoKk po3riasHyTo y [1] mus momesti «miBmpoctip
— niBpoctip» Ta y [4] s Mozmedni «miBpocTip —
map 3 TBEPIOIO KPHUIITKOIO».

VYV 3amponoOHOBAHOMY TOCJII/IZKEHHI MU DPO3TJIs-
HEMO IOIIUPEHHs XBUJILOBUX IIAKETIB IPU 3HAYEH-
Hi XBUJIBOBUX YHCEJ, OJU3bKUX JI0 KPUTUIHOTO,
JJIA TiPOAWHAMIYHOI CUCTEMHU «ITap 3 TBEPIUM
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JHOM — IIap 3 KPUIIIKOIO».

IlommpeHnHsT XBUJIBOBUX MAaKETIB Yy
JBOIIAPOBill rizpoagunHamMiuHiii cucremi
CKiHYeHHOI rTuouH’

Posristremo 3a1ay npo montupenas JBOBUMIp-
HUX XBWJIHLOBUX IAKETIB KIHIEBOI aMILITYIU HA
noBepxHi KoHTakTy 7)(r,t) pigkumx mapis ; =
= {(z,2) : |z| < +00,—h1 < z < 0} Ta Qy =
= {(z,2) : || < 400,0 < z < ha}. BpaxoBye-
ThCA CHJIA TIOBEPXHEBOrO HATATY 1', cuiia TsKIHHSA
HallpaBJIeHa IIePIEHIUKYISPHO JO IIOBEPXHI PO3-
MIOJIUTY Y BiJI'€MHOMY Z-HAIIpSMKY, PiTMHU BBazKa-
oTbest HectucsmpuMmu. [IBuakocti y €); Bupakeni
4yepes3 IpaJieHTu HmoTeHmiaiB ¢, (x, z,t). Marema-
THUYHA [TOCTAHOBKA 3324l B 0€3PO3MipHOMY BHUIJIS-
ai:

A(bj =0 in Qj7 (]_)
Nt Pjz= QN Pja
b1,6—pd2,c+(1p)n+0.5a (V1)20.5ap (Va)?

o\ —3/2
-T (1 + (ane) ) Ny =0 mpuz = an(zx,t),
¢1,. =0 mpum z="hy,

2 = an(a, ),

¢2,z =0 npnm z = h27

ne p = pa/p1, pi(i = 1,2) — rycrunu wapis €2;,
a = a/l — napamerp HesiHiffHOCTI, @ — Makcu-
MaJIbHE BiIXWJIEHHS MOBEpXHI KOHTaKTy 7)(x,t), |
— JIOBXKWHA XBHJIb.

Posp’sizku 3agaqi (1) MoxkHA NIyKaTu, BH-
KOPHUCTOBYIOUN METO]T 6araToMacIiTabHUX PO3BU-
HeHb. Ilpencrasumo Hesizomi dyskuii 7(x,t) Ta
¢i(x, z,t) y BUrIsii

n(,t) =Y ", +0(a?), (2)

n=1

3
¢j(,2,t) =Y a" i + O(a?),
n=1

ae n, = Nalxo,x1,x2,to,ti,t2) TA @i =
= ¢jn(x0, 21,22, 2, b0, t1, t2) — BiamoBinHi monankm
B aCHMITOTHYHUX poskiaagax (n = 1,2,3), z; =
= oJx rat; = o — macurrabui sminmi (j = 0,1, 2).

Hincrapusmm (2) y 3amagay (1), orpumaemo
mepini Tpu JIiHiTHI HAOIMKEHHS BiIHOCHO HEBiHO-
MuX QYHKIIH 7, Ta ¢y, . L1 mpobnemu MaioTh cKa-
JHUI aHAJITUYHANR BUIVISA, TOMY TYT 1X HABOIUTH
He OyeMo. 3a3HAYUMO, 0 B PE3yJIbTATi aHaizy
BKa3aHUX HAOJIMKeHb OyJI0 3HAIeHO aucepciiine
CITIBBITHOIIEHHS Ta YMOBH PO3B’I3yBAHOCTI APyTO-
r'0 Ta TPETHOr0 HAOJIMKEHD, HA OCHOBI SKIX MOXKHA,

OTPUMATH €BOJIIONI{THe piBHAHHS OOBITHOT Y BUTJIsSA-
ai HPIII.

Y pobori [5] 6ys10 orpuMano aucnepciiiie cis-
BITHOIIIEHHS
2 _ k™ pk + Tk? 3)
coth(khy) + pcoth(khs)’

Jle W — YacToTa IeHTPY XBUJIBOBOI'O IIaKeTa, k —
XBUJIbOBE TUCJIO0. Y MOBY PO3B’sI3yBAHOCTI JJIsT JIPY-
roro HabJIMYKEHHS MOXKHA 3aIHCATU Y BUIVISII

WAy, + WA, =0, (4)

ne A — obBigHa XBWIBOBOrO Iakera, Wip Ta
Wis — xoedirmienTn, gki MalOTh rpOMI3IKUI aHa-
JITUYHUM BUIJIS, Ta 3aJIe2KaTh BiJ[ ITapaMeTpiB
(h1,he, T, p, k). YMOBY DPO3B’SI3yBAHOCTI JIsl Tpe-
THOI'O HADJIMYKEHHS] MOXKHA 3AIMCATU Y BULJISIII
WorAy, + Was Ay, + WosA 40+
g
W24A,w1w1 =+ WQSA,tltl = WyA“A (5)
e Way; (i = 1,6) — oedinienTn, siKi MaroTh TPO-
Mi3JIKUi aHAJTITUIHUN BUTJIST Ta 3aJ1€2KaTh BiJl Ha-
pamerpis (hy, ha, T, p, k).
BazHaumMo, 1o y BUMaIKy w — 0, koum w' —
00, PO3BUHEHHSI, IO OTpUMaHi y [5; 6] 1y1st Buma Ky
IIIIPOKOTO CIIEKTPA YaCTOT, HE MOXKYTb Oy TH 3aCTO-

coBaui. {1t po3riisijly bOro rpaHUuYHOrO BUIIAJIKY
nepenuinemMo ymMoBy (4) y BATJIA]

KAy +A, =0, (6)

ne k' = dk/dw, orpnmana 3 (3) 1 Mae BurIsAs

k' = 2w (coth(khy) + pcoth(khs))? x

{Tk>3hy (coth® (kh1)~1) + pha(coth?(kha)1)]+
3Tk?[coth(khy) 4 pcoth(khy)] + k(1 — p)[h1+
+ pha~hy coth?(khy)~pha coth?(khsy)]™
~(17p)[coth(khy)~pcoth(kha)]} 1.

Ipomudepennioemo (6) crouarky 3a 1y, a I110-
Tim 3a t1. Orpumaemo

k/A,tlfl + A,flfl =0, k,A,tltl + A,Iltl' (7)

Ocrarouno 3 (7) Maemo

qulzl = _k/A,tltlv A,mIl = (k/)zA,tltl' (8)

Toni, Bukopucrosyoun (6), (8) ta ymoBy
posB’siyBaHocTi (5), OTpUMAEMO IIyKaHe eBOJIIO-
TiitHe PIBHAHHS Yy BUIJIAJM] HEJIHIHOTO PiBHSHHS
IIpeninrepa

AL +KA;05ik" Ay = 20’ JgA*A,  (9)

ne k" = d?k/dw?. Bupas ana k' mae ckiasmmit
AQHAJITHIHAI BUIVIST, TOMY TYT #OrO HE HABOJIH-
Mo. PiBusnus (9) Mae po3B’si30K, SKUil 3a7I€KUTH
JIAIIIE Bif dacy

A = 0.5aexp(iot + cons‘t), (10)
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Jie a — jesika crada. [izcrasumo (10) y (9), orpn-
Ma€MO pPiBHSHHS BiJIHOCHO O

0.5k" 0% k'o + 2a%a®Jy = 0. (11)

3 (11) orpumaemo

E F/(K)?2a2a? Jy

o102 = i (12)
dAdxmo w — 0, Tomi oTpuMaemo, 1o
N w(coth(khq ;kp;oth(khg)))7
N (coth(khy ;Z;}oth(khg)))’ (13)
Jo — 33—]§

Bpaxosyroun (13), supas (11) jyist o MOXKHa IIepe-
NHCATH Y TAKOMY BHTJIsJI
2 3a2a’k5T 0
8(coth(khy) + pcoth(khs)) '

oc=wTF
Orxke, BUpa3 Jjisg o HabyBae JiHCHUX 3HAYEHD,
AKIO

2 3a2a’k5T
~ 8(coth(khy) + pcoth(khs))’

(14)

3 ymosu (14) Ta gucnepciiiHoro cuiBBigHONIIEHHST
(3) oTpuMaEMO 3B’SI30K MiK XBUJIBOBUM YUCIOM k
Ta HEJIHITHIM TapaMeTpoOM (v, IO BiJITOBigae Kpu-
TUYHIN 9acTOTi:

3a2a2k4‘8k2‘81_Tp —0,

3BIJIKM XBUJIbOBE UUCJIO BU3HAYAECTHCHA 338 (HOPMY-

JIOIO
4F4 /1 3a2a?(1—p)
k= x (15)
3a2a?
Orpumanuit pesysabrar (15) HOBHICTIO y3romKye-
ThCSL 3 JIOCJI/KEHHsIMU, TpoBejieHuME B [1] 1 [5].
Baznaunmo, mo 3 (15) MoKHA OTpUMATH PO3BUHE-

HHSI XBHJIBOBOI'O YMCJIA Kk 3a MaJIiM IIapaMeTpOoOM
.

BucHoBKHU Ta mepCHeKTUBHU IIOJAIbIINX
JOCJiI>KeHb

YV poboTi PO3IIAHYTO 3329y PO IONIHPEHHS
CJIA0KOHEIHITHNX XBHUJIBOBUX IIAKETiB y JIBOIIIA-
POBiit rigpomumHaMIUHINE cHCTeMi «ITap 3 TBEpPIUM
JIHOM — IIap 3 KPHUIIKOI» 3 BUKOPUCTAHHSIM Me-
Tomy GaraToMacInTabHUX PO3BUHEHb. PO3IIsgsHyTO
TPAHUYHUIA BUIAJIOK [IOIMAPEHHS XBUJIBOBUAX MTaKe-
TiB IIpY HABKOJIOKPUTUYHUX XBUJIBOBUX YHCJIAX. Y
IPOMY BUMNAJIKY, YaCTOTa IEHTPY XBUJIHOBOTO IIa-
KeTa OJU3bKa 70 HyJs, 1 PO3BUHEHHS, OTPUMaHI
METO/IOM OaraThoxX MacITabiB, He MOXKYTb OyTH
3aCTOCOBaHI JIjIs MOJIEJTIOBAHHS XBHJILOBUX PYXIiB.
B pesyabprari BCTAHOBJIEHO, IO HONIMPEHHS XBU-
JIbOBUX IAKETIB IIPU XBUJIBOBUX YUCJIAX, OJIU3BKUX
JIO KPUTUYIHOTO, ONUCYETHCA HEJIHIMHUM DPiBHSH-
nam [lpengiarepa, Mo MICTATH HEPITy TOXITHY 3a
IIPOCTOPOBOIO KOOPJIMHATOIO Ta JIBI MOXIiJIHI 3a Ya-
COBOIO KOOPJMHATOIO 1 iK€ MOKe OyTH IIOITHPEHIM
Ha BCl xBmwiIboBI uucsa. OTpuMaHo CriBBiJHOIIE-
HHsI Mi2K XBHJIBOBHM YHCJIOM Ta MaJjuM Iapame-
TpoM. Y TOJAJIBIIIOMY IUIAHYETHCS JOCIIIATH TI0-
HATTS MOJLYJIANIHHOI cTifikocTi (crifikocri Benmka-
mina — Qeiipa) sl BUNAJKY XBUIBOBHX YUCEJL,
OIM3BKUX JI0 KPUTHIHOTO.

Cnucox aimepamypu

1. Nayfeh A. Nonlinear propagation of wave-packets on
fluid interface. Trans. ASME, Ser. E: J. Appl. Mech.
1976. Vol. 43 (4). Pp. 584-588.

2. Selezov 1., Avramenko O. Some features of nonlinear
wave trains propagating in two-layer fluid. Geophysical
Research Abstracts. 2001. Vol. 3. Pp. 25-30.

3. Selezov 1., Avramenko O., Kharif C., and Trulsen K.
High-order evolution equation for nonlinear wavepacket
propagation with surface tension accounting. Comptes
Rendus. Mecanique. 2003. Vol. 331 (3). Pp. 197-201.

4. Selezov I. T., Avramenko O. V. Nonlinear Propagati-
on of Wave Packets for Near-Critical Wave Numbers
in a Liquid that Is Piecewise Nonuniform with Depth.
Journal of Mathematical Sciences. 2001. Vol. 103. Pp.
409-413.

5. Gurtovy Yu. V., Selezov I. T., Avramenko O. V.
Features of wave-packet propagation in two-layer
fluid of finite depth. International Journal of Fluid

Mechanics Research. 2007. Vol. 34 (5). Pp. 475-491.

6. Typrosuit FO. B., Cenezos U. T., Aspamenko O. B.
Heuniniitna cTifikicTh MOIMMUPEHHS XBUJILOBUX MAKETIB B
nBomaposiit piauni. ITpukaadna 2idpomexanira. 2006.
Ne 90 (8). C. 60-65.

7. Avramenko O. V., Naradovyi V. V., Selezov I. T. Condi-
tions of wave propagation in a two-layer liquid with free
surface. Journal of Mathematical Sciences. 2016. Vol.
212. Pp. 131-141.

8. Avramenko O., Lunyova M., Naradovyi V.
Wave propagation in a three-layer semi-infinite
hydrodynamic system with a rigid lid. FEastern-
European journal of enterprise technologies. 2017. Vol.
5 (5). Pp. 58-66.

9. Naradovyi V. V., Kharchenko D. S. Modulation stabi-
lity of wave-packets in a three-layer fluid. Mathemati-
cal Modeling and Computing. 2023. Vol. 10 (4). Pp.
1292-1302.



60 e-ISSN 2663-0648. Morussincekuit MaTemMaTnduuii »xypaas. 2024. Tom 7

References
1. A. Nayfeh, Trans. ASME, Ser. E: J. Appl. Mech. 43 6. Yu. V. Hurtovyi, Y. T. Selezov, and O. V. Avramenko,
(4), 584-588 (1976). Prykladna hidromekhanika. 90 (8), 60—-65 (2006).
2. 1. Selezov and O. Avramenko, Geophysical Research 7. O. V. Avramenko, V. V. Naradovyi, and I. T. Selezov,
Abstracts. 3, 25-30 (2001). Journal of Mathematical Sciences. 212, 131-141
3. 1. Selezov, O. Avramenko, C. Kharif, and K. Trulsen, (2016).
Comptes Rendus. Mecanique. 331 (3), 197-201 (2003). 8. O. Avramenko, M. Lunyova, and V. Naradovyi,
4. I. T. Selezov and O. V. Avramenko, Journal of Eastern-European journal of enterprise technologies. 5
Mathematical Sciences. 103, 409-413 (2001). (5), 58-66 (2017).
5. Yu. V. Gurtovy, I. T. Selezov, and O. V. Avramenko, 9. V. V. Naradovyi and D. S. Kharchenko, Mathematical
International Journal of Fluid Mechanics Research. 34 Modeling and Computing. 10 (4), 1292-1302 (2023).

(5), 475-491 (2007).

V. Naradovyi

NONLINEAR PROPAGATION OF WAVE PACKETS AT
WAVE NUMBERS CLOSE TO THE CRITICAL ONE IN A
TWO-LAYER HYDRODYNAMIC SYSTEM OF FINITE
DEPTH

The problem of the propagation of weakly nonlinear wave packets in a two-layer hydrodynamic
system, <layer with a solid bottom — layer with a lid,> is considered. The method of multiple-scale
expansions (MSE) up to the third order is employed for investigation and analysis. This method allows
one to obtain the first approximations of the studied model, which are linear with respect to the unknown
functions that are the terms in the respective expansions. As a result, the evolution equation for the wave
packet envelope is derived in the form of a nonlinear Schrodinger equation. When the central frequency
of the wave packet is close to zero, the results obtained using MSE cannot be applied to model wave
motions in the studied system. The article examines the limiting case of wave packet propagation at
near-critical wave numbers. Based on the dispersion relation and solvability conditions for the second
and third approximations, it is established that the propagation of wave packets at wave numbers close
to the critical one is described by the nonlinear Schrodinger equation. The derived equation includes
the first spatial derivative and two temporal derivatives and can be extended to all wave numbers.
Additionally, a relation between the wave number and the small parameter is derived.

Keywords: internal waves, nonlinear Schrodinger equation, wave number.
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