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rOT®PIO JIEMBHIIL I CTBOPEHHSA
JANPOEPEHIITAJIBHOI'O YNCJIEHH

V ecmammi poseaadaemucsa enecox Lomgpida Binveeavma Jletibniua y cmeoperms dupepenianbHo-
20 YUCAEHHA 68 Kowmekemi 1020 dirocopevroi cucmemu. Locaidrnceno 63aemo36°430% Mioc memaghisu-
YHONW KOHUENUIEI MOHAO Ma MAMEMATMUYHUM NOHATMMAM HECKIHYEHHO MAAUT 6esuvun. [Ipoananizo-
sano nybaikayito «Nova methodus pro maximis et minimis» 1684 poxy ax nepwy OpyKosaHy Npauro 3
dugpepentyianvrozo wucaeHHA. Bucsimaeno ocobaueocmi AetibHiyiscvbko20 nidrody 0o MamemamuyHo20
aMaAi3y, 1020 HOMAaYi0 ma memodonoezito. Poseranymo icmopuuny cynepewky w,0do npiopumemy 6u-
Hazody wucaenna mioc Jletioniyem ma Hvromonom. Iloxasano enaus ginocopcorux ideti Jletibriya na

POPMYBAHHA CYUACHO20 MAMEMAMUYHOLO GHANIZY.

KiiouoBi ciioBa: gudepenriiagpie IUCICHHS,
methodus, icropis maremaruku, JleitOmirr.

Beryn

CrBopentst udepeHIiagbHOr0 Ta iHTerpab-
HOTO YuCeHHsa B ocTanuii Tpernni X VII cromiTTs
CTaJIO OJIHUM 13 HABUBHAYHININX JIOCSTHEHD B 1CTO-
pil MaTeMaTuKy, IO KapAUWHAJILHO 3MIHUJIO HE JIU-
e MaTEMATUIHY HAyKY, & i IPUPOIO3HABCTBO 3a-
rajioM. CepeJl TBOPIIB IBOTO TIOTYKHOTO MaTeMa-
TUYIHOT'O allapaTy OCOOIUBE MICITE MTOCiIa€ TOCTATh
Tordpina Binsrensma JlefiGuina (1646-1716) —
HiMenpKoro ¢imocoda, MareMaTnka, HOPUCTa Ta
JUIIOMATA, IUil BHECOK Y PO3BUTOK MaTEMATHIHO-
ro aHa/i3y 6yB HEPO3PUBHO OB s3aHUil 3 ftoro oi-
JIOCOCHKIMHU TIOTVISAIAMHU Ha TPUPOJTY PEATHHOCTI.
Ha Binmimy Bix cBoro cyuacuuka Icaaxa HnioTo-
Ha, AKWil pO3POOJISIB MeTO (DJIFOKCIH TepeBarKHO
I BUpiIIeHHs pisudaHuUX 3amad, JIeiOmHin mimi-
WITTOB JI0 CTBOPEHHS YWCJIEHHS 3 MO3WITIN yHIBep-
CaJIBHOT'O METOJy IMi3HAHHS, [0 MaB CTATH YaCTU-
HOIO #0r0o aMOITHOTO TTPOEKTY «characteristica uni-
versalis» — yHiBepcasbHOI MOBH HayKu [2].

dinocodchki imel Ta MmaremaTudHa
peasizaiiis nux igeit

QdinocodcbKe MATPYHTS MATEMATUIHUX 1HHO-
Baiit Jleitbuina HaiisscKpasile BUSIBISIETbCS B f0-
o BYEHHI TPO MOHAJM — IPOCTi, HEMOiIbHI CyO-
CTAHIII, 0 CTAHOBJIATH (DYHIAMEHT DPEAJHHOCTI.
Momnagu, 3rimgmo 3 JleiibnineMm, € cnpaBxkuiMu cyo-
CTaHIIIAMH, T030aBJIEHIMU MATEPiaJLHOTO 91 TPO-
CTOPOBOTO XapakTepy, aJjie HaJJIECHUMU BHYTpi-
IHBOIO AKTUBHICTIO — eHTejexier, conatus abo
nisus (IparfeHHsM), NEPBUHHOIO CUJIOI0 Ta BHY-
TpimuiM npuHIMITOM 3Minu. 1lsg KoHmemmis meTta-
Gbi3uTHOT HEMOITHLHOCTI 3HAMIIIIA CBOE MATEMATH-
YHE BTiJIEHHS B IIOHATTI HECKIHYEHHO MAJIUX BEJIH-

© @edoposcora K. II., 2025

MOHAJIOJIOTisI, HECKIHYeHHO MaJui Besmdauau, Nova

quH — AudepeHIialiB, dKi, MomibHO 0 MOHAI Yy
meradizurl, Oy HEMOTIIBHIMHI «aATOMAMEI» Ma-
TEMATUIHOIO KOHTUHYyMYy. Jleiibnin BBakaB, IO
HEeCKIHYeHHa KiJIbKICTh MOHAJI CKJIAJIa€ IPOCTIp,
SIKUI TAKUM YMHOM He € IIOPOXKHIM, SIK CTBEPIZKY-
BaB HbroToH, a HamoBHEHHUil MOHaIaMu, 1O, Oy-
JIy9d HEIOJIJIbHIMH Ta HE 3afiMarOdu IIPOCTOPY, €
OCHOBOIO JIJIT BCHOT'O 1HITIOTO Yepe3 B3aEMO/III0 MiXK
cobo10.

Maremarnayna peasizarisi mux dismocodcbKux
imeit mowasa odopmioBaTucs B cepemuui 1670-x
pokiB, kousin JleitOuin, mepebysatoun B I[lapmxki Ta
CHi.HKyIOLII/ICI) 3 BHJATHUMH MaTeMaTHUKaMHU TOI'O
qacy, 30KpeMa, 3 XpuctusgHom ['rofireHcoM, movan
pO3pO0JISITH BJIACHUI MiAXis 10 aHAJII3y HECKiH-
genno Maymx. o 1677 poky BiH yKe MaB ITiji-
cHy cucreMy, aje He mybuikysas 11 g0 1684 po-
Ky. Pesynbrarom 1ii€l GaraTopiumol poboTu cra-
Jia, IyOJstiKalfiss B >KOBTHEBOMY HOMEPi JIEUIIITU3b-
Koro XKypHaJly «Acta Eruditorums crarri mig Ha-
3Boro «Nova methodus pro maximis et minimis,
itemque tangentibus, quae nec fractas nec irrati-
onales quantitates moratur, et singulare pro illi
calculi genus» («Hosuit mMeTos st MaxcuMyMmis i
MiHIMyMiB, & TAKOXK JOTUYHUX, IKAA HE 3aTPUMY-
€ThCs HI Ha JpoOOBUX, HI Ha ippalioHAJbHUX Be-
JIMYUHAX, 1 OCOOJIUBUIL JJisl 1[LOIO PiJjl YUCIICHHST» )
13]-

Ils mepima apykoBaHa mparisd 3 qudepeHItia b-
HOTO YHCJIEHHSI, TIOMPU CBOIO CTHUCJICTh — YCBOTO
IITCTH 3 TTIOJIOBUHOIO CTOPIHOK, HAITMCAHUX JIETIO He-
OPraHi30BaHO Ta 3 YUCJIEHHUMU JIPYKAPCHKIMU 10~
MUJKAMHU — 3aKJIaja OCHOBA HOBOI MaTEMaTUYIHOL
IOUCIIAILTIHHA.

VY crarTi Jle#bnin yBiB audepenmian dx, 1o 3a-
JIOBOJILHSIB IIPABUJIAM:
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dlz+y)=dr+dy, d(zy)=zdy+ydz, (1)
1 MPOLIIOCTPYBAaB CBOE YHCJIEHHS KiJTHbKOMa IpU-
Kiamamu. JIBa poku motoMy BiH omyOJIiKyBaB apy-
ry ctarTio «IIpo rmboko mpuxoBaHy reoMeTpiros,
B sIKiit yBiB Ta nosicaus cumsou | f(z) dz as inre-
rpyBanHs. Came I HOTaIis, Ha BiaMiHy Bim Jrto-
kciftnoro 3ammcy HpioToHa, crama cranmapTHOIO B
MaTeMaTUIHOMY aHAaJIi31 Ta BUKOPUCTOBYETHCS JIO-
auHi. [IputHATTS MaTEeMaTUIHOIO CILILHOTOIO HO-
Boro uncsennst JleiiGuina ne Gyino mMurreBmM. Mo-
ranH Beprysuti y cBoiii aBrobiorpadil 3rajysas,
o BiH Ta ftoro OpaT HATPANWIN HA KOPOTKY CTa-
trio Jleitbuina B Acta 3a 1684 pik, me Toit «y Jeanb
II'ATH YU IIECTU CTOPiHKAX HAKPECUB /Iy2Ke HEBU-
paszmy ijiero audepeHIiagabHOTO TUCTEHHS, 10 O6Y10
CKOPiIIe 3araIKoio, HiK MOSICHEHHSIM; OJHAK ITHOTO
OyJ10 TOCTATHBO JjIs HAC, 00 3pO3yMiTH BeCh ce-
Kper 3a KijgbKa JHiBy. He3pakarodn HA MOIaTKOBI
TPYIHOI B po3yMinHi, MeTos JleiOmHima MmBHIKO
MONTUPHUBCS KOHTHHEHTAJIHHOIO €BPOIIOI0 3aBIsIKI
#Oro mocTiIoBHUKAM, 0cobinBo Oparam BepHyJui,
JdKi aKTUBHO PO3BUBAJIM Ta IOIYJISPU3YBaIN HOBE
qucyIeHHs [2].

DistocodchbKi OCHOBH JIEHOHIIIIBCHKOTO YUCJIEH-
HsI BUSBJISIIOTHCS He JINIE B KOHIIEI[] HeCKiHYeH-
HO MaJlUX, a ¥ y #ioro po3yMiHHI Ipupojin KOH-
THUHYYMYy Ta HecKindeHHocTi. [irs Jleiibnina mare-
MaTuka Oysia He MPOCTO IHCTPYMEHTOM il BUPI-
MIEHHS MTPAKTUIHUX 331449, & CIIOCOOOM OCATHEHHSI
rIUOUHHOI CTPYKTYPH peasibHOCTi. Y #oro mare-
MaTUYHOMY MUCJIEHHI KePyBaJjH II'ATh KJIIOYOBUX
noHsTh: calculus (amucmenns), characteristic (xapa-
KTepHUCTHKa), ars inveniendi (MucrenTBo BHHAXO-
ny), method (meron) ta freedom (cBo6oma). Hu-
CJIEHHS JIJIT HBOT'O O3HAYAJIO YHIBEPCAJIBHICTH Ta
IJIAHICTE — IOCh MaJio OOYMCJIIOBATUCH TaKUM
IUHOM, 1100 30epirajncs OgHOPIIHICTE Ta clpaBe-
JumsicTs (iustitia) abo cumerpis [3].

OcobMBO BasKJIMBUM € 3B SI30K MiK MOHAI0-
soriero JleitOmima Ta #Oro MaTeMaTHIHUMHU KOH-
enuisMu. CydacHi JOCIIIZKEHHSI [T0Ka3yI0Th, 110
MOH&/IM MalOTh IIOJIOKEHHSI Yepe3 CBOI BJIACHI Ti-
Jia, 1 HABITH AKINO BJIACHE PO3TAIIOBAHUMU € (IIPO-
TsKHI) TLIA, HEMAE MUPKYJISIPHOCT B TBEPZKEHHI,
[0 MPOTSKHICTH TiJIa BUILIMBAE 3 B3AEMHOTO PO3-
TanryBanns #oro dacrud. Lla imes meperykyerbcs
3 MaTeMaTUIHAM PO3YyMIHHAM KOHTUHYYMY SIK 9O-
IroCh, IO CKJIQIAEThCS 3 HECKIHYEHHOI KiJIbKOCTI
HECKIHYEHHO MAJINX €JIEMEHTIB, KOXKEH 3 SKUX MAE
CBOE «ITIOJIOXKEHHsT» B CUCTEMI Bi/IHOIIEHb.

Icropuuna cymepeuka 1omo npiopurery BuHA-
X0y ancyaeHHs MixK Jleibninem ta HeroTonoMm, 1o
posropinaca ma mouyatky XVIII cromitTs, crasa
OJTHIEIO 3 HAMBIIOMINMNX HAyKOBUX IOJIEMIK B iCTO-

piil maremaruku. Xoda HbroToH po3pobus cBiit Me-
toz, ditiokciit me B 1666 pori y Bimi 23 pokis, Bix
He 1yOstiKyBasB ftoro 70 1737 poky. JleitOuin mouas
IIPAIIOBATH HaJl CBOIM BapiaHTOM YuC/IeHHs B 1674
porii Ta omybJiikyBaB mepiry crarTio B 1684 porri.
Croroi BH3HAHO, IO OOWIBA BYEHI HE3AJIEIKHO
cTBOpMIN AudpepeHItiaIbae Ta iHTerpaabHe Tncie-
HH$, TPUIOMY 1XHI MeTOau OyJIM MINOOKO PI3HUMUI
— HeroroH crimpaBest Gijiblile Ha T€OMETPUYHY 1H-
Tyi1ifo Ta KiHeMaTuJIHi mpobJyeMu, To/i K JIeiOHir
ITiIXOUB JI0 YUCJECHHS 3 aJIredpaidHol TOUKH 30Dy

[1].

Buus J1eiibHIIBCHKOrO MiAX0mMy Ha IOJAJIb-
Uil PO3BUTOK MATEMATHKHU BAXKKO IEPEOIIHUTH.
Horo morarist BusSIBIIACS He JIMINE 3DYUHIMIO0 32
HBIOTOHIBCHKY, & 1 OLIBIN TPUIATHOIO JIJIsT TOIATb-
mux ysarajbHeHb. CydacHi JOC/IiJIZKEHHSI OCHOB
JudepeHIiaJIbHoro YucaeHus JIeitbHina mpomos-
2KYIOTb BIIKpUBATH HOBI acCIleKTH HOro MaTeMa-
TaHOl aymMku. ¥ XX crosirTi izmel Jleitbuina mpo
HECKIHYEHHO MaJli BeJIUINHN OTPUMAJIN CTPOre 00-
I'PYHTYBaHHSI B HECTaHIapTHOMY aHaJi3i AGpaxa-
ma PobiHcoHa, 110 MOXKHA PO3IJIsiIaTU SIK 3alli3Hi-
Jie BUIIPABJIAHHS MaTEeMAaTUIHUX MipKyBaHb Jleit-
Ouima.

Meradizuyni kopeni maremarukn JleiiGHira
BUSBJISIOTHCSI TAKOXK Y IOT0 KOHIIEIIIT TIepeIBCTa~
HoBJsieHOT rapMmowii. [lomi6Ho g0 Toro, sIK aBi CHH-
XPOHI30BaHI TOJIMHU MOKA3yIOTh OJHAKOBUM Jac He
qepe3 B3AEMHUI BILUIUB, a 3aBJSKH CIJIbHINA TTpH-
quH| (HATAIITYBAHHIO TOMHHAKAPEM ), MOHAIH JTi-
I0Th y3TO/PKEHO He depe3 Oe3MocepesiHIO B3aeMO-
JiIo, a Yepe3 IMepeIBCTaHOBJIEHY TapMoHio. [mes
3HAMNLIA CBOE BiIOOpaKEHHS B MATEMATHIHOMY
MOHATTI (PYHKIOHATBHOI 3a/JeKHOCTI, Je 3MiHI
OJTHIET BETMYMHU 3aKOHOMIPHO TIOB’sI3aHi 31 3MiHa-
MH iHI101 6€3 HeoOXiTHOCTI (hi3UIHOT TPUIUMHHOCTI.
JleitbHiniBcbKe po3yMiHHS HECKIHYEHHOCTI Ta KOH-
THHYyMy OyJIO TiCHO TIOB’st3aHe 3 HOro ysIBJICHHSIM
PO JOCKOHAJTICTH CBiTy. Bin cTBepKyBas, mo Oy-
JI0O 6 BEJMKOIO BTPATOIO0 MOXKJIMBOI JIOCKOHAJIOCTI
JIO3BOJIATHU YKUBUM iCTOTAM MATH Tija JIUIIE HA TO-
MYy KOHKDETHOMY PiBHI arperarii, 3 sKuM MU (DeHO-
MEHAJIBHO 3HaiioMi, ifes «noBHOTH GyTTs» (pleni-
tude) 3Hafinia MaTeMaTHYHe BUPaXKEHHS B KOHIIE-
i1 HemepepBHOCTI (DYHKIIIH Ta TTOBHOTH IHUCIOBO1
npsmoi. s Jlefibruina maTeMaTuvIHUN KOHTHHY-
yM OyB He pOCTO abCTPAKTHOIO KOHCTPYKIUEO, a
BioOpakeHHsAM MeTaMI3UIHOI CTPYKTYPHU peaib-
HOCTI, Jie KOXKHA TOYKA MA€ CBOE YHIKAJbHE <«Mi-
CIle» B CHCTEMi BiIHOINEHB, MOIOHO 10 TOTO, SK
KOKHA MOHA/Ia Ma€ CBOIO YHIKAJIbHY «TOUYKY 30Dy »
Ha YHiBepCyM.
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BucHoBknu

CrBopenHsl audepeHIliaJbHOr0 JucjeHHs: [o-
Tpimom JleiiOHinem siBjisie OO0  YHIKAJIBHUI
MPUKJIa] IUIAHOI B3aeMo/Iil (distocodehkol aymMKu
Ta MareMaTHdHOI TBOpuocTi. Moro meradismuma
CcHCTEeMa MOHAJIOJIOTI] HE TIPOCTO CYIIPOBOIZKYBAJIA,
MaTeMaTUYIHI BIIKPUTTH, aje Oy/aa IXHBOIO KOHIIEe-
NITyaJIbHOIO OCHOBOIO, HaIal0UN IHTYITUBHE PO3yMi-
HHSI IPUPO/IX HECKIHYECHHO MAJIMX BEJIUIUH Ta KOH-
tuayymy. Ilyomikamis «Nova methodus» y 1684
poIlIi cTajia He JUIle OYaTKOM HOBOI €pH B MaTe-
MaTHIl, a f JTIeMOHCTPAIEI0 TOro, SIK TuOOKi (i-
JIOCOCHKI i7el MOXKYTh TpaHCHOPMYBATHUCA B TIO-
TY>KHI MaTeMaTH4Hi iHCTpyMeHTH. [cTopuyne 3Ha-

geHHsI BHecKy JleitOHina mosisirae He TLIBKU B Te-
XHIYHUX JOCATHEHHAX — CTBOPEHHI 3pyYHOI HOTa-
il Ta edpeKTUBHUX AJITOPUTMIB, a it y dbopMmyBaH-
Hi HOBOT'O CHOCOOY MATEMAaTHYHOTO MUCJEHHSH, JIe
aHaJIi3 HeCKIHYeHHO MAaJNX CTaB OCHOBOIO JJIS PO-
3yMmiHHs 3MiH Ta pyxy. Moro miaxix, ma BimqMiny Bix
6ipIT mparMaTuIHOrO MeToay HbioToHa, Biakpus
HIIAX JI0 MOJAJIBIINX y3arajJbHeHb Ta a0CTPaKIIii,
IO BU3HAYUJIN PO3BUTOK MATEMATHIHOTO AHAJII3Y
B HacTynHi crositrsa. CydacHe BiIpOKeHHs iHTe-
pecy M0 OCHOB JIEHOHII[IBCHKOTO YHCJIEHHSI Ta He-
CTAaHJAPTHOTO aHAJI3y CBIYUTH PO HEIEePECiuHy
aKTYyaJIbHICTh HOTrO ijieil Jijigd pO3yMiHHS IIPUPOJIA
MaTeMaTUYHOTO KOHTUHYYMY Ta HECKIHYEHHOCTI.
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GOTTFRIED LEIBNIZ AND THE CREATION OF
DIFFERENTIAL CALCULUS

The article examines Gottfried Wilhelm Leibniz’s contribution to the creation of differential calculus
within the context of his philosophical system. The relationship between the metaphysical concept
of monads and the mathematical notion of infinitesimals is investigated. The 1684 publication “Nova
methodus pro maximis et minimis” is analyzed as the first printed work on differential calculus. The
features of Leibniz’s approach to mathematical analysis, his notation and methodology are highlighted.
The historical controversy regarding the priority of the invention of calculus between Leibniz and Newton
is examined. The influence of Leibniz’s philosophical ideas on the formation of modern mathematical
analysis is demonstrated.

Keywords: differential calculus, monadology, infinitesimals, Nova methodus, history of mathemat-
ics, Leibniz.
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I[TPO PO3B’A3HICTH 3AJIAYI IIOIIIVKY HEPYXOMOI
TOYKU BIZIOBPA?KEHHZ{ B IITIPOCTOPAX
BATATOBVMIPHIX ITOCJIIZIOBHOCTEN

Y cmammi pozeasnymo 3adavy nowyky HEPYromol mouku 0af 6idobpasicenv y mpocmopar 6aza-
MOBUMIPHUL nocaidosrocmeti. Aemopu Gopmysiotoms i d0600amb 0CHOBHY Meopemy, wWo 3a6e3neuye
icnyeanna ma eounicmy po3s’azky pienamna muny T = h + AZ, de A e ainitinum onepamopom 1y
npocmopt Banaxa 3 neshumu saacmusocmamu. B pobomi esedeno cucmemy nisHOPpM, AKaG Y320004CYy-
EMBCA 3 HOPMOIO NPOCTNOPY A 3A40080ABHAC YMOGU MOHOMOHHOCTE U obmesrcerocmi. Buxopucmosy-
04U MeMOod NOCAIIOBHUL HADAUHCEHD M GHAM3 30I0CHOCME 810N0610H020 PAdy, do6edeno ICHYBAHHA
P036°A3KY 300041, G MAKOHC OMPUMAHO OUIHKY OAA HOPMU D036 a3ky. Ocobausy ysazy npudiseHo dose-
0EHHI0 OOMEHCEHOCTIVE ONEPAMOPA A YHIKANGHOCTE PO3E A3KY, WO 2aPAHMYE KOPEKMHICTD NOCMAHOSKY
3a0a4i. 3aNPONOHOBAHT PESYALNATNUY € PO3BUMKOM KAACUNHUT Ni0T00i6 J0 300445 HEPYTOMUL MOYOK Y
HOBOMY KOHMEKCMI 6a2aMOoSUMIPHUT NOCAII06HOCTNEY, UL MAIOTL AKX MEOPEMUYHY, MAK | NPUKAGOHY

UTHHICND.

Kito4oBi cjioBa: Hepyxoma TOYKA, JIHIWHI OIEpaTOPH, HOPMA, TIBHOPMA.

Bceryn

IIpobema icHyBaHHST Ta €IMHOCTI HEPYXOMUX
TOYOK BiToOpazkeHb € PyHIAMEHTATHLHOIO ¥ PyH-
KITIOHAJIbHOMY aHAJI31 I Ma€ MUPOKEe KOJIO 3aCTO-
CyBaHb y TeOpil JWHAMIYHUX CHCTEM, CTOXACTH-
YHUX IPOIECIB, ONTUMAJIBLHOMY KepyBaHHI Ta 00-
YUCIIOBAJIbHIN Maremarumi. Kmacwami pesgysibra-
i, nounHaun Big pobit Bamaxa [1], cdopmy-
BaJII OCHOBY CYYaCHOI Teopil HEPYXOMHUX TOYOK i
CTaJii KJTIOYOBUMU JIJIsT PO3B’sI3aHHs HEJIHIfTHUX
PiBHSHB, 33J1a9 ONTHMI3AIll Ta aHaJi3y iTeparriii-
HUX MeToiB. [Togaabimmit po3BUTOK ITi€l TEeMaTUKN
BifoOpakeno y dyHIaMEeHTaIbHUX MOHOTPadisax
Dugundji Ta Granas [2], a Takox y npaigx Kelley
[3], ne Bukmameno TomosorivHi 3acamu, HeoOXimHI
I OPMYJTIOBAHHS Ta, JIOBEJICHHSI y3araJbHEHUX
TEOpPEM PO HEPYXOMi TOUKH.

JonaTkoBuil IMITyJIbC JIOC/TIJPKEHHSIM HaIAJTH
pobOTH, TPUCBAYEHI aHAMI3Y HECKIHIEHHUX Ma-
TpHIL 1 TPOCTOPIB mociimoBHOCTEH [4], sIKi cTBO-
PN TIEPEIYMOBH JIJIsT PO3IIUPEHHsT Teopil Ha Oa-
raToOBUMIpHI Ta cTpyKTypoBaHi npocropu. Ili mi-
XOJM BUSIBUJIUCHA OCOOJIMBO KOPUCHUMHU Y 33/a9aX
JUCKPEeTH3allil PiBHAHL MATEMATUIHOI (DI3UKH, IO
MPU3BOAATH JI0 0DATaTOBUMIPHUX DPIZHUIIEBUX aHA-
JioriB gudepeHiiajgbHuxX piBHsHb. OTpuMani pis-
HSTHHS MalOTh OaraTo CIJIBHOIO 3 THUMH, IO PO3-
rasgaaucs y Bimomiit monorpadii Bpimaoena Ta
Tapomui [5], upucBsUeHiit MOMUPEHHIO XBUIIb Y II€-
PIOJIMYHUX CTPYKTYPaX, 30KpeMa Y KPUCTAJIIYHUX
rpaTkax.

IlowarkoBo mociimkeHHsT QOKycyBaucs Ha

IpOIecax IMOIIUPEHHsT XBUJIb TUCKY, TEIJIOBUX
XBUJIb Ta JAUy3il y HEOIHOPITHUX CEPeIOBUIIAX.
Ilomasnbmuit PO3BUTOK OOYUCITIOBAIBHIX MOYKJIU-
BOCTEll €JIEKTPOHHO-O0YNCTIOBAIBHIAX MAIIIH JAB
3MOTy BUPINIYBATU CKJIIHI 0OepHEHi 3aadi ceii-
cmikm, pajiosiokartii, Tomorpadii. TounicTs 1MX
3aJa4 iCTOTHO 3aJIe2KUTh BiJl pO3MIPHOCTI ITPOCTO-
py: 1o Oibmia PO3MIPHICTh, TO TOYHIIIUMEI € pe-
gysabratu. [lpyu iboMy BHYTpimiHS CTPYyKTypa po3-
PI/IZKEHUX MATPHUIb ¥ BEJIUKUX CHCTEMAX [T03BOJIs-
Jia, pOOUTH BUCHOBKHU IITOJIO 1X PO3B’SI3HOCTI.

OjtHak HOBe KOJIO 33/1at, 30KpeMa y cdepi mrry-
YHOT'O {HTEJIEKTY, IOB’s3aHe 3 HeoOXiTHICTIO pobo-
TH i3 3aIIOBHEHUMU MATPHUIISIMU, IO ONEPYIOTh Be-
KTOpaMu 3 Mijbiionamu kKoopauaart. e 3ymoBiioe
aKTYyaJIbHICTh HOBHUX IJIXOJIiB, OCHOBAHUX Ha BHY-
TPIIIHIX BJIACTUBOCTSIX Bi0OparkeHb, sKi He II0-
TPeOYIOTh 3aCTOCYBAHHST TPAIAUIIHHIX METPUIHUX
XapaKTEePUCTUK, STK-OT CTUCKAHHSI.

VYV miit poboTi TOCTIIKYETDC 3a/1a9a HOITYKY
HEPpYXOMOI TOYKM y MPOCTOpax OaraTOBUMIpHUX
HIOCTIIIOBHOCTEN 13 3aCTOCYBaHHSIM CHCTEMHU IIiB-
HODM, Y3TOJ?KeHOI 3 HOPMOIO IpocTopy banaxa,
aJjle CTUCKAHHS He TIepeI0adacThCs. 3alpOIoHOBa-
HU pe3yJIbTaT € IHIUM MiIX0A0M, HizK METOJ, CTH-
CKAIOUNX BiT0OpaKeHbD.

OcHoBHUIT pe3ybTaT

Teopema. Hexai B — npocmip Banaxa, || - ||B
— HopMa 6 Hbomy, A — ainitnul onepamop 6 B.
Hexati maxoosc ||-||n, n € Z, — saiuenna cucmema
nienopm 6 B, wo mae 8aacmusocmi MoHOMoNHO-
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cmi B obmesrcenocmsi:

1Z[ln < |12 lnt1; .
VZ € B. (1)

lim_[[Z||, = ||Z[|;
n—oo

Hexati maxooic 3natidemvesa maxa dodamma nocii-

doericms wucen {oz(l)}lez, woa= > al) <o
leZ
1 0as ecizx n € 7 i Koocnozo eaemenma T € B

BUKOHYEMDBCA HEPIBHICTND

n—1
14z, < Y a()|z]]: (2)
l=—o00
Todi onepamop A — obmesicenud, dan 6ydo-

Axoeo h € B pienanma
T=h+ Az (3)

Mae eQuHuli Po3s’azok y npocmopi B, i das Hvozo
BUKOHYEMDCA OUIHKA

n—1

> al)
Il < o=

, neL (4)
Jlosedenns. 1. Tlokazkemo 1o omneparop A obme-
KeHuil. BUKOpHCTOBYIOUM OOMEXKEHICTH IIIBHOPM
i mepexomgauu 70 rpanuni y uepisuocti (1) 3a n,
OTPUMAEMO

oo

14zl < ) a2/l < allzllz. (5)

l=—00

II. HoBememo icHyBaHHS PO3B’SI3KY PiBHSH-
Hs1 (3). JlJist 1bOTO CKOPUCTAEMOCST METOJOM OCJIi-
JoBHUX HabJmkenb. Hexall movyaTkoBe HAOIMKEH-
us z(0) = h, Toxi 36ikHicTH iTepartiiiHoro mpomnecy
7(k) = h+AZ(k—1) exsiBasenTHa 36iKHOCTI psiTy

T=h+Ah+ A*h+ -+ AFh+--. (6)
Ouinnmo esrementu psty (6). ITokazkemo, mo

n—1 k
(5
k- - =—o00
A5 < Rl L )
Hosenenus uepiBuocti (7) npoBeeMo METoI0M
MaTeMaTUYIHOl IHAYKIIl 3a iHgekcom k. Hexait k =
= 1, Toz1i 3 morOTOHHOCTI TIiBHOPM (1) 1 yMOBH (2)
TeopeMHu Jist BCiX h € B oTpmMyemo

n—1 n—1
1AR|l, < >~ a@lIRll < |[Plln Y ().
l=—00 l=—o0

IIpunyctumo, 1mo HepiBHICTH TpaBUIbHA, JIJIs

nesikoro k. Hoenemo 11 myist k + 1 wrena psimy:

n—1
1A¥ Rl < Y a()|| AR
l=—oc0
n—1 k
v (£ a0)

<[l 3 a2 )

l=—00
J1st 3pyIHOCTI BBEIEMO TO3HAYEHHST
Fl)y= > a®),
l=—o0

ToIi IpaBa YacTuHA HepiHOCT (8) HaOyBae BUIIsI-
ny

}_l . n—1
”k',‘ X W) - P D))
- X poea-ny

CY (- 1))’““). ©)

l=—00

CkopucTaeMocsi BiJOMOIO HEDIBHICTIO, IO BH-
KOPHUCTOBYEThCS TPU JIOBeJIeHHI HepiBHOCTI ['enh-
zepa:

P e
ab< =+ =, (10)
p q
;Lea,b7p,q>01%+%:1.
HMoknagemo p = k + 1, ¢ = L i sacrocye-

Mo (10) g0 KoXKHOrO JIofaHKY mepiiol 3 cyMm (9).
Orpumaemo
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(F(n— 1)k
(k+1)!

Omxe, HepiBuicts (7) moBeseno,

|1Z||n = Hh+ZA’“h

|h||n(+k§; (1) )

n—1

= |I2fln

| N

a(l)

. >
= ||h||ne*="= , neZ,

T06TO psii 36iraeTnes. Voro cyma € po3B’si3KOM
piBasHHs (3). I po3s’si3Ky piBHsiHHS (3) BHKO-
Hy€eThCst OIiHKa (4).

Tlokaxkemo, 1m0 iHIIMX pPO3B’SA3KIB HEMa€E, Bis
cynporuBHOro. I[Ipumyctnmo, 1o po3B’sa3KiB aBa
T1 Ta To. Tomi TXHA PI3HUIA 33 I0BOJTBHAE OTHO-
PITHOMY PiBHSHHIO

T = Az.
ITokarkemo, 10 3a BUKOHAHHS YMOB TEOPEMHU IIE
PIBHSIHHSI Ma€ JIMIIle TPUBiaJbHUII PO3B’'sA30K. 3a
yMoBoIo Teopemu nocninosuicTs {a(l)|}ez cymy-

erbest abcosorno. Orxe, yist kKoxkHoro € € [0;1)
3HAJIEThCA TAKWIT HOMED M, 110

Z all)=e< 1
l=—0c0
m—1
[12]lm < Y a2 < ellzln-

l=—00

3sincu ||Z||m = 0 i BHACTIIOK MOHOTOHHOCTI IIiji-
HODM JIJIsT BCiX | < m BuKomyernhed ||Z]; = 0. 3 pe-
KyPeHTHHUX HepiHocreii (2) Bummsae, mo ||Z]|p =
=0, aorxe, x =0.

Teopemy noBejieHO.

BucaoBknu

Y cTaTTi JOCTiIKEHO 3318ty MOMIYKY HepyXo-
MOI TOYKHU BiJ0OOpakeHHsI B IIPOCTOPax OaraTroBu-
Mmipaux mocsifoBrHocteil. [lokazano, mo majs mm-
pOKOro KJjacy BimoOparkeHb, sKi 3aI0BOJILHSIOTH
YMOBH KOMITAKTHOCT1 Ta HENEPEPBHOCTI, iCHYIOTH
JIOCTaTHI YMOBHU PpO3B’sI3HOCTI 3a1a4i. Bukopucra-
HHSI iTepaIiifHuX MeTO/IiB J03BOJIsIE He JIUIIe JI0Be-
ctu GakT icHyBaHHS HEPYXOMOI TOYKH, a i 1mo0y-
JyBaTH e(PeKTUBHY MPOIEAYyPY 11 BiAIIyKaHHSI.

Orpumani pe3ysbTaTé € I1e OJHUM KOHCTPY-
KTHUBHUM IIiJIX0JIOM JI0 PO3B’sS3aHHS 33124 IIPO 110~
IIyK HEPYXOMOI TOYKM BimobOpaxkeHb. llomasbimmi
JIOCJIJIZKEHHST MOXKYTb OyTH CIPSIMOBaHI Ha DPO3-
IMAPEHHST 3aITPOITOHOBAHUX IIXOIIB /I Bimobpa-
KeHb Yy IIPOCTOpax 31 3MIHHOIO CTPYKTYpOIO, a Ta-
KOK Ha BHBYEHHS 33129 i3 J0JATKOBUMU OOMeXKe-
HHSMU, 10 MAalOTh MPUKJAJIHE 3HAYEHHS y MaTe-
MATUIHOMY MOJIECJTIOBAHHI.
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Y. Honcharenko, V. Lyashko, A. Tymoshenko, R. Chornei

ON THE SOLVABILITY OF THE FIXED POINT PROBLEM
FOR MAPPINGS IN SPACES OF MULTIDIMENSIONAL
SEQUENCES

The article addresses the problem of finding fixed points for mappings in spaces of multidimensional
sequences. The authors formulate and prove a fundamental theorem establishing the existence and
uniqueness of a solution to the equation of the form z = h 4+ AZ, where A is a linear operator acting in
a Banach space endowed with a countable system of seminorms. These seminorms are consistent with
the norm of the space and satisfy monotonicity and boundedness conditions.

By applying the method of successive approximations, the convergence of the corresponding iterative
process is analyzed. The study demonstrates that the infinite series arising from the iterative scheme
converges, providing an explicit representation of the solution. Furthermore, norm estimates for the
solution are derived, showing that the operator under consideration is bounded. The uniqueness of the
solution is rigorously established by proving that the associated homogeneous equation admits only the
trivial solution under the stated assumptions.

The results presented in this paper extend the classical fixed-point theory into the framework of
multidimensional sequence spaces, thereby contributing both to the theory of functional analysis and to
applications. In particular, the developed approach is relevant for the study of discrete and continuous
dynamical systems, the analysis of stochastic processes, and the design of models in optimal control
theory, where identifying stationary states plays a central role.

Overall, the article provides a mathematically rigorous foundation for addressing solvability questions
in spaces with complex structures. It enriches the theoretical toolbox available for researchers working
on applied problems involving high-dimensional or structured state spaces, thereby opening perspectives
for further studies in modern analysis and its applications.

Keywords: fixed point, linear operators, norm, seminorm.
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I[IPO JEIKI BJIACTUBOCTI MAMYKE ITEPIOAMYHITX
OVHKITIN

Locaidocyromvea docmammi ymosu nokasHukie A, ma xoegiyienmiec Dyp’e, npu suKOHAHHT AKUL
matioice nepioduwni pynruyii f(t) 3 npocmopy Besukosuua B? nenepepshi, nenepepeno-dudeperyitiosns

ma 20A0MOPPH;.

YV eunadky nokasnuxie \,, wo Maoms cmenenesy acumnmomury A, = L(n® +e,), de L € R},
a >0, e, = 0 npun — +oo ompumano ananoe meopemu Coborcéa npo 6KAGIEHIA.

Jas nokasnukie A, wWo 3a n — +00 3POCMaAOmMsd NOSIALHIWE J08IAbH020 J00AMH020 CMENEHA N,
onucano kaac Gynruits 3 npocmopy Besukosuua B2, wo maromo anasimuyvre npodosoicernna y nienao-
wuny Res > a > 0. Jo maxux dgynkyit nanreorcumo dzema-pymnruis Pimana ((s).

Jas dynxuit 3 B2, y axuxz noxasnuxu N, npamyomov 00 Hyas, 6CMAHOEAEHT JOCMATHG YMOGU
AHANMUYHO020 NPOJ0BHCEHHA D0 UIAUT PYHKYIT 1-20 €KCNOHEHUTAALHO20 NOPAOKY.

KuarouoBi cioBa: maitxke mepiommana, Bop, mpoctip Besukosuda, n3era-dyukiis Pimana, psim

®yp’e, pan Hipixise, romoMopdHICTS.

Akmo h(t) — cyma IBOX HelNepepBHUX Mepio-
muaanx byukniit f(t) i g(t) 3 HecniBposmipHIMHI
nepiogamu p i ¢, o h(t) Bke He nepioguuna. Pa-
30M 3 THM y JedKoMy posyMinui h(t) sumaerbes
6IM3BKOIO /10 TIePIOANYIHOI, ab0, IK TPUHHSTO TO-
BOPHUTH, MaiizKe TEPIiOAMIHOI0 (DYHKIIIEIO.

3a Teopemoro Kponekepa [16], mus mosinbro-
ro § > 0, jyIs HeCliBPO3MIpHUX YUCE P 1 ¢ iCHYye
6e3J1i4 map HATYPAJIBHUX YHCEJ 1M 1 N, TAKUX, IO
|mp — ng| < 8. 3Bimcu BumIMBaE, MO IUCTO

1
v = 5 (mp -+ ng)

€ 1yt h(t) Tak 3BaHUM Maiixke 11€piooM, TOOTO
|h(t 4+ 7) — h(t)| < e, Vt € R

YHucso € > 0 B miit orinmi MOXKHaA 3pOOUTH STK 3aB-
OJIHO MaJIUM 3aBJsiKu Bubopy majsioro & > 0 Ta
HenepepsHocTi byHkuiit f(t) i g(t).

OcHoBu Teopil Maiizke mnepiomuIHUX (YHKINR
zaksiageno B Monorpadiax I. Bopa [2]|, Besuko-
suda [1], B. Jlesirana [16] ta inmux. Ockiibku
npocTopu Takux bYHKII HecenmapabesbHi, TO 1XHi
BJIACTUBOCTI CYTTEBO CKJIA IHIII 38 BiIOBIIHI BJIa-
cruBocti nepioguunnx dyukniit [10; 13]. 3 cyga-
CHUM CTaHOM TeOopil Maiizke mepioanaHux GyHKITiiT
MOXKHA O3HAHOMUTHCH B oryisax [3; 6; 21].

V 1iit poboTi BUBYAIOTHCS IOCTATHI YMOBH, IPU
BUKOHAHHI SIKAX TUVIaJIKi BIJIHOCHO oIlepaTopa Jiu-
depeHIifOBaHHS MaiizKe mepiogndai GyHKIIT 3 Tpo-
cropy Besukosuua B? € MaifzKe IIepiogndHIME 3a.
Bopom abo amamiTHIHEME MaiizKe MEPIOTUIHUMEI
byukiigvu. emo Ogu3bKi MUTAHHSA PO3TISIIA-
amcs B [20].

© Kawniposcokuti O. I., Mumnux FO. B., 2025

Haramaemo, mo 3a osnadennsm I'. Bopa merme-
peppaa Ha R! dbynxmis f(t) piBHOMIpHO Maiize Tie-
piogudHa, SIKIO IS JOBLIBHOTO J0AATHOTO € > 0
icuye uncio | = I(€), Take, 1Mo B KOXKHOMY iHTEp-
Baii (a,a + 1) icuye xoua © oJHe YUCJIO T, Take,
110

If(t+7)— f(t)| <e, Vt R
Yucsio 7 HA3UBAIOTH € MafiKe mepiogoMm YHKIT
f(t). Hamani raxi dyHkuil 6ymemMo Ha3uBaTn Maii-
2Ke MepioauIHuME 3a BopoM. 3 IIbOro O3HAYEHHs!
BUILIMBAE, M0 Maiizke mepioguvsi dyskmil 3a Bo-
poM obMekeHi Ta piBHOMIpHO Hemepepsmi na R!.

Jlist BU3HAMEHHS OIBIT IMMTUPOKOTO KJIACY Maii-
Ke TepiogndHmX (PYHKIHH, a came IpoCTOpy
Besukosuua B2  [9] posrismemo mMHOKUHY A
BCiX MOXKJIMBHUX CKIHYEHHUX JHHIAHUX KOMOiHAITi
f(t) =>"5_, age ! ysasaUX excronenT

e\ e R? (1)

e ap € C', A\, €R', neN.
s dyukuiit f,g € A BusHAYNMO CKasgpHUi
00y TOK

o [ f@s@ds @

lim
T— 400

(fv g)BQ =

Ipocrip Besukosuua B? e nomosrennsM A Bin-
HOCHO cKaJIspHOTO 100yTKY (2). IIpoctip B? € me-
cerapabesbHUM Tiab0epToBUM mpocTopoM. DyH-
koii 3 B? Gymzemo Hajani HasmBaTH MailKe mHepi-
onmaHUME 33 Be3nkoBmueMm.

Cucrema dynkmiit (1) yrBopioe B mpoctopi B2
KOHTUHYAJbHUI OPTOHOPMOBaHU 0a3WC, OCKIIHKI
qutst Beix A, p € R rakux, mo A # p
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(61')\157 6“”)]32

1 [T N
li 7 At —iut dt =
T-toc 2T /_ 2O

T
L ot gy =

%o 2T |

I 1 1

m ——-—-"
T—+o0 2T (A — )
) (ei(/\—u)T _ e—i(A—M)T) _

sin (A — p)T)

= 1' _— =
e (A= )T
= lim =0

r—+oo I

Bignosigao mpu A = g MaemMo

(ez')\t7 eiut)Bz _

T
= lim — [ eMeMdt=
T—~+oco 2T
-T
T
li L dt=1
= lim — =1.
T—+o0 2T
-T

TakuM anHOM:

(€, ) = 6y, = 0, axmo A # pu,
1, gxmo A = pu.

Koxna dyuknisa f(t) 3 B? poskiaamaeTscs y
pan @yp’e 3a bynxmisvm e iz cucremu (1)

F) =Y axe™, ax=ax(f) = (f,e)s2.

Hna xoxmoi dyukmil f € B? y npoMy pami He
OLIBbIN HiXK 3JIiYeHHA KUIBKICTH J07aHKiB. OTKe,
pan (1) nis xkoxnuol dbynknil 3 B2 mae Burms

+oo
£ =3 are™, 3)
k=1

e {Agtkeny — JlesiKa TOCHTiOBHICTH TIOMApHO pi-
3mux gificanx wmcet Yy |a|? < +oo.

st Toro, mo6 dyukuis f(t) Gysa maifizke nepi-
onnaHOIO 3a Bopowm, mocrarapo, 06 11 psag Pyp’e
(3) 3birascst abCOIOTHO.

Ha muorosuzi A BusHaunmo judepeHitiaabHuii
o11epaTop

ITokazkemo, 1110 el oneparop cuMerpudyHuii Ha A.
Hexaii f(t) i g(t) nosinbui dyukuii 3 A. Toxi, mpo-
iHTeryBaBIIII/I JaCTUHaMH, OTPUMaEMO

/ (z% 7(0))gt)dt =
=7
T
—i [ rema -
—A(fgT) i / fOZ ) dt =
;T
— A(fg.T) + / g @ dr,

e A(f,9,T) = i(f(T)g(T) - f(~T)g(~T)).

Ockinbkn ysBHi excromenTn e MaoTh OmHE-

aHi Moy, TO 3 HepiBHOCTI Komi-ByHsakoBchKoTro
OTPUMAEMO:

A(f,9,T)] = 2%%§\f(t)@’ _

<i akei/\kt> . <i bkei)\kt>

k=1 k=1

S(Dakﬁ) -(Zw) =
k=1 k=1

= [|flle2 - llgls=-

= max

<
teR?!

3Bijicu BUILIUBAE, 110

1
lim —A T)=0
A o (f,9,T) =0,

a orxke, 1 cumerpuuHicTh omeparopa A, To6TO

(Afv g)lB2 = (fa Ag)lW’

Ockinbku excrionedTn (3) — BiacHi QyHKIHT
oneparopa A (10610 AeM = A s KoxmHO-
ro A € R!), oneparop A no1ycKae caMocipsizeHe
posmmpends A, g sgKoro o61acTb BU3HAYEHHS
D(A) cknanaerbea 3 yeix dyukuiit f(t) i3 mpocro-
py B2, mrsa sknx koedilieHTH @) PO3KIALY B PII
®yp’e 3a/10BOMBHIIOTH YMOBY

+oo
D el? - far]® < +oo. (4)
k=1

3Bijcu BuruBae, mo g m € N HajlexkHIiCTh f €
€ B2 o D(A™) oznagae

+oo
DA™ - fax]? < +oo. (5)
k=1
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Bugimumo B mpoctopi Besuxosmua B? cemapa-
6esbHuil migupoctip T-nepioguaaux dbyHkiii f(t),
mast skux f(E+T) = f(t), ne T > 0 — di-
KcoBaHe umciio. lleit migmpoctip MOXKHA OTOTO-
KHATH 3 cemapadbebHUM TiIb0epTOBUM IIPOCTO-
poM Lo(0,T), ockibKu ckassgpauii 106yToK (2) na
T-nepiogmunanx GYHKINAX 30iraeThbest 31 cKaJIsap-
HuM 1100yTKOM y Lo(0,T")

T
(f7 g)L'z(O,T) = %/f(t)@dt

0

3Byxenns Ar oneparopa A ua Lo(0,7) mae opro-
HOPMOBAHUN BJIACHUIT DA3UC

2mint
G
neZ

O6uracts BuzHadenust D(Ar) 36iraeTbcs 3 4acTh-
noto mpocropy Cobonesa W4[0,T)] [4] 3i ckansap-
HUM JIOOyTKOM

(£, 9w = (fs 9 oo + (F'59") Lajo.1s

D(Ar) yropioe B mpoctopi Cobosnesa W3[0, 7]
3aMKHEHU mijpocTip Kopo3mipaocTi 1. 3rigHo 3
TeopeMoro 1Ipo BriaeHHs [11] dyrkuii D(Ar) C
W4 [0,T) abcotoTHO HerepepBHi.

Hacrymnma reopema ysaraibhioe Teopemy Cobo-
JIeBa, IPO BKJIaeHHs Ha GyHKHil f € B2, mrsa axux
HOCJIJIOBHICTD MMOKA3HUKIB { Ay, } nez Mae creneneBy
ACUMIITOTUKY

[Anl = Ln*(1+e,), L,a>0. (6)
Teopema 1. fHxwo nokasnukxu A, n € Z Gynrxyit
f(t) maroms 3an — 400 acumnmomuxy (6) ¢ f €
€ D(A™), m > i, mo pad Dyp’e Pynruii f(t)
€ pisromipro s6iochum, a f(t) e matiorce nepiodu-
w1010 3a Bopom.
Jlosederma. Ouinmmo

Oyp’e
rv(fit) = Y apem
|n|>N

3BEPXY 3AJIIIIOK  PSAILY

st GyHKIGT f € D(A™) 3a JOIIOMOro0 HepiBHOCTI
Komi—Bynakoscskoro:

lrn(fit)] <
1 1 .1
< (3 Rt (Y ) =
[n|>N In|>N "~
1 .1
=A™ fllz=- (> )\Tm)z-
[n|>N "

Cywma
2m
|n|>N Al

mpaMmye 10 Hynad 3a N — 400, OCKLIBKI BHACJI-
JoK (6) 1T MOXKHA OIIHUTH 3BEPXY 3aJIUIIKOM CyMU
3017KHOTO PsITy

—+oo
1
c Z 2am’
n am
n=N+1

koncranta C 3aexuthb Big m, L, o Ta max |e,],
nez

1
2am > 2o+ — = 1.
2x

Taxum ansaOM, psiyt @yp’e GyHKIGT f(t) € piBHO-
MipHO i abcomoTHO 36i:kHUM Ha R!, a orke dymH-
kuig f(t) e maitke nepioguuanoo 3a Bopom. Teo-
peMy JIOBEJIEHO.

Jis imrocTpariii JoBegeHol TeopeMu pO3TJIsTHe-
MO (PYHKITITO

6
5

IIa dyukmis maitzke nepiognana 3a besnkosuiem,
OCKIJIBKH

s RN e X 12 12
171 = D lanl” = > _(—5)" = ¢(5) < +oc
n=1 n=1

f(t) maiizke nepioguana 3a BopoM, ocKiJIbKu BOHA
OIIHIOETHCS 3BEPXY 3012KHUM PsIZIOM

+oo

FW1< Y =¢(3) < +oo.

1
Ilokasuuku \,, = ns MalOTb 3a 1 — +00 ACUM-
urotuky (6) 3 napamerpamu o = %, L=1,¢,=0.
Busnauanmo, 3a gxkux m f € D(A™).

+o00 1 +o00

m 2 m __ 12

IfllFe = D> _(n¥ =) =D n¥%.
n=1 ns n=1

eil psi € 36LKHUM, gkmo T — 2 < —1. 3sixcu
p. 3 5
orpumaemo 0 < m < 25—1
OckiJIbKHI

1 1 21
—_— = =3 < —
200 2- % 5’

To mig f(t) cupasemymuBa Teopema 1 3a m = 4.
JoBemena Teopema Oy/e TAKOXK CIIPABEINBOIO
i g dysKHii, Maiike nepioguyHnx 3a be3nkoBu-
9eM, AKINO MOC/TiJOBHICTh MOIYJIIB IXHIX MTOKA3HU-
KiB |A,| 3pocrae 3a |n| — 400 mBumImIe, HiXK J0-
BibHMIA omaTHE cTeninb |n|. Tax, 3a MOKa3HUKIB

An = an(1+5ﬂ)’ (7)



Kawniposcoruti O. I., Mumnux FO. B. Ilpo meski BiacTuBocTi Maiizke nepioguaaux dyHKIIH 13

mencN, ¢g>1, LER, L#0,¢, =0
3an — oo wist f € D(A) maemo

—+oo
3 Janq"[? < +o0, |an| < Cq"
n=1

3a gpesakoro C' > 0. 3Bigcu BuiumBae abCOJIIOTHA
30ixkuicTh psaxy Pyp’e Takol HyHKIIT Ta BiamOBiI-
HO 11 MaiiKe TepioguIHicTh 38 Bopowm.

st Bkazannx nokasuukis tumy (7) pag @yp’e

piBHOMIpHO 36iraeThcs 0 Mafike MEpIOAUIHOI 3a
Bopowm ¢dyukmii, sska HenmepepsHa, aje HeandepeH-
nitfioBana ¢yukiieno, K i Bimoma dyukIis Beep-
mrpaca [19]

+o00
;T
w(t) = Za”ezq ¢
n=1

meq>1>a>q ',

Posrusinemo Maiizke mepiogmuni dyuxmii 3 B2,
y SKUX TOC/TiOBHICTH TTOKA3HUKIB A, TPIMYE JI0
HECKIHYEHHOCTI MOBLIbHIIIE Oy Ib-sIKOT'0 JI0JaTHOTO
cremnenst n. HamexuicTb Takol GyHKIII 10 mepeTu-
"y

—+o0

() D(A™)

m=1
obsacTeil BU3HAYMEHHS BCiX HATYPAJbHAX CTEEHIB
omeparopa A He € JOCTaTHBOIO YMOBOIO 11 Herre-
pepsHocri. Heob6xigHomo (aje He 10CTaATHBOIO) YMO-
BOIO Maiike mepiogmyunocti 3a Bopom € anasmiTu-
ymicTh 1iel dyHKIHT BinHOCHO omepaTopa A B B2,
TOOTO 301KHICTD PsiLy

—+oo
>4 fllo™ < +oo
n=1

3a JesTKOro JoaTHhoro o [7; 12; 14| it icHysanHs
AHAJITUYHOIO IIPOJOBXKEHHsI B KOMILJIEKCHY ILJIO-
[UHY.

OOMEKUMOCH PO3IVISIOM MaiiKe IePIOIMTHIX
byukuiit f(s), s = o + it, aHanmiTUIHUX y JedAKiii
miBITonuHi 0 > 0. Haragaemo, 1o rogomopdmuy
B miBmomuHi 0 > 0o dyHKIi0O f(S) Ha3MBaIOTH
aHaJITIHOI Maiizke nepioguanoo dyHKiew [16],
AKITO JIJIT IOBLIBHOTO J0JaTHOTO € > () icHye Take
I(g), mo B KoxKHOMY inTepBadi (a, a+l(g)), a € R
icaye xo41a 6 ojiHe YMCJIO T, TaKe, IO

[f(s+im) = f(s)| <e

I ycix s i3 miBmmomuai Res = o > 0. Biamo-
BiZIHO, 3a KOXKHOTO (bikcoBaHOTO ¢ > 0o (DYHKITis

f (o +it) maiizke nepioguuna 3a Bopom 3a 3miHHOIO
t. 1o TOro K YIHCJ0 T — MaiiKe TepioJ1 0THOIACHO
I BCiX 0 > 0.

s amanpituanux y miBmwionuHai Res > oy
Maiike MepioanIHuX (PYHKINNH PO3IVISIAITH PO3-
BuHeHHs B psan ipixire

—+o0 +oo
PO = 3 e = 3 ettt
n=1

n=1

Jie A\, — MOHOTOHHO 3POCTAI0Ya TOCIIOBHICTD J10-
JIATHUX IUCEJI.

3a koxkHOTrO (hikcoBaHoro o > oq pan lipixie
MOXKJINBO TiepedbopmaTyBatu B pag Pyp’e yHKIIl
f(o +it):

+oo
flo+it) = bu(0)e™!, bu(o) = ane ™.

n=1

s mociIoBHOCTI TIOKA3HUKIB \,, = Inn psamm i-
pixne

—+oo —+oo
E anefslnn _ E annf‘j . nfzt
n=1 n=1

30iraloTbCd 10 aHAJITUIHOI MaiizkKe MTepioauIHOl
dyukuii f(s) y uiBmiomuni Res > o0p, gaxmo an-
CJIOBUI DAL
“+o0
2%

noo
n=1
30iraeThCcsd aOCOJTIOTHO.
Ho Ttakux QyHKIH BiaHOCATH A3eTa-PYyHKITIIO
Pimana [18]:

+o0 1
¢(s) = s

n=1
Ii psiz JTipixite aGcomoTHO 36iraeThest y Bigkpuriit
niBmwomuai Res > 1. Orxe, ((s) — amasiTudna
Maiike nepiognanaa DYHKIISA B 3aMKHYTHAX ITiBILIO-
muHaX Res > 1+¢, € > 0.

3aRes=o0¢€ (%, 1]7 dyukuia ((s) maiixke ne-

pionuuna 3a BesukoBudem 3a 3minHOKW t = Im s,
OCKUJIBKU Psiji KBaJpaTiB MOIYJIB KoedilieHTiB
®Dyp’e 3a 0 > % 3012KHMIA:

+oo

Z n% =((20) < 4o0.

n=1

Ockisibku B Touni § = 1 ¢yukuis Pimana mae
nositoc 1-ro mopsiziky [18], To st MOCTiRKEeH ST
¢(s)3a0 < o <1 JI Oitnep nomuoxkus ¢(s) Ha -
7y nepiommany dbynkmio 7(s) = 1 — 2175, Ockimn-

ku n(1) = 0, mas go6yTxy ((s) = n(s)((s) Touxa
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s = 1 BusiBmiaca peryispHoo Toukoo. Psm Jlipi-
xute Jist €(s) Mae BUIUIsLIL:

too n+1
doy =y EU ®
n=1

Heit psa abcomorno 36ikuuit 3a o > 1. Ilokaxe-
Mo, 1o (8) ymoBHO 36ikHuit 3a 0 < ¢ < 1. 3a
s=110< o <1 maeMo 30:KHUI 3HAKO3MIHHUI
pan Jleitbuina. 3podumo B psi (8) meperpyiysa-
HHSA

+oo

(s)==> (@)™ =@2k-1)"%). (9

k=1

Honankamu B pani (9) € pizauni Ay 3HaYEHD
KOMILJIEKCHO3HAYHOI byHKIHT u ™ ° mificHOl 3MiHHOT
uBTouKax u =2kiu=2k—1, k=1, 4o0.

OckubKu

=—su 77

cos(tlnu) — isin(tInwu)),
TO, 3aCTOCYBABIIN 70 IHCHUX Ta ySIBHUX JaCTUH
nux pisauns TeopeMy Jlarpamka, orpuMaemMo st
HUX OIIIHKH:

Al < 2ls] k7L, (10)

Ockimpku 0 +1 > 1, To pax (9) abcomorHo
36ikuuit 38 0 > 0, a pax (8) ymoBHO 36iKHHIT 32
0<o0<1.3a0<o0 <1 pamu (8) i (9) 3birato-
Thesd B cMy3i 0 < ¢ < 1 HepiBHOMIpHO, TOMY IO
MHOXKHUK |s| B oninni (10) HeoGMekeHuit, ane 36i-
»kHicTb pajis (8) it (9) piBHOMIpHA HA KOMIIAKTHIX
mijMHOKUHAX cmyru 0 < o < 1. SBizLCg BUILJINBAE,
mo B emysi 0 < o < 1 dynknil ((s) i ¢(s) me maii-
ke nepiogunyni 3a Bopowm, mpore BoHu rosiomopdHi
y it cMy3i. _

Y wmacryuniii teopemi Biacrusocti ((s) y3a-
rajbHEeH] Ha JOCUTH IMUPOKUHN KJIAC TOJIOMOPGPHUX
Maiike epioguIHux OYHKIIH.

Teopema 2. Jlas 006iabHOT cmpo20 MOHOMOM-
HO 3POCmauol nocaidosHocmi dodamnux “ucen
{An}nen, An = 400 pad Hipizae

+oo

(11)

n=1
YMosHo 36izaemuvea y nisnaowuni Res > 0 do 2o0-
aomopproi Pynwuii p(s). La 36ixcnicmo piero-
MIPHG 8 Cexmopax

0§9<z, e> 0.

|arg(s —e)| < 6, 5

Kpim moeo:

a) Sxwo
A
lim —* =a>0,
n—+oo Inn
mo sa 0 > 5 dynryia o(o + it) 3a smin-

Hoto t matiorce nepioduywna 3a Besukosuvem.
A 6 nisnaowunaxr o > é +¢e, Ve >0 pad
(11) s6icacmuves abcomommo U pieHOMIPHO,

a o(s) — anasimuuna mativice nepioduuna
Pynryia.
6) Sxwo
lim - = +o0,
n—+oo Inn

mo das 6ydv-axoeo € > 0 pad (11) s6iea-
eEMbCA AOCONOMHO T PIBHOMIPHO 6 MIBNAO0-
wuni o > e. Y it nisnaowuni o(s) e ana-
ATMUNHON MaTHCE NEPIoduH00 PYHKYIEN.
6) Sxwo
lim == =0,
n—+oo Inn
mo das ycix s, maxuzx, wo o > 0, pad (11) e
PO30IHCHUM ADCOMOMHO, | 3G KOIHCHO20 T >
> 0 gynruia (o +it) ne e matioce nepiodu-
ynoto 3a Besurxosuvem.
Josedenns. 3a s = €, € NOBiAbHE MaJie IOmATHE
qucito, psaz (11)

—+oo

n=1

€ aJIbTepHYI0YNM psijioM Jleitbuira, a oTKe € yMOB-
no 36ixkumMm. Toai 3a ysaraJbHEHHSM TeOPEMHU
Abens na Bunazox psaais ipixse [17] panx (11)
yMOBHO 306iraernbcs B miBmtonmai Res > 0. Y ko-
JKHOMY CEKTOPi

m

larg(s —¢€)] <0, 0<0< 5

301KHICTh € PIBHOMIPHOIO.

Bpaxosytoun, 1o € > 0 10BiIbHE, MAEMO YMOB-
Hy 36ixkuicTp y niBmsommai Res > 0.

Jlis ioBesieHHsI IIYHKTIB &)—B) OLIHMMO MOJLY-
i momankis e~ ® pamy (11) it mocmimmmo foro Ha
abCcoMOTHY 3012KHICTD 1 3012KHICTh CyMH KBaIpaTiB
oro MoJyJIiB.

VY Bumajky a) Jjisi JOCTATHBO BEJIMKUX 71

Ap > (@—¢)lnn, € >0,

|€_)\"S| < e—a((x—s) Inn = n—a(a—s).

Toni 3a 0 > 5= it JocTaTHEO Masoro € > 0, i je-
skoro C' >0

1

|€_>‘”s| < Cn—a(a—a) < On~3 51’
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ne g1 > 0. 3Bigcu BuminBae 3012KHICTD PsiLy
“+o0
Z |e_’\"s|2 < 4o00.
n=1

1 - » ,
Orxe, 3a 0 > 5o dynxnia (o + it) € maii-
JKe TepioJInIHO 3a Be3nkoBuveM 3a 3MIiHHOMW t.

AHa.HOFi‘{HO, 3a 0 > é OTPHUMAEMO:
|€7)\"S| S On*1*€1'

Toxi B niBmIONMHI o > i pan (11) abcosrorHo
30iKHMI, y TMBILJIONIHHAX 0 > i + £ 30ixHICTH
piBHOMIpHa, a ©(s) — aHasiTHYHA MafizKe mepio-
JauaHa (QYHKIHETO.

V Bunasky 6) 3a Besmkux n i gosiabaoro M >

>0

An > MInn.

Toni njst o < €, ie € — K 3aBrOIHO MaJe I0-
JaTHE 9UCJI0, Oy/I1eMo MaTu

|67>\"S| < Cnp~l—=

3a gearux pogataux C > 01ie; > 0.

Toxi psin (11) abeosrorHo 36iKHMI y miBIUIO-
munai o > 0. o Toro x misa 6ymap-skoro € > 0y
HiBIIONMHAX 0 > € 30ikHicTh piBHOMIpHA, a ¢(s)
— aHAJIITUYHA MaiiKe mepiogudHa QyHKITis.

VY myHKTI B) HABIAKH 38 BEJIUKHUX 7 1 JOBUIBHUX
Maux € > 0 MmaeMo

An < elnn.

3Bijicu BUILINBAE, 10 3 JIOBUIBHUX 0 > 0, iCHYIOTH
nonarai kouctautu C i ey > 0, Taxi, 1Mo

le™ | > O3 ten,

3Bimcu BummBae abCOJIIOTHA PO30IXKHICTE Py
(11) y uiBmwiomusni Re s > 0, a Takok po36iKHICTH
CcyMU KBaJpaTiB MOyiB wieHiB psuy (11). Orxe,
3a KozHOTO 0 > 0 dyHKIs ¢(s) He Mailke mepio-
guaHa 3a besukosudem. Teopemy J10BeJIeHO.

V posrIsHyTHX paHile 3aKIajax Maiizke mepi-
onmuHi 3a BesukoBuuem yHKINT € rostoMmopdHIMEI
abo mepomopduumu. Tak, ((s) Mae oxun pocTuit
nostioc [18]:

1
s—1

(s) = +Go(s),

ne Co(s) — uina dyukuia sin s. [oxinui

—1)Y"m)
(s) = A 7 (s), m e N

MaloTh y To4Uli ¢ = 1 mosoc m + 1-ro mopsiaKy.
Possunenns B pag Hipixiae s (™) (s) mae Bu-
TJISIIT,

+oo m
((m)(s) _ (=Inn)

Z ns

n=2
3 mpOro PO3BUHEHHsI BUILIUBAE, IO 32 BCIX HATY-
paiabHuX m i Res > % noxini (™ (s) € maiixe
nepioguunuMu 3a be3ukosuuem, a 3a ¢ = Res >
> 1 aHayniTHIHIME MaiKe mepioguaHuMu (DyHKITI-
avu. Taka BJIACTUBICTH, 0YEBUIHO, 30epiraeTbes i
3a 3CyBY apryMeHTY B3/I0OBXK ySBHOI Bici, TOOTO JjIst
dbynxmiit (s —ia) i (™) (s —ia), a € R

Hexait {¢;} j=0F5 — UOC/IOBHICT IONAPHO

pisHEX AiffcHMX umces, sIKa CKpi3pb miibHa B RI.
Posrmsmemo pap 3 dyukmiavu (s — t;)

+00
B(s) = 3 8379¢(s — it;), (12)
j=0

axomy Bimmosimae psn Jipixite

400 oo
p(s) = Z k(n)-n~*, ne k(n) = 2373' it

=0

. o1
Ockinbkn Zj:‘xf 377 = 30 10

<lk(n)| <

N | =
N W

JUTst yCiX HATYpaJbHUX n. 3Bifcu BUILIHBA€E 30i-
KHicTh 3a HOopMoIo B? psy (12) 3a Res > 1 i
abcosmorHa 30ixkHicTh 32 Res > 1.

Y emysi 3 < Res < 1inismiomuni Res > 1 cy-
Ma pany ®(s) — rosomopdua dbyukiis. Ockiabku
B Toukax 1 — it; dynxmnii ((s — 4t;) MaOTh Ipo-
CTHUi 1OJIIOC 1 TOYKK 1 — it; yTBOPIOIOTH Ha NMpPsAMiit
Res = 1 ckpi3p misbHYy MHOXKWHY, TO 3a Habju-
JKEHHsI 3HAYEHD § N0 1€l upsmol 3uadenus P(s)
HEOOMEXKEHO 3POCTAIOTh:

lim ®(o +it) = co.
o—+1

3Bijcu BUILIMBAE, MO 3a MIAXOMl 10 IIPAMOI
Re s = 1 dbyukuis ®(s) Mae rpaHuigo B Kiaci y3a-
rajbHeHnx GyHKIHH [5]. Bracaigok nporo, Ha Beiit
npamiit Res = 1 dynkmia ®(1 + it) € ysarain-
HEHOIO CHHTYJIIPHOIO (DYHKITIEIO, OCKIJIBKY HE MAa€
JKOIHOT TOYKHU HemepepBHOCTi. OTXKe, MU OTpUMa-
JIX y3arajbHEHY CHHTYJIADHY (DYHKIIIO, SKa OIHO-
JacHO Maiike mepioandHa 3a Besukopuuem. Iloxi-
mmi (™) (1 4+ it), m € N y cenci reopii y3araabme-
mux bynkmiit [8] Takox 6yayTh namexkaTu g0 B2

Tamoro Tumy 1mikaBi gBuima MaeMo 3a JIOCITi-
JIKEeHHI Maifyke mepiomuaanx MYHKINNH 3 MOKA3HU-
KaM# \p, SKi MOHOTOHHO IIPSIMYIOTH JIO HyJs. 3a
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BEJIMKUX 7 yABHI ekcronenTH e nt

IOTh aCHUMIITOTH

cucremu (1) ma-
et =14 e,(t), ne
n )

en(t) = iAnt + O((Ant)?).

OCKUIBKY TIOCITIIOBHICTD £, (t) IIPsIMyE J10 HyJIst
piBHOMIpHO 3a t € [—A, A] 3a xoxHOrO A > 0, TO
Ha nux iHTepBasnax psaau Pyp’e

+oo
§ anez)\"t
n=1

OyayTh 30iraTmcs abo posdiraTmcs OFHOIACHO i3
YHCIIOBUM PSJIOM Z:ﬁ .-

Sxmo mokasHukn A\, ¢yekmii f € B2 mono-
TOHHO NPSAMYIOTH JO HyJs, TO ¥ yci 11 moxijHi
f) m € N takox masexars 10 B2, mpidonmy psi-

qu Pyp’e [ist TOXITHIX
+oo
Fm ) =™ " apAyent
n=1

3biraioThes mBume, HixK pag Pyp’e camol f(t). YV
Toit ke yac pan Pyp’e mepsicuol Bif f

—+oo
E an )\;1 62)\"15
n=1

36iraeThca moBiLIbHINTE, HiXK 11 pamg Pyp’e.
Tak, manpukaam, 3a A, = % Maiike Tepiojn-
qHa 3a besukoBuueM GyHKITisT

+
8

h(t) =

n

Il
s
S
o
3

3a t = 0 mae po3dixkuuit psag DPyp’e, OCKIIbKU
yTBOpeHuit 3 11 KoedilieHTiB YuCIOBUil P € rap-
MOHIHUM PSJIOM

Bussnsierbes, mo psgan Pyp’e noxigHux
+oo 1
(M) () = ;m T ou
h™(t) = Z AL
n=1

3b6irafoTbcst abCOJIIOTHO Ha yciit jificuiit oci. 36i-
JKHICTD € PIBHOMIPHOIO Ha KOMIAKTax 3 RY.
OckibKI

+oo
m = 1 =
n=1

izam>2

2
T
1<C(m+1)<§(2):g<2,
To h/(t) Mae aHATITHYHE TIPOJOBKEHHS B KOMILIE-
KCHY ILIOIIUHY JI0 IiI0T (PYHKII IePIIOro HopsIKy
i Mae po3BuHeHHS B pAj Teitnopa

+00 .y
im¢m+1) .
h'(s) = Z smt
— 1)
— (m-1!
B OKOJIi TOUKH S = () 3 HeCKIHUeHHUM DPaJiycoM

3012KHOCTI.

3Bicu BUILIUBAE, IO I caMa (DYHKITISI Mae aHa-
JITUYHE TPOJOBXKEHHSI JI0 ILI01 (PYHKIII IepIioro
nopsizaky [15; 17], pan Teiinopa gaxol Mae BALIIs,

X imeim +1)
m!

h(s) = h(0)

s™,

n=1

ne 3uadenns h(0) mesimome.

Y HaACTYITHOMY TBEP/I?KEHHI OMMUCAHO JIOCTATHBO
mmpokuit Kinac dyukuii tuny h(t).
Teopema 3. dxwo ora pynryii [ € B? noxasnu-
KU Ny, PYHKUIT MOHOMOHHO NPAMYOMY 00 HYAS U
MEIOMDB 30 BEAUKUT T CMENEHEGY ACUMNIMOMUKY

An = In"%(1+¢y,), (13)
de a > 0, L gidminna 6i0 nyasa 0iticna KoOHCMan-
ma, €, — 0 3a n — +00, mo pynxyia f mae ana-
Atmuste npodosatcenns 0o Uiaoi GynKuii nepuozo
nopaAoKy.

Josedenns. Ina dyuknii f € B? 3 nokasaukamun
An, IO 3870BOJILHsIIOTH acuMnroTumi (13), 3a

m > —

70 (14)

psiau Dyp’e, M0 BiANOBIAAIOTE TOXITHIM
“+o0
FO (@) =™ anAye
n=1

€ abCcoJIFOTHO 301KHUMU, OCKIJIBbKMA 3 HEPiBHOCTI
Komri-Byrskoscbkoro 6ymemMo MaTu

—+oo
i E an)\fe*”\” <
n=1

+oo % +oo %
(2] el ) <
n=1 n=1
1
“+o0 1 2
<cL™ ZW [ flls2 =

n=1

= CL™ (¢(2am))? - || f|se,
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ge C > 0 — meska koncranta. Orike, yHKITisz
f(x) meckinuenno nudepenniiiosna it 3a m > i il
moximmi f("™)(z) piBHOMIpHO OGMexkeHi reomeTpH-
9HOIO MPOTPECI€I0 BiIHOCHO M ’ f(m)| < Ci L™.
3eigcn sumumsae, mo fM0)(x) (mo — naiivere
3HAYEHHS M, IJId sIKOrO BUKOHyeThea (14)) mae
aHAJITUYHE TPOJOBXKEHHS 0 110l dyHKIT mep-
mroro nopsanky [15; 17]. ¥V rakomy pasi cama dyH-
kuis f(z) Takox Oyze 100 YHKIHE epIoro
nopsiaKy. TeopeMy J0BesieHO.

SIKIo moKasHuKu \,, byuknil f € B? MmonoToH-
HO IpAMYIOTH 0 HyJId MOBUIBbHIMIE N~ % mjad ycix
a > 0, Tooro 0 < A, < Cn™%, ne C' > 0 3aie-
KUTH B o, 10 psijm Pyp’e juis f(t) it mois yeix
11 moxigaux MoXKyTh po3biratucsa. Take mae Micre,
HaIPUKJIA, 38 A\, = ﬁ, n > 2, st QyHKIT

it
€Elnn

+oo
OEDYS NG

Ileit pag @yp’e ta pagu Oyp’e ycix moxiganx

In

+oo it
(m)(p) = m S~ ___°¢""
f ( ) ? Y; \/’FL(IH n)m+1

PpO36iKHI.
Haocranok HaBejgemo nmpukiiagu Maiizke 1mepio-
IUIHUX (DYHKIHH 1BOX 3MIHHUX, siKi MOMiOHI pO3-

IHYTi# 1epes; Teopemoro 3 it dyukuii h(s) i
nzera~-byukiii Pimana ((s):

+oo 6%1
M(31752) = Z ns2’ (15)
n=1
+o0 e%
fi(s1,82) = 21(71) — (16)
n=

Pamu (15) i (16) s6irarorbest aBGCOMIIOTHO 3a
Res; > 01 Resy > 1, mpuaomy p(0,s2) = ((s2),

ﬁ(ov 32) = 4(82)7 /1,(81, ]-) = h(sl)‘
3a Res; > 010 < Resy < 1 pan (16) 306i-
raetbest ymosno. Ockinbkn (s — 1)C(s), C(s) i h(s)
i dyskuii, To (s — 1)u(sy, s2) 1 f(s1, s2) — i
dbyHrmil aBox 3minHuX. 1i dyHKIT 3a10BOIBHSI-
0Th Ju(epeHIiaJbHOMy PIBHSHHIO 3 YaCTUHHOIO
MTOXiJTHOIO 33 3MIHHOIO S Ta 3CYBOM 3a apryMeH-
TOM S3:
du(sy, s2)

05, u(s1,82 + 1).

ABTOPH BHCJIOBJIIOIOTH IIUPY IOJAKY YJIEHY-
kopecriorsieary HAH Vkpaian A.H. Kouy6ero 3a
KOPHCHI 3ayBaKeHHS 1 MOpau.
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ON SOME PROPERTIES OF ALMOST PERIODIC
FUNCTIONS

This paper explores conditions for exponents \,, and coefficients of Fourier series which, if satisfied,
guarantee that the almost periodic function f(t) from Besikovich space B? is continuous, smooth and
holomorphic.

For those exponents ), with polynomial asymptotics, A\, = L(n® + &,), where L € R, o >
>0, €, — 0 as n — 400 the alternative for Sobolev embedding theorem is derived.

The paper also describes class of functions that can be analytically continued to half-plane Re s >
> a > 0 from Besikovich space B? with exponents ), which grow slower than n¢ for arbitrary ¢ > 0 as
n — +oo. This class also includes Riemann zeta function ((s).

For functions from B? with A, — 0 as n — +oco sufficient conditions required to analytically
continued them to entire functions of exponential first order.

Keywords: almost periodicity, Bohr, Besikovich space, Riemann zeta function, Fourier series,
Dirichle series, holomorphness.
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CIIEKTPAJIbHI BI/IHOBJIFOBAJIbHI YMNCJIA I'PA®IB
Cg +e TA K4 — €

Y emammi docaidoicero obepreny cnexmpanvry 3adawy Oas 36ascenur epadis. Pozeasnymo npo-
baemy 6idnosaeHna dodamnuur eae pebep 2paga 3a cnexkmpamu G020 twdykosarux nidzpagpis. Ocrosny
Y6a2y NPUdifeHO 3HATOONCEHHIO MOUHO20 ZHAMEHHA CNEKMPAALH020 B10H064106aAbH020 wucaa STn(G)
oas epagpie Srn(Cs + €) ma Srn(Ky — e) — minimaavhol Kiavkocmi cnekmpie thdykosanux nidzpadis,
HEOOTIOHUT O 00HO3HAUHO20 GI0HOBACHHA 6CIX 6az pebep epada.

Ompumani peaysomamu, 366epULYOMd 6USHANEHHA CNEKMPANOHUL IOHOBAI0BANOHUL YUCEA ONA BCILL
36°A3MUL 2padie nopadky He biavw AK womupu. Bonwu moocymv bymu sukopucmani 0AL NMOOAALUUL
Q0CAiONCEHD 0DEPHEHUT CNEKMPANLHUL 360a% MG PO3POOKU AA20PUMMIE GIOHOBAEHNA 62 HA PEOPAT

epagis.

Kuaro4oBi cioBa: crekTp rpada, BiacHi dncia, obepHeHi CIeKTpaJIbHi 3a1adi, 3BaXKenuit rpad.

Bceryn

CuekrpajibHa Teopis rpadiB € cydacHUM Ha-
MPsIMOM MAaTEeMAaTUKU, IO MOETHYE ajredpaitdHi,
KOMOIHATOPHI Ta reOMETPUYHI METO/IN JIJIsT BUBYE-
HHsl CTPYKTYDHUX BiacTupocteii rpadis (nus. [1]).
Ii akTUBHHMIT PO3BUTOK 3yMOBJICHMII MIIPOKIM KO-
JIOM 3aCTOCYBaHb Yy PI3HUX Tajy3dx HAYKU — BiJT
ximil, ¢izukm Ta Giomoril g0 indopMaTUKM, €KO-
HOMiKM I comianbHuX Hayk (muB. [2]-[4]). Cme-
KTpaJIbHI XapaKTepUCTUKU I'padiB BUKOPUCTOBY-
IOThCs, 30KpEMa, y 3a/ladaX PO3Ii3HABAHHS CTPY-
KTyp, KJIacTepHu3allil JaHuX, aHaJi3y MepezKeBOl
JUHAMIKHA Ta MOJICJTIOBAHHSI CKJIQJIHUX CHCTEM, V
MAIUHHOMY HABYAHHI JUIsl TOKPAIIEHHS POOOTH
3TOPTKOBUX HEHPOHHUX Mepex (muB. [3]).

BaxkyimBoro cKJ1aJ0BOIO CIIEKTpaJIbHOI Teopil €
obepHeHi CreKTpasibHi 3a7adi, fKi mepeadavanTh
BiIHOBJIEHHS CTPYKTYpu ab0 mapameTpis rpada na
OCHOBI ceKTpaJibHOI iHgopMariil. 3oKpeMa, Iii 3a-
Jadi MOXKHa (DOPMYJIFOBATHU sIK BiJHOBJIEHHSI Ma-
Tpuri cymikuocTi (a0 Bar pebep) 3a crekTpamu
camoi mMarpuni un 11 migmarpuns (mus. [5]-[8]). 3
OTJISIIOM OOEPHEHUX CIIEKTPABHUX 33J1a9 MOYKHA
osHafiomuTHCH 38 po6oTOoIO [7].

OcobJinBuil iHTEPEC CTAHOBJISATH 0bepHeHi 3a0a-
wi Oas 36asceHuT 2pagis, e Ha MHOXKUHI pebep
3azano gojarHy dyHkiio sar. ¥ crarri [10] 6ymo
BIIEPIIIE BBEJIEHO MOHSITTS CNEKMPANLHO20 GiOHO6-
a06asvHo20 wucaa epaga Srn(G), a TaKoXK OTpHU-
MAHO TOYHI 3HAYEHHS IBOTO UUCTA JJIsd JEAKUX
kJaciB rpadis, 30kpemMa jist naHimora (Srn(A4,) =
= 2 opu n > 3) ta sipku (Srn(Ki,) = n). Y
poboti [11] 3HaliIeHO 3HAYEHHS I[HOTO THCJA [T
kB Cy (Srn(Cs) = 3) ta Cy (Stn(Cy) =4), y
B crarti [12] — noa rpada Ky (Srn(Ky) = 6).

Hocmimxenns [13], [14] maganu BepxHi omin-
© Tumowsxesuy JI. M., Gepuascoxa K. C., 2025

ku Srn(G) ayus gepeB Ta yHinuksigaux rpadis
gepe3 KiTbKicTh Bucgumx BepiiuH. [Ipore HABITH
st rpadiB HEBEIUKOrO MOPSAAKY TOYHE BH3HATE-
uHs STn(G) 3aIUIIAECTHCS CKIIQTHOIO 33/Ia4€l0 He-
pe3 11 HemiHiftHUI XapaKTep 1 BHCOKY 4yTJIUBICTH
IIHOT'O TIapaMeTpa JI0 CTPYKTypHu rpada.

Memoro wiei pobomu € 3HAXOMKEHHS TOTHUX
3HAYEHD CIIEKTPAJIBLHOTO BiHOBJIIOBAJILHOIO YHCJIA
s rpadis Cs+e (paw graph) ta Ky —e (diamond
graph). Bukopucrani MeTOIU IPYHTYIOTHCS HA y3ar-
rajgpHeHit Teopemi 3axca Ta aHaJi3l XapakTepu-
CTUIHAX MHOTOYJIEHIB iHAyKOBAHUX MiArpadis.

Otrpumani pe3yabTaTu MOXKYTb CTATH OCHOBOIO
JUTS TIOAJIBINNX JOCIIPKEHb, CIPSIMOBAHUX HA BH-
sHavenHsa Srn(G) ausa mmpmmx Kiaacis rpadis.

OcHOBHi O3Ha4YeHHd Ta TBepA2KeHHA

Y wiit crarti min Tepminom epag polymieMo
Bropsakosany napy G = (V, E), ne V — neno-
DOXKHA MHOXKWHA BepminH, a F — nosinbHa min-
MHOXKWHA MHOYKUHU BCIX HEBIIOPsIIKOBAHUX I1ap Pi-
3HUX €JIEMeHTiB 3 V.

Hanasmi BukopucToByeMO Taki ITO3HAYEHHS:
E(G) — muoxuna pebep rpada G, V(G) — mHo-
JKUHA #ioro BepiuH, (u,v) — pebpo, 10 CIIOJIYYae
Bepmman u i v. KimgbkicTts Bepmma rpada Ha3u-
BAaIOTh WOT0 MOPAIKOM. ¥ I1iif poOOTI PO3TIISIIAEMO
Jsiatiie rpadu CKiHYeHHOT'O MOPSIKY.

OsuavenHss 1. 3saoicenum epagom G Ha3UBa-
10T BropgnkoBany napy (G,w), ne G — rpad, a
w: E — (0,400) — Barosa (yHKIIis, SIKa KOXKHO-
My pebpy e € F cTaBuUTh y BiIOBIAHICTD JT0/aTHE
qucso w(e).

Spaxkenuii rpadp G 3py4uHO 300parkaTu y BH-
rigai giarpamu rpada G, IPUIKUCYIOYM HaJ KO-
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KHUM pebpoMm e fioro Bary w(e). ¥ HOAAIbIIOMY
CJIOBO «3BaKEHWI» YaCTO OIYyCKATUMEMO, SIKINO 3
KOHTEKCTY 3PO3YyMIJIO, M0 HIEThCSA caMe IIpo 3Ba-
KeHuil rpad.

3 koxxauMm rpadom G = (G, w) Ta HyMeparjieio
Oro BepIMH HATYpaJbHUMU YucjiaMu Bijg 1 710 n,
Je n — TOopsaoK Tpada, MOB'S3YI0OTH MAMPUUI0
cymioienocmi A(G) = (a;;)};—;, eneMenTn sKoi
BH3HAYAIOTLCS 32 IPABH/IOM (Uepe3 w;; MO3HAUAE-
ThCd 3HAYeHHs Baru pebpa (i,7)):

W;j, SAKIIO BEPHIMHU ¢ Ta j CyMiXKHi,

0,

Aij = .
IHAKIIIE.

Osuavyenns 2. Cnexmpom epaga G Ha3UBAIOTH
MYJIBTUMHOYXKUHY BJIACHUX 3HAYEHb HOro MaTpUIl
cymixkuocri. [Toznagaiors sk o(Q).

3ayBaKuMoO, IO CNEKMP 36aHCEH020 2pada He
3aMeHCUMD 610 HYMEPAUTT 6EPUWUH 1 € U020 THEAPI-
AHMOM.

st zapaxmepucmuywnozo mHozouiena 2pagda
G 0y/1eMO BUKOPHCTOBYBATH [O3HAYEHHS

Pa()) = det(\ — A(G)).

st bopMyTIoBaHHS y3araJbHEHOl TeopeMu
3axca BBeJeMO HeoOXiIHI O3HAYeHHs Ta [IO3HAYCH-

Hs1 (mus. [9], [13]).

Jinitnum nidepagom rpada G HaA3UBAIOTH Ti-
rpad, KOMIIOHEHTH 3B’S3HOCTI KOO € JIUIIE Ma-
pU CyMiKHUX BepuIuH (pa3oMm i3 pebpoMm, o ix
3’enmye) Ta npocti mukiu. [loznadunmo iioro gepes
Hy, ne k — kinpkicTh BepiiuH y 1iboMy mmiarpadi.

Ilix sazorw xomnonenmu 36’°s3n0cmi, IO € Ma-
poro cyMiXKHUX BepmmH {i,j}, posymiemo wfj, a
IiJ1 Baroro KOMIOHEHTH, 10 € ITPOCTUM ITUKJIOM, —
JOOYTOK 3HAYECHb W;; IO BCix pebpax HukiIy (4, ).

Beenemo nosnauenss: r(Hy) — KiabKicTb KOM-
HOHEHT 3B’s13HO0CTI JiinifiHoro miarpada Hy; c(Hy)
— KIJIBKICTh KOMIIOHEHT, 10 € nukiamu; w(Hy) —
Bara Hj, T00TO J0OYTOK Bar ycix HOro KOMIIOHEHT.

Teopema 1 (VzarajibHeHa TeopeMa 3axca, IUB.
reopemy 2.5.2. B [13]). Hexad

Pa(\) =D aX"™F = N X e 4 ey,
k=0

— zapaxmepucmusnul MHO20UACH 2Dada
G = (G, w). Todi suronyromoca pierocmi:

1. C1 = 0,‘
2. cg=— Z w(e)’;
e€E(G)
3. o = Z (=1)"HRoeH)yy(Hy),  daa k =
{Hr}
=1,...,n,

de cyma bepemves no 8CIT MHITGHUT Nidepa-
¢ax Hy epaga G.

Haramaemo, mo indyrxosanud nidepag rpacda G
— e miarpad, yTBOPEHU i IMHOKWHOIO BEPITUH
rpacda G pasom 3 ycima pebpamu, IO CIIOJLyYai0Th
Il BEPIIVHMU.
Osnauenns 3. 3axenuii rpad Gi = (G1,w)
Ha3UBAIOTH (HOYKOBAHUM Nid2padom 3BaXKEHOTO
rpada G = (G, w), axkmo Gy € IHIYKOBAHUM IIijI-
rpadom G, i mua Gyup-skoro pebpa e € FE(Gh)
BUKOHYEThCs PiBHIiCTH w1 (€) = w(e).

Posriisinemo taky obepneny cnexmpasvhy 3a-
dawy nys 3Baxkenux rpadis. Hexait 3amano rpad
G 1 moTpiOHO OJTHO3HAYHO BiTHOBUTU BaroBy (DyH-
Kiio w 3Baxkenoro rpada G = (G,w) 3a cue-
KTpaMu IeBHUX Horo inaykoBanux miarpadis. Trna-
KIIe KayKy4u, HeoOXiHO, 11100 3a 3HAYEHHSIMU CITe-
KTpiB BuOpanux marpadis Baru Ha pebpax rpada
(G BU3HAYAINCS OJHO3ZHATHO J1J1s1 Oy Ib-sIKOI BATOBOT
dyukil w. Crekrp iHgyKoBaHoro miarpada nasu-
BaTUMEMO NIOCNEKMPOM.

SayBaxkKnMoO, IO 3a/a9a BiTHOBJIEHHS Bar 3a

criekTpamu miarpadis ekBiBaJeHTHa 3ajatdi Bij-
HOBJIEHHSI 33 XapaKTePUCTUIHUMU MHOTOYUJICHAMEI
nux miarpadis, OCKIJIBKU 38 CIIEKTPOM 3BaXKEHOTO
rpada OIHO3HAYHO BiIHOBJIIOETHCS HOTO XapakTe-
PUCTUYIHUI MHOTOYJICH i HABIAKH.
OsznaveHHsa 4. Cnexmpaavre 6i0H06A106G.MDHE
wucao Srn(G) — ne MiHiMaIbHa KITBKICTB IHIYKO-
BaHuX miarpadis G, Takux, IO 3a CIEKTPaMHu Bijl-
MTOBITHUX 3BasKEHWX IHIYKOBAHWX TiarpadiB Mo-
’KHa OJIHO3HAYHO BiJIHOBUTHU BaroBy (pyHKIIIO 3Ba-
2KeHoro rpada G.

OOGepHena cnekTpajibHA 3aaa4a AJis rpada
Cg + (&

Hocmianmo 3amady BiHOBJIEHHST Bar I I'pa-
da C3 + e Ta 10BEIEMO TAKy TEOPEMY.
Teopema 2. Srn(Cs +e) = 3.

Josederns. Jljist 3py9IHOCTI SIK MHOXKWHY BEpIITUH
obepemo muokuny {1,2,3,4} Ta nosmauuMo Ba-
ru Ha pebpax rpada uepes ai, s, ds, a4 3TITHO 3

puc.1.
aq a9
Z
(& (W
Puc. 1. 3paxkennii rpadp Cs + e

Crouarky BKaXeMO TPiiiKy iHyKOBAHUX IIiJI-
rpadis, 3a CHEKTpaMH SKUX MOXKHA OJHO3HAYHO
BU3Ha4MTHU BCi Baru pebep rpada Cs+ e jist Oyiab-
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SIKOT BAroBoi pyHKIIT w:
Cg +e, A3, A2.

Yepes Az mozHavueHo iHAyKOBaHU miarpad i3
muoxkuHOIO Bepinun {1,2,3}, a uepes Ay — iHmy-
KoBaHMi miarpad i3 Muoxkuuow Bepiuun {1,2}.

3a ysarajbrenow teopemoro 3axca (Teopema
1) xapakrepucruuni muorowienu rpada C + e Ta
oro BUOpaHuX iHIyKOBAHUX IMiArpadiB MaOTh Ta-
KWW BUTJISI:

Pa,(N) = A2 — af;

Pa,(A) = A — (a3 +a)\;

Po,ie(\) = M —(a? +a3+a3+a2)N\? —2a1a2a37+
+ a%ai.

Toxai Mu MOXKeMO TTOCJIiIOBHO BiITHOBUTHU 3HAUE-
HHS yCiX Bar ai, as, s, G4 3a 3HAYEHHSIME Koedirri-
€HTIB IMX XapakTepucTuIHux mnojinomMis. Croga-
TKY 3HAHIEMO 3HATEHHS Bard a1 3a KOedimieHToM
—a?, moTim 3a KoedinienTom a?a? 3HaiigeMo Bary
ay, mari 3a KoedinienTom —(a3 + a?) 3Haiiemo Ba-
Iy ag Ta noTiMm 3a Koedinientom —(af+a3+a3+aj)
3HallIeMo Bary as.

Takum umnOM, yci Baru rpacda Cz + e MOXKYTH
OyTH OIHO3HAYHO BU3HAYEHI 3a TPHOMA IIiJICIIe-
KTpaMu, OT2Ke, JIOBEJIEHO TaKy HEPIBHICTH:

Srn(Cs +e) < 3.

Ilepeitiemo 10 gapyroi yactuHu noBesieHHsS Te-
opemu 2.

Posrisaremo Bci Tunm HabOpiB, MO CKJIAIAI0-
ThCsl 3 IBOX Pi3HUX iHjyKoBaHux miarpadis Cs+e,
3 TOYHICTIO JI0 i30MOpdisMmy rpadis, Ta st KO-
2KHOT'O TAKOTO HabOPy miarpadis mokaxkemo, 1o ix
CIIEKTPIB HEJIOCTATHLO JIJIsi OJTHO3HAYHOTO BiJTHOB-
JIEHHST BaroBol pyHKIil w 3BarkeHoro rpada Cs+e.

Yepes ('3 mo3HAYAETHCS UK JOBXKUHU 3, &
qepe3 Ap — nammior posxkunu k — 1. Yucio, sxe
CTOITH Iepe/l O3HAYEHHSIM I'pada, BKa3ye Ha Kijlb-
KicTh Takux rpadis y Habopi.

Maemo Taki 8 TumiB HabOpIB:

Cs +e;
C3+6, A3;
03 + e, AQ;
C3, As;
C3, A;
2A3;

Az, Ag;
2A45.

IIpoanamnizyemo koxkeH Tum HAOOpPY Ta HaBeIE-
MO TIPHUKJIAJIN JTBOX PI3HUX BAroBUX (DYHKIMH JI/IsT
rpacda C3+ e, Uit IKUX € PIBHUMU XapaKTePUCTHU-
9HI TOJIIHOMY BiJIIIOBiTHUX BUOpAHUX iHIYKOBaHUX

e I A i o

migarpadis. TakuM 9wHOM, MU JOBEIEMO, IO JTBOX
ITJICTIEKTPIB HEJIOCTATHBO JIJIS OJITHO3HAYHOIO BiJI-
HosJieHHst Bar rpada Cs + e. OdeBuaHO, 110 3 1HO-
0 BUILIABATUME, IO 1 OJHOIO IiJICIIEKTPa TaKOXK
HEJIOCTATHDO.

1. C3+e, Cs. Hns vabopy migarpadis mepimo-
o THUIIy HaBEJIEMO TPUKJIAJ JBOX PI3HUX HAOOPIB
Bar:

e a1 =a,as =b,az3 =c,a4 =d,

e a1 =a,as =c,az3 =b,a4 =d,

a,b, c,d — noBUIBHI gomaTHI YnMcaa Taki, 1o

b +# c.

Xapaxktepuctrnani nogiromu rpadis Cs+e, Cg
JUI X JIBOX HAOOPIB Bar OyAyTh DIBHUMHU Biji-
MTOBITHO, OCKLIBKY IIi Tpacdu MepexondaTh OIWH B
OJTHOT'O TIPU TIEPECTAHOBII BepmuH 1 Ta 2, a gK Bi-
JIOMO, CTIeKTp Tpada € itoro imBapianToMm i He 3a-
JIEXKUTD BiJ[ HyMepallil 1oro BepIuH.

2. C3 + e, Aj. Be3 obMekeHHsT 3araJbHOCTI
MOKEMO PO3TVISHYTH BapiaHT BHOODY Jammora Al
3 MHOKHUHOIO BeprwH {1, 3,4}, ockinbkn iHmmii Bu-
NAJI0K PO3TIIAIAETHCA AHAJIOTIIHO.

Posrisgremo Taki aBa pismi Habopu Bar:
e = 2,a0 = V2v3+3,a3 = V23 -3,
aqs = 1,

® 1 = 1,0,2 = a3z = {L/ﬁ,azl = 2.

Xapakrepucrudti nosginomu rpadis Cs+e, Ag
JUIS TIIX TBOX HAOOPIB Bar OyayTh piBHUMHU BiIImo-
BiJTHO, OCKITLKY 3HAMEHHs BUPA3iB a3 +a3+a3+a?,
ajasas, a3a? Ta a3+a? A1 BKa3aHIX JIBOX HAGOPiB
Bar € piBHUMU BiJITIOBiTHO.

3. C3+e, As. Icayors 1Ba NPpUHIAIIOBO Pi3Hi
BapianTu BuOOpy JaHIora As.

1. JTanmor Ay 3 MEOXKIHOW BepuvH {1, 2} abo
{3,4}. YV 1poMy BUIIAJKY PO3IJISTHEMO TOH caMuii
MPUKJIAL 3 IBOMA PI3HUME HAOOpaMU BarT, IO 1 JJIst
MIEPIIIOTO THUILy HAOOPY iHIyKOBAaHUX IiArpadis.

2. Jlanmor Ao 3 MEOXKHHOIO BepiuuH {1,3} a6o
{2,3}. OckinpKku 1 BUNAJKHM aHAJOTIYHI, TO pO-
rJIstHeMO Tepinwuii 3 Hux. HaBememo npukiiaj gBox
pizHux HaOOPIB Bar:

e a1 =agy =az=ay4 =1,

e a1 =V2,a3=1a3 =04 = gv

a, b, ¢ — NOBUIBHI Jl0aTHI Yncaa TaKi, mo a # b.

Jns nux 1Box HAOOPIB Bar XapaKTePUCTUYHI
nosinomu rpadis Cs +e, A OyayTh piBHUMHA BijT-
MOB1IHO.

4. C3, A3z. Be3 obmexeHHsi 3arajbHOCTI MO-
JKeMO POBTJIAHYTH BapianT BuGOpY Jammora Al 3
MHOXKUHOW BeprmH {1, 3,4}, ockinbku inmmuii Bu-
HaJI0K PO3TJIAIAETHCS aHAIOTITHO.

Posrisgaemo Taki aBa pisui Habopu Bar:
e a1 =a,ay =b,az3 =c,a4 = d,
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® a1 =c,ap =b,a3 =a,a4 =d,
a, b, c,d — MOBLIBHI TOJATHI 9UCIa TaKi, 10

a # c.

Xapakrepucruuni nogisomu rpadis Cz, Ag
JJIsE TIIX JIBOX HAOOPIB Bar OyIyTh piBHUMHA BiIImo-
BifHO, ockiibKE 3BazkeHi rpadu Cs 1y1d mepruroro
Ta JIPyroro HabOpy Bar HEPEeXO/IsiTh OJIUH B OIHO-
ro Ipu mepecTaHoBIl BepmuH 1 Ta 3, a rpadu Aj
MalOTh OJIHY il Ty camMy BaroBy (DyHKILIO.

5. C3, A,. OueBuyHo, 10 y pasi BUOOpPY B po-
i rpada As JlaHIora 3 MHOXKUHOO BepiuH {1, 2},
{1,3} abo {2, 3}, Bara pebpa {3,4} Oyue Hepuzna-
YEHOIO.

Axmo K gK A 00paHO JIAHIIOT 3 MHOYKUHOIO
BepruH {3, 4}, TO MO’KEMO PO3IVISTHYTH TOH CaMmit
MIPUKJIAJ] 3 JIBOMA PisHIMU HaOOpaMu Bar, 1o i J1st
[IePINOro THUILY HAabOPY 1HAYKOBAHUX Mijrpadis.

OTKe, OHO3HAYHE BiJIHOBJIEHHsI yCiX Bar rpa-
da C3 + e 3a miacneKTpaMu TAKOTO TUITY HADOPY
JBOX 1HJIYKOBaHUX miarpadiB HEMOXKIIUBE.

6. 2A5; 7. A3, Ay; 8. 2A5. Jlna ycix Ta-
KUX THOIB HAOOPIB OYEBUIHO, IO Bary MPWHANMHI
omaoro pebpa rpada Cs + e HEMOKIIMBO BU3HAYUN-
TH.

PosrisgayTo Ta mpoanasizoBaHO BCi MOXKJIMBI
TUOU HAOOPIB, IO CKJAJAIOTHCS 3 JBOX PI3HUX
innykoBaunux minrpadis Cs + e. Ilokazano, 1mo
3a CIEeKTpaMM YKOJHOTO 3 TaknxX HaOOPIB miarpa-
GbiB HEMOXKJIMBO OIHO3HAYHO BiTHOBUTH BarW BCiX
pebGep rpada Csz + e. Orxke, Srn(Cs; +€) > 2.
Ockinbku Bomuouac posezeHo, mo Srn(Cs + e) <
< 3, maemo Srn(Cs + e€) = 3. Takum 9HHOM,
Teopemy 2 noseseno.

ObGepHeHa crieKTpaJjbHA 3aJava AJs rpada
K4 — €

Takox Joc/TiIImMo 3318y BiTHOBJICHHS Bar JI/Ist
rpada K4 — e Ta moBemeMo Teopemy TIpO CIie-
KTpaJjbHe BiIHOBIIIOBAJIbLHE YnCJI0 Tpada Ky — e.

Teopema 3. Srn(Ky —e) = 4.

Josederns. K MHOKWHY BEPITUH i 3PYIHOCTI
obepemo muoxkuny {1,2,3,4} ra nosmauuMo Ba-
rm Ha iforo pebpax depes aji,ds,as, G4, G5 3TITHO
3 puc. 2.

g a %
% e o
Puc. 2. 3sazkennii rpap K4 — e

Crouarky josesemo, mo Srn(Ky —e) < 4.

Jljig 1bOro MOCTATHBO BKA3ATH YETBIPKY iH-
JyKOBaHUX Tiarpadis, 3a cmekTpaMu SIKUX MO-
JKHA OJTHO3HAYHO BU3HAYUTHU BCi Baru pebep rpada
K4 — e nyis 6yp-sikol Barosol ¢yHkIil w. Ie Taka
qeTBipKa:

K, —¢,Ci, AL AL

[osnauenns C}, A} ta A} simmosinarors inmyxo-
BaHMM nijrpadam 3 MHOKMHaMuU BepimH {1, 2,4},
{1,2,3} Ta {1,2} BigmosigHo.

SHaiiieMo 3a y3arajJbHEHOIO TEOPEMOIO 3aXca
(Teopema 1) xapaxkrepucrudsi MHOTOUIeHH Ipada
K, — e Ta itoro Bubpanux iHayKoBaHuX mmijarpadis:

PA;(A) =\ —af;

Pp1(A) = X% — (af +a3) s

Pei(N) = A3 — (a2 + a3 + a?)\ — 2a1a40a5;
Pg,—c(\) = M\ — (a2 + a3 + a3 + aF + a2)\? —

2(ajasas + azazas)\ + a2a3 + a3a3 — 2aiaza3a4.

Cnouarky 3a Pa3()) BinHOB/IIOEMO 3HAYEHHS
Baru aj. lloTiM 3a PA;)()\) 3HAXOAUMO Bary asg.
Maui 3a snauennamu koedimientis —(a? + a3 + a?)
ta —(a? + a3 + a3 + a2 + a) nominomin Pci(A) ra
Pk, —.(\) BusHaUaemo Bary as. 3a KoedimienTamu
—2aja4a5 Ta —2(aja4a5 + az2a3a5) TUX TOJIHOMIB
Ta 3HAYCHHSMHY (o, 03 3HAXOIUMO 3HAYCHHS BAIU
as. Hacamkinmenp 3a koedimienTom —2aiasas Ta
3HAYEHHAMU a1, 45 BUSHAYAEMO BAry (4.

Takum aunOM, yci Baru rpacda Ky — e MmoxyTh
OyTH OZHO3HAYHO BiMHOBJIEHI 3a YOTHpPMA IIiICIIe-
KTpaMH, TOMY JIOBEJIEHO HEPIBHICTH

Srn(Ky —e) < 4.

Ilepeitemo 10 1OBEICHHS HEMOXKJIUBOCTI OJTHO-
3HAYHOTO BijHOBJIeHHs Bar rpada Ky — e 3a Tpro-
Ma MACIEeKTPaMA. 3 I[bOTO BHUILIABATAME, IO it
MEHIIO]l KIJIBKOCTI TIiJICIIEKTPIB TAKOXK HeI0CTa-
THBO.

Posrnstaemo Bci MoxkuBI Tumm HaOOPiB, AKi
CKJIQJIAIOTHCS 3 TPhOX PI3HUX 1HJIYKOBAaHUX IIi/IIpa-
diB K4 — e, 3 TouHicTIO 710 i30MOpdizmy rpadis.

Maemo 14 TumiB Takux HaOOPIiB:

1. K4 — €, 203;
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2. K4763 C37 A3;

3. K4 — €, 2A3;

4. Ky —e, C3, Ag;
5 Ky —e, Az, A
6. K4 — €, 2A2;

7. 203, A3;

8. 203, AQ;

9. Cg, 2A3;

10. 03, 2A2;

11. 03, A3, AQ;

12. 2A37 AQ;

13. Ag, 2A2;

14. 3As.

Posrisinemo yci Ttunm mabopiB Ta HaBempeMo
MIPUKJIAIA JBOX PI3HUX BArOBUX (PYHKIMH JJIsI Ipa-
da K, — e, 1 9KUX BiAMOBiIHO piBHI XapaxkTepn-
CTUYHI MOJIHOMU BHOpAHUX iHIYKOBAHUX IiArpa-
&biB, a oTKe i BiAMOBiHI crIeKTPHU PiBHI.

1. Tlpoanasizyemo crodaTky HabOpPH 3 TPbOX
IHAYKOBaHUX Iiarpadis MepImoro, APyroro, Tpe-
THOT'0, CBOMOT'0, JIEB’SITOrO Ta JBAHA/IIISATOrO TUIIIB.

OCKUIBKY HIIN BUIAIKA MTOBHICTIO AHAJIOTIYHI,
1O Oe3 OOMEXKEeHHsI 3arajIbHOCTI MOYKHA BBAXKATH,
110 y APYTOMY THI HAOOPY 0OpaHo iHIyKOBaHi Ii/I-
rpabu C} ta Al 3 muokunamu sepnmn {1,2,4}
ta {1,2,3} BignosinHo. Takoxk IJIsi CHOMOTO Ta
JieB’siToro TUIiB HAbOpy Oy/eMO BBayKaTwH, IO K
nigrpacdu Aj ta C3 obpano A} ta C} Binosimmo.

st 1BaHAIIATOrO TUIY HAOOPY MOXKHA BBa-
JKATH, M0 K miarpad A obpaHo iHyKOBaHUIA I1i/1-
rpad Aj 3 mHOKHHOIO BepmuH {2, 4}, OCKiIbKH B
IHIITOMY BUITAJKY Bara a5 3aJIUIIATHCS HEBU3HAYTE-
HOIO.

Hagenemo npukias gBox pisHux HaOOPIB Bar:

e ay=ay=a,az3=a4 =>b, a5 =c,

° alzazzb, az = a4 = a, a5 = ¢,

a,b,c — noBUIBHI gomaTHI Yncaa Taki, mo a % b.

Heckiragno nepexkonarucs, Mo xapakTepUCTHU-
9HI noJliHOMU 3BaxkeHux rpadis Ky — e piBHi 1151
HaBEeJIEHUX JIBOX HAOOPIB Bar MOJIIHOMY

Px,—c(N) = A — (2a® + 202 + ¢®)\? — dabeh +
+a* 4+ b* — 2a2b2.

XapaKTepUCTUIHI TOJIHOME ABOX 1HIYKOBAHUX
miarpadis, M0 € IMUKJIaAMA JOBXKUHEA 3, TAKOXK PIiBHI
Mi2K c006010 7151 060X HaOOPIB Bar Ta piBHI TaKOMY
MIOJTIHOMY':

Pc,(\) = X3 — (a® + b* + ¢*)\? — 2abe.

Takoxx piBHI MiXK CODOI0 XaPAKTEPUCTUIHI 1O~
JIHOMU JBOX IHIyKOBaHUX Iiarpadis, Mo € JaH-
moraMn JOBXKUHE 2, /JIs 000X HAOOPIB Bar, BOHU
PiBHI TaKOMY TIOJIIHOMY:

Pa,(\) = X3 — (a® + b?)\.

Otxke, BimHoBuTu Baru rpada Ky — e 3a cie-
KTpaMu BUOpaHUX BUINE HAOOPIB 1HyKOBAHUX ITiJI-

rpadis memoxkmBo. s iHmmx Tumis nabopis Oy-
JIeMO JIAIITEe BKa3yBaTH MOTPIOHI TPUKJIAIN IBOX Pi-
3HUX BaroBux (pyHKIIi{l, OOTPYHTYBAHHS HEMOKJIN-
BOCTi OJIHO3HAYHOI'O BITHOBJICHHSI Bar aHAJIOIIYHI
JI0 HABEJIEHOT'O BHUIIIE.

2. Hocaingumo nabip 4eTBEpPTHIl THILY:

K4 — €, Cg, AQ.

Be3 obmexkenns 3araibHOCTI MOXKHA BBaXKATH,
10 o6pano intykosanuit miarpad C 3 MHOKHIHOIO
sepruH {1,2,4}.

IcuytoTh gBA MIpUHIMIIOBO Pi3HI BapianTH BUOO-
py Jianmora Ag.

1. Jlammor Ay, mo € miarpadom Ci. V npomy
BUIIAJIKY HABEJIEMO TAKWAU IIPHUKJA IBOX PI3HUX
HabopiB Bar:

e ay=a3=a4=a,a3=>0, a5 =c,

e a=ax=a4=a,a3=>0, a5 =c,

Jie a,b,c — JOBUIBHI JOJATHI YHC/Ia TaKi, 10
a #b.

2. JTanmor Ay, mo e € migrpadbom Ci. V mpo-
My BHUIIQJKY PO3IVITHEMO Taki JBa pi3Hi HAOOpHU
Bar:

e a1 =ay=a3z=a, as =b, as = c,

e ap =az=as=a, a; =b, as = c,

a, b, c — MOBUIBHI JIOJATHI YUC/Ia TaKi, 0 a 7 b.

5. Ilpoanasizyemo HabIp 1m'ATOrO THILY:

K4 — €, Ag, AQ.

Bes obmekenHs 3araabHOCTI MOXKHA BBarXKaTH,
1o obpamo ingykosanmit marpad Al 3 MaoxmHO©
sepmms {1,2,3}.

Icuye nBa mpUHITUIIOBO pi3HI BapiaHTH 1010 BU-
6opy JiaHIEora As.

1. Jlammor Ay, mo wmicturs Beprmmay 2. s
IHOTO BapiaHTa PO3TJISTHEMO TaKi JBa pi3Hi Habopm
Bar:

e ay=ay=az3=a, aqg = b, a5 = c,

e a=ay=a4=a,a3=>b, a5 =c,

a, b, c — MOBUIBHI IOAATHI YUCIa TaKi, Mo a 7 b.

2. Jlanmror As, mo He MicTuTh Bepruny 2. To-
Ji HaBeJIeMO TaKUil MPUKJIaJ ABOX PI3HUX HAOOPIB
Bar:

ea =az=as=a,ay=0>b, a5 =c,

® (g =asz = a4 = @, a1=b, as = ¢,

a, b, c — NOBUIBHI JoAATHI Yncaa TaKi, mo a # b.

4. Ilpoanasizyemo Habip IIocToro TUIy:
K4 — €, 2A2.

Posrismemo Bci moxkimBi  BapiaHTH BHOODY
aBox miarpadis As.

1. SIkmio obpano miarpad Aj 3 MHOKUHOWO Bep-
s {2, 4} ra niarpad, mo mMicturh Bepiudy 2 abo
Bepruay 4. OCKIIbKY Il BATIAJIKU AHAJIOTIYHI, TO
6e3 0OMerKeHb 3araJibHOCTI, PO3TJITHEMO BUIIAIOK
Bubopy A} 3 MEOKHHOIO BepmmH {1,2}.
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s mporo BapiaHTa HABEIEMO MPUKJIAJ, JIBOX
pisHi HaboOpiB Bar:

® a4y =ay=a4 =as5 =a, az = b,

e ay=a3=a4=as=a, ay =b,

a,b — MOBLIBHI JOIATHI YMCIa Taxi, Mo

a # b.

2. dkmo obpano gpa migrpadu A, Mo ManoTh
CIIUTbHY BEPIINHY, OKPIM THX BUIAQJKIB, fKi PO3-
TISHYTH y mepiioMmy BapianTi. JlocTaTHBRO po3TiIs-
HYTHU JBa BUMAJKN: obpani miarpadn A 3 MHOKN-
Hamu BepriuH {1,2} ta {1,4} a6o {1,2} Ta {2,3}.
Iami Bunaaku aHajorivsi.

st X BUMAIKIB PO3IVISTHEMO TaKi JBa pi3Hi
HabopHu Bar:

e a1 =ay=a4=as=a,az=>,

e a1 =ay=a3=as=a, as =b,

a,b — MOBLIBHI J0IATHI 9MCIa TaKi, Mo

a #b.

3. dxmo obpano gsa miarpadpu A, mo He
MAaIOThb CHIJIbHOI BepIuHu. {OCTaTHBO PO3TIIAHY-
TU OJMH BUNAJIOK, OCKITbKH IHIII aHAJOTITHU:
obpaui niarpacdu A 3 muoxunamu Bepimd {1,2}
Ta {3,4}.

Hagememo npukiias 1Box pizHmx Habopis Bar:

e a1 =as =a,as =b,ay =d, a5 =c, a5 = e,

e ay =a3 =a,ay =d,as = b, a5 = ¢, a5 = ¢,

a,b,c,d — MOBIIBHI TOAATHI YUCIa Taki, 10

b+ d.

5. Anasiz mabopy 2C3, As BOCBMOIO THILY
[IPOBOJIUTHCS AHAJIOIYHO JI0 aHAJi3y Habopy de-
TBEPTOTO THUITY: BAPTO POIIVISHYTH TaKi caMi Bapi-
anTu Bubopy Janmora As ta Habopu Bar.

6. IIpoanaizyemo HabIp OJIMHAIATOTO THUILY:

Cs, A3, As.

Bes obmerkenHst 3araJbHOCTI MOYKHA BBaXKaTH,
1o o6pano nigrpadu Ci ta Al 3 MmuokunamMu Bep-
wun {1,2,4} ta {1,2,3} sBiguosizxo. Takoxk Mmo-
JKHa BBaxKaTH, MO aK Tiarpad A obpano Aj 3
MHOXKUHO0 BepuivH {3, 4}, ocKizbKY B iHIIIOMY BU-
MajKy HEMOXKJINBO BiIHOBUTH 3HAYEHHS BAIU 3.

Hagezemo npukiaj aBox pisHux HabOpiB Bar:
e a; =a,as =baz3 =c, a4 =d, a5 = e,
e a; =a,as =baz3 =e€,a4 =d, a5 = c,

a,b,c,d,e — mOBiIbHI MOMATHI YmMCTIa Taki, 110
d #e.

7. Hna wabopiB oOCTaHHIX JBOX THINB —
A3, 2A5 abo 3As — oueBHIHO, IO Bary mpuHaiM-
Hi oHOro pebpa rpacda Ky — e HeMoxkimBO Bu3HA-
YUTH.

PosrnsgayTo BCi MOXKIMBI TumM HAOOPIB, IO
CKJIAJIAIOTHCSI 3 TPHOX PI3HUX 1HyKOBaHUX IIiArpa-
dis rpada Ky — e. st HaboOpiB KOXKHOI'O THUITY
HaBEJEHO MPUKJAJM JIBOX PI3HUX BaroBux (QyH-
KIi#f, 38 gKUX BiAMOBiAHI 3BarkeHi miarpadu ma-
IOTh OJIHAKOBI XapaKTEePUCTUIHI TTOJIIHOMH, & OTKE,
it omHakoBi cuekTpu. lle m0BOAUTH, 1O 338 TPHOMA
ITiJICIIEKTPAMU HEMOXKJIMBO OJJHO3HAYHO BIJIHOBUTH
Baru Bcix pebep rpada K, — e.

Orxe, STn(Ky —e) > 3.

Bonnouac nokazano, 1o Y0TUPHOX ITiICIIEKTPiB
JIOCTATHBO JIJIsi TIOBHOI'O BiJIHOBJIEHHSI BCIX Bar pe-
6ep, To6To Srn(Ky —e) < 3.

Taxum gunom, MaeMo Srn(Ky —e) = 4.

Teopemy 3 moBeseHoO.

BucuoBknu

V wiit poboTi OCITiI2KEHO OOEPHEHY CIIEKTPAJIb-
Hy 3aJ@4dy /Ul 3BaXKeHuX rpadiB Ta BU3HAYEHO
TOYHI 3HAYEHHS CHEKTPAJIHLHUX BiJIHOBIIOBAJILHUX
qncest qisa rpadis C3 + e ta Ky — e.

3acTOCOBYIOUN y3arajbHEHY TEOpeMy 3axca,
MOOYIOBAHO XapaKTEPUCTUIHI MHOTOYUIEHHU BiIIo-
BiTHUX 3BakeHUX rpadiB Ta IXHIX IHIYKOBaHUX
migrpadis. Ilokazano, 1o 3a TppoMa abo JOTUD-
Ma IiJICIEKTPaMU BiJITOBITHO MOXKHA OJTHO3HATHO
BigHOBUTH BCi Baru pebep, TOi siK 38 MEHIIO] Kilb-
KOCTI ITi/ICTIEKTPiB Bi/THOBJIEHHA € HEOITHOSHAYHUM.

Otrpumani pe3ysbTaTé 3aBEpPIIYIOTH BU3HAUE-
HHS CHEKTPAJbHUX BiTHOBIIOBAJBLHUX HHUCEN JIJIst
BCiX 3B'#3HUX rpadiB MOPAIKY HE OULIBII SK YO-
Tupu. BOHU CTBOPIOIOTH OCHOBY /IS MOJAJIBIIAX
JIOCJTi/T2KeHh OOEPHEHUX CIEKTPAJIHHUX 33702 1 MO-
KyTb OYyTU BUKOPHUCTAHI MiJl 9aC PO3POOJCHHS aJI-
TOPUTMIB BiJIHOBJIEHHS JIOIATHUX Bar pebep y 3Ba-
JKEeHUX rpadax.
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SPECTRAL RECONSTRUCTION NUMBERS OF GRAPHS
Cs+e AND Ky —e

This paper investigates an inverse spectral problem for weighted graphs. The problem under consid-
eration concerns the reconstruction of edge weights from the spectra of induced subgraphs. We focus
on determining the spectral reconstruction number Srn(G), defined as the minimal number of spectra
of induced subgraphs required to uniquely recover all edge weights of a weighted graph G.

The main contribution of this work is the exact determination of the spectral reconstruction number
for the paw graph C5 + e and the diamond graph K4 — e.

The obtained results complete the determination of spectral reconstructive numbers for all connected
graphs of order at most four. They can be used for further research on inverse spectral problems and
for developing algorithms to reconstruct edge weights in graphs.

Keywords: spectra of graph, eigenvalues, inverse spectral problems, weighted graph, subgraphs of

graph.
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ITOTOYHE ITPOI'HO3YBAHHZ{ BBII 3A JOIIOMOI'OIO
MO/JIEJIEI ®AKTOPIB 31 3MIIIIAHOI YACTOTOIO
IJ1d YKPAITHCHKUX PETIOHIB

Csoenacna ouinKka pe2ionanbhol eKoHOMIYHOT AKMUBHOCE € KAI0U08010 0Af NPUTHAMMA 00 DYHMO-
BAHUL PIUEHD A DEARYBAHHA HA KPUIOET CUMYail, 0C06AUBO 8 eKOHOMIKAT, de oPIuitiHa cmamucmu-
Ka NYOAMIKYEMBCA 13 Cymmesumy 3ampumrkamu. B Yxpaini dani npo earosuti pezionasvHutl npodykm
(BPII) onpumodnioromses auwe 00uh pad wa PiK i3 3aniznermsm 00 16 MIcauis, uo 3HauHo YcraadHnioe
MOHIMOPUH2 EKOHOMIYHOL CUMYAUL] 8 PEAALHOMY “act. ¥ UbOMY 00CAIONCENNHT 3aNPONOHOBAHO MOOJEAD
Mixzed-Frequency Factor-Augmented Vector Autoregression (MF-FAVAR) das menepiwtivo2o npoerosy-
sanHa (nowcasting) xeapmanvrozo spocmarnna BPIT dan kuiscvkoeo peziony wWasLom noeonarhs pi-
YHUT, KEAPMAALHUL T MICAYHUT NOKA3HUKIG.

3anpononosara cmpykmypa inwmezpye mpaiuiting MAKPOEKOHOMIYHE CTNATNUCTUNHE NOKASHUKY 3
BUCOKOYACTNOMHUMY, YUPPOSUMYU cuHaramy, ompumarumu 3 Google Trends, wo dae 3moey sidcme-
ACYBAMU 3MINU Y CNOACUBHULT HACMPOAT Ma nosedinkosur namepwax. Ll yudposi induxamopu eu-
CMYNA0Msb NPoOKCt 3MIH Y CNOACUBHUT HACTMPOAT, HAMIPAT U000 SUMPAMN 1 OUIKYSAHHAT HA PUHKY
npays, Hadayu 000amKosy THPOPMAUTIO NOPIBHAHO 3 OPIUITHONW CMAMUCTIUKOW, W0 NYOATKYEMBHCH
13 3aMPUMKOI0. BMEHULEHHA PO3MIPHOCTE GHUT 30UCHIOEMBCA 36 JONOMO2010 CYUACHUT Memodie da-
KMOPHOL EKCNPAKYLT, PO3POOAEHUT OAA HEMOBHUT © Hey3200cenux nabopie danur, 3oxpema Erpectati-
on—Mazimisation Principal Component Analysis (EMPCA), Bayesian PCA (BPCA) ma Singular Value
Decomposition Imputation (SVDI). Piunuii pad BPII 6yao nepemeopeno na keapmasvhull 3a donomo-
2010 memody enmona—Ilonemma, wo 3abesnevye yzezoddcenicmsp 3 ohiuitinumu nidcymramu.

Emnipuuni pesyavmamu noxadyromov, wo daxmopra excmparyia wa ocnosi EMPCA 3sabesnevwye
HATCMabiALHIWS Ta Halmowriwi Kopomxo-, cepednbo- ma 00620cmpokosi npoenodu. Joxpema, EMPCA
docsizae HAUMEHWUT 3Hauenb cepedrboksadpamuynol noxubku npoenody (RMSFE) ma 6esnepepsnozo
Panz06020 Umosipnicrozo nokasnuka (CRPS), wo nidmeepdoicye i cmitixicmos y ymosar 0bMmedHcerus
i sawymaeHur darur. OMpumaHi pesysvbmamu ceiduamsv, U0 MOOJeAi 31 SMIULGHONW YACTMOMON Ma
PaxmopHoto cmpyrmyporo € ehPexmusHuM IHCMPYMEHMOM OAA PELTOHAALHO20 NOWCASEING 3G YMO8 He-
cmani daHuT, U0 pobumsd iT 0COBAUBO PEACCAHTMHUMY OAA MEPETIOHUT | KPUSOGUT EKOHOMIK, MAKULT,
Ax Yrpaina.

Kiouosi caoBa: MF-FAVAR, FAVAR, noroune nporuogysanust, EMPCA, GRP, RMSE, MAPE,
Google Trends.

Bceryn

CpoevacHUil MOHITOPHHI DPEriOHAJBHOI €KOHO-
MIiYHOI aKTHUBHOCTI HabyBae Iefasti OiIbInol Barm
B CYYaCHHX MAKPOEKOHOMIYHUX JIOCJIIJI?KEHHAX Ta
y cdepi popMyBaHHS €KOHOMIUHOT TOMITUKH. Y
mepiof CTPYKTYPHOI HeCcTablIbHOCTI YM KPHU30-
BUX SIBUII, 30KpeMa IiJ] Yac BiffHU, IO TPUBaE B
VKpaiui, TpauIiiiHi cTaTUCTHYH] cuCTEeMU 3a3Ha-
IOTh CYTTEBUX 3AaTPUMOK y IyOJiKaIlil JaHuX, IO
ICTOTHO YCKJIAJIHIOE OIIHIOBAHHSI €KOHOMIYHOI JIH-
HaMIKU B pekuMmi peajbHOro dacy. Tak, odirriii-
Ha CTATUCTUKA BAJIOBOTO PETiOHAIBHOTO IPOIYKTY
(BPII) B YkpaiHi OIPHITIOHIOETHCS 3 JaroM J1o 16
MICAIIIB ITiCJIsI 3BITHOTO POKY, 3aJUIIAI0YNA OpTaHU
JIep2KaBHOTO YIIpaBJIiHHsI, 6i3HeC Ta HAYKOBY CIIiIb-
HOTY 0€3 aKTyaJIbHUX 1HIUKATOPIB JIOKAJIBHOI €KO-

HOMIYHOI JJUHAMIKH.

3a1J1s1 MOA0JIaHHS IIHOTO 1H(MOPMAIIIHOTO PO3-
pUBY ¥ CyYacCHHUX IPOTHO3HUX CHCTEMaX aKTHBHO
3aCTOCOBYIOTH METOIN Nowcasting. Y KOHIIEITyaJTi-
saiii BaupGypa ta in. (2011, 2013)|1} [2], nowcasti-
Ng 03HAYAE BUKOPUCTAHHS HEMIOBHUX Ta ACHHXPOH-
HUX TOTOKIB JAHUX JIJIsI OIIHIOBAHHS ITOTOYHOI'O
CTaHy eKOHOMIKH. IHTerpyoun Bucoko4acTOTHI iH-
JUKATOPY — IMOMICSIH] ab0 MOTHKHEB] CTATHCTH-
9HI TOKA3HUKHU, PE3yIbTATHA OMUTYBAHD U TP PO-
Bl MOBEJIIHKOBI METPUKH, — TakKi MOJEJi HAJAIOTh
CBO€YACHI CUTHAJIN €KOHOMIYHOT AaKTUBHOCTI 1€ J10
ONpMJTIONHEHHs oiniitanx pemizis. [loaibmi mimgxo-
7 OCODJIMBO IIHHI JIJTT €KOHOMIK, IO CTHKAIOTHCST
3 0OMEXKEHICTIO TAHNX, YACTUMU peBidissMu abo 1re-
pepBaMU Y CTATUCTUIHOMY CIIOCTEPEIKEHHI.

Y KOHTEKCTi YKpaiHCHKUX PErioHiB Ili BUKJIM-

© Apimw C. C., 2Kypasavosa A. /1., Kproxosa I. B., 2025
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KU TPOSIBJISIIOTHCSA  0COBUBO ToCTpo. ObMekeHa
JIOBYKUHA JACOBUX PSJIiB, aCHHXPOHHICTH yOJTiKa-
il IOKa3HUKIB Ta CTPYKTYPHI 3/1aMU, 3yMOBJIEHI
BIIfHOIO, 3yMOBJIIOIOTH HEOOXITHICTH 3aCTOCYBAHHSI
CTIiKMX, THYYKUX Ta iH(opMaIiiHo-eheKTUBHAX
MeTomiB MomemoBanis. CyMizKHI ITiAX0I1 TPOTHO-
3yBaHHA B yMOBaxX OOMerKeHOl indopmarii Bxke
PO3IVISIAJIACA Y TPAISX, IO IMOETHYIOTh MAIINH-
HE HABYAHHS T €KOHOMETPHYHI riOpuiaHi MOJei
(dpine Ta in. (2023)[19]). Hemonasus miveparypa
TaKOXK IiIKPeCIioe eEeKTUBHICTh 3MINTaHOIaCTO-
THUX Ta (HAKTOP-PO3IIUPEHUX IMiIX0/IiB. 30KpeMa,
Mogiesib  Mixed-Frequency Vector Autoregression
(MF-VAR), sanpononosana Kyt rta in. (2023)[3],
3abe3Iedye CUCTeMHMI mijXin 10 poboTu 3 Hesba-
JIAHCOBaHUMU HAOOPAMU JAHUX Ta iHTerparii 3MiH-
HuX pizHoi yacroru. Bognouac MF-VAR crators
HEeCTAbIILHUMH 38 BEIUKOl KiJTBKOCTI TPeINKTOPiB
i KOPOTKUX BUOIPOK — IO € TUIIOBUM JIJIsT Perio-
HAJILHUX JTOCJTiI2KEHb.

s momonaHHA 1UX OOMEXKEHb Y  I[hO-
My JOCTIIKEHHI 3acTocoBaHO Momenab Mized-
Frequency Factor-Augmented Vector Autoregressi-
on (MF-FAVAR), sika noenHye nepesaru 3mimia-
HOYACTOTHOI iHTerparii Ta pakTOpHOro 3HUKEHHST
poamiprocti. Takuit miixis 103BOJIsSIE€ CTUCKATH iH-
dopmMaIliio 3 MUPOKOro CIEKTPa EKOHOMIYHHUX 1
1 poBUX IHIUKATOPIB y HEBENHUKY KiTbKICTH JIa-
TeHTHUX (PaKTOPIB, IO Big0OparkaoTh KOBapiarril
B perioHasbHilt ekonoMiri. I1i jmarenTHi dakTopu
Hagai HopMyoTh guHaMidHy cucremy VAR st
OTpUMaHHs KBapTaJbHUX nowcast-orinok BPII na
npuriagi micra Kuis.

Micro Kwuis obpano ¢okycunMm perionoMm 3
TPBOX OCHOBHUX IpudnH: (1) BOHO Mae HaHOGLIBII
[MOBHUI HAOIP perioHaJIbHOI CTATUCTUKY B Y KpalHi;
(ii) #fioro eKOHOMIYHA CTPYKTYPa € BUCOKOIUBEPCHU-
(bIKOBaHOIO, OXOILTIOIOYHN K IIPOMECIIOBI, TaK i cep-
Bicui cekropy; (iil) mudposi iHauKaTOPHU, 30KpEMa
nani Google Trends, ocobmmBo iHdoOpMaTUBHI 1JIst
IIBOT'O PEriOHYy, HA/IAI0YU I[IHHI IPOKCI-3MIiHHI JJIs
BUMIPIOBaHHsI HACTPOIB Ta MOBEJIIHKY CIOKUBATIB.

CraTTs pobUTH BHECOK y PO3BUTOK JOCJII/IZKEHD
cybnarionajpHOro nowcasting y TpboOX Hamps-
Mmax. [lo-mepire, Bona BIPOBaKY€ Cy9acHy MO-
neab MF-FAVAR B ykpalHCBbKHiIl KOHTEKCT, Jie-
MOHCTPYIOUH i1 Mpane3/IaTHICTh B YMOBaX €KCTPe-
MaJbHOI oOMezkeHocTi mauux. [lo-npyre, mopiBHio-
IOTBCA KiTbKA MPOCYHYTHUX AJTOPUTMIB (DAaKTOD-
Hol ekcrpakiii — Expectation-Maximisation PCA
(EMPCA), Bayesian PCA (BPCA) ta Singular
Value Decomposition Imputation (SVDI) — 3 1o-
sty crabiabHOCTI Ta TOYHOCTI mporHozy. Ilo-
TPETE, OIMIHIOETHCA POOACTHICTH 3aIIPOIOHOBAHOTO
MiJIXO/Ty 3a Pi3HUX IMPOTHO3HUX TOPU30HTIB Ta KOH-
dirypariit qanux.

OTpumani pesysbTaTd CBiIYaTh, MO (PaKTOP-

He 3HIXKeHHsT po3MipHOcTi 3a moromororo EMPCA
CYTTEBO MiJIBUIIYE TOYHICTH ITPOTHO3YBAHHSHA, OCO-
OJIMBO HA KOPOTKUX 1 JIOBMUX MOPU30OHTAX, BOJHO-
Jac 3a0e3Iedyiovun CTablIbHICTh B yMOBax Hepe-
TYJIIPHUX Yd HEMOBHUX Janux. lle mimTBepmKye
BHCOKHUIl TIOTEHIa 3MIMIaHOYIaCTOTHUX (HaKTOP-
POBIIUPEHUX METOJIIB JIJIsi MOHITOPUHTY PETiOHAb-
HOI €KOHOMIYHOI JMHaMIKMA y KpalHaX 3 IepeXi-
JTHOIO €KOHOMIKOIO Ta B yMOBaX KPU30BUX BUKJIV-
KiB.

Ilomanpmra cTpyKTypa CTaTTi € TAKOIO: BUKJIA-
JIeHO TeOpeTWdIHi 3acaaw Ta mpeactaBieno MEF-
FAVAR-Mozenb; onucano mKepesa JaHuX Ta Me-
Tou (PaKTOPHOI EKCTPAKIIil; HABEIEHO eMIIipUYHi
Pe3yJIbTATH Ta OIIHKY IPOTHO3HOI IKOCTI; ITOJAHO
KJIFOYOBI BUCHOBKH Ta OKPECJIEHO HAIIPSIMU MaitOy-
THIX JIOCJIi?KEHb.

Ilomntepenui TeopeTuyHi 3acaam

Nowcasting. Nowcasting o3Hauae OIIHIOBAH-
He TOTOYHOT'O CTaHy €KOHOMIKW B PEYKHMIi peab-
HOT'O 9aCy Ha OCHOBI HEITOBHUX TA ACHHXPOHHUX I10-
TOKiB manux. Takwuit miaxim po3pobeHo st MoI0-
JIAHHS 3aTPUMOK OMIIiHOT CTATUCTUKA ILJISTXOM
imTerpanii BucokouacTOTHUX iHgUKATOPiB (Bamb-
Gypa Ta in. (2013) [1]). Ik migkpeciooTs Baub-
Gypa Ta in. (2011) |2], nowcasting 3abe3mnedye Ko-
POTKOCTPOKOBI ITPOTHO3U €KOHOMiYHOI aKTHUBHOCTI
e 10 BUXOy OMiIIiftHnX MaKpPOEKOHOMIUHUX TI0-
Ka3HUKIB, M0 € KPUTUYHO BaXKJIUBUM Y IIepioiu
MIBUJIKAX 3MiH, KPU30BUX SBUIM abo aedinury ma-
HUX.

VYV perioHaabHOMY YKPalHCHKOMY KOHTEKCTI —
Jie IOCTYITHICTh JAHUX € 0OMEKEHOI0, a JacoBi psi-
JIU TIOPYIIEHi BifHOIO, 3MIITAHOYACTOTHI TIiJT-
X0/ HaOyBalOTh 0cO0IMBOI akTyasbHOCTI. Koop
Ta iH. (2023) |3| nponoHyOTH BeauKI 3MinmaHova-
crorai VAR-moneni (MF-VAR), ski BpaxoByioTh
KOPOTKi BUOIPKM Ta SIBHO PO3B’SI3YIOTH MIPOOIEMY
«PBAHOT'O Kpaw» $K Ha I0YATKYy, TaK 1 HAIpU-
ki Bubipku. TunoBuM BUKJIMKOM i YKpai-
v € Te, mo mani npo BPII ny6Giikytorbest Ju-
mre mopivHo i 3 icrorauM jarom (10-16 micsanis).
st ontepartioHasTi3artii CUrHAIIB Y PEKUMi peasib-
HOTO Yacy BHCOKOYACTOTHI iHmukaTopu (momics-
YHI/IOTHKHEB]) MOXKHA NOEIHYBATH 3 DIYHUMU
[TOBUMH 3MIHHIMU 33, JIOMOMOTOIO 9aCOBOI y3T0-
JI2KEHOCT] Ta (haKTOPHOTO CTUCKAHHS. Y IIBOMY I[0-
crmimkenni a1 Knesa kBapranbui 3uadenns BPIT
OyJI0 OTPUMAHO NMIJISAXOM Je3arperaiil 3a MeTOIOM
Henrona—Iloserra ([7],[8]), a BumipHicTs 3HUEKE-
HO 3aBJIAKN (DAKTOPHIN €KCTPAKIII IIepe1 3aCToCy-
BauuaM VAR-MoznemoBanms.

ITapamenbua JgiTeparypa dopmaizye oOpodKy
HEY3TO/2KEHNX ITIOTOKIB JaHUX y PeajbHOMY da-
ci. Juramiuni dakropui mogeni (Dynamic factor
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model — DFM), swminiane BubipkoBe BHKOPHCTA-
uag jgannx (Mixed Data Sampling — MIDAS)
ta MF-VAR aBTroMaTu3yioTh eKclepTHi OIiHKHI
33 YMOB BEJMKHX Ta ACHHXPOHHUX IIyOJHiKaIiit
|1]. Ha GararoperionanbHOMY DiBHI IaHeJIbHUI
nowcasting migBuirye ctabiibHICTh Ta 3abe3nedye
Kpoc-cekliijine Bukopucranns indopmarii (Pocren
Ta iH., (2022) [16]), mo BKasye Ha MpUpPOIHE PO3-
IMIUPEHHS MiJIXO/Ly 38 MeXK1 OJIHOI'O PETiOoHY.
Kaacuuna VAR-modeas. Bekrtopna asto-
perpecis (VAR) (Cimc (1980) |4]) ommcye K-

BUMIpDHHIT BEKTOD y; Y BUIJISII
yi = Ayi1te Ay pter e ~ N(0,%), (1)

e A; € REXE 3 ¢, e noxubkoro. VAR-momesti mu-
POKO 3aCTOCOBYIOTH JIJIsi IPOI'HO3YBAHHS Ta CTPY-
KTYPHOI'O aHaJji3y, OJHAK BOHU HOTPeOYyIOTH 30a-
JIAHCOBAHIX maHeseil i mictsates K2p mapamerpis,
IO IIPU3BOJIUTH JO0 HAJIMIPHOI IlapaMeTpu3aliil y
BUIIAJIKY HEBEJIMKUX PEriOHAJBHUX BHUOIPOK.
3miwarnowacmomni VAR (MF-VAR).

MF-VAR poazmuproe kiracuani VAR jis crinbaO-
IO BUKOPHUCTAHHS 3MiHHUX, IO CIIOCTEPIraloThCs
3 pI3HOIO YacTOTOI0 (IMOMICSYHO, MIOKBAPTAIBHO,
HIOPIYHO), HMUIAXOM IX Y3TOJZKEHHS B perpeciii-
Hi#f ab0 cTaH-TIpOCTOPOBiit mocTanosri. Tumosi in-
crpymenTH BitogaoTh MIDAS-tosinomu, dbiasTp
Kanmana abo 6azose yaromxenns (Poponi Ta iH.
(2013) |5); [opdxaitae Ta in. (2015) [6]). Hompu
edexruBHicTh y nowcasting, MF-VAR ne mae BOy-
JOBAHUX MEXaHI3MIB 3HUKEHHS PO3MIPHOCTI: 3a
BEJINKOI KITBKOCTI BHCOKOYACTOTHHUX IHIUKATOPIB
BUHUKAE PU3MK HAJIMIpHOI ITapaMeTpu3aliil Ta He-
CcTabiIbHOCTI, OCOOJIMBO 32 YMOB <«PBAHUX KpPaiB»
(Kym ra in. (2023) |3]), xapakTepHux 1isi yKpaiH-
CHKUX PErioHiB.

Sumimanouacrorai FAVAR (MF-FAVAR)

Cmpyxmypa modeni. MF-FAVAR inrerpye
MeXaHi3M 3HMKEHHsI PO3MIPHOCTI Y 3MillIaHOYaCTO-
THY VAR HUISIXOM BBEJEHHSI HEBEJIMKOI'O HAabOPY
JIaTeHTHUX (PAKTOPIB, 10 y3arajbHIOITH KOBapi-
aril Mi>k 6araTbMa CIOCTEPEXKYBAHUMU 1HIUKATO-
pamu. CriocrepexKyBaHi 3MiHHI TOJIISIOTh HA BU-
COKOYaCTOTHI xﬁH) € R™ (mampuk/aj, IoMics-
YHI MAKPOEKOHOMIYHI Ta 1udpOBi IOKA3HUKM) Ta
HU3bKOYACTOTHI yt(L) € R™: (manpukiaj, piaHmit
BPII). Hexaii f; € R™ — r narentnux dakropis,

o eBOJHOILiOIIyIOTI) K
ft = (I)lftfl"_' : '+(I)pft7p+’/ta vy~ N(Oa Q)v (2)

e ®; € R™7". 3mimaHo4acTOTHI PiBHAHHS BH-
MipIOBaHHS TOB’I3YIOTh CIIOCTEPEXKYBaHI 3MiHHI 3

daxTopamm:
H H
wf = AUD £ D), (3)
L L L
y = A f 4P, (4)
e A pa AF) — yarpuni HaBaHTaKeHD, & 775) —
yuikaspui 36ypenns (idiosyncratic components).
Ksapranbua winsoa 3minna BPIT (nobymosana
HIZKY€) BXOJHUTH JIO yt(L) Ta TPOrHO3YETHCSI Ha
OCHOBI f; cBO€IO 4eproo, dakTopu (popMyHThCs
B PEXKUMI peasibHOro 4acy 3aBJgKU OLIBII orepa-

(H

TUBHUM I,
T .
Moznaunmo Z; = [ f,1, yt( ) ]T. Toxi cucrema

MF-FAVAR wmozke OyTu rnojana y BHIVISII:
Zt = Ath_l—&—- . '+ApZt—p+€t7 Er ~ N(O, Z) (5)

Take crijibHE MpPEJICTABICHHS OXOIUIIOE K JIATEH-
THI, TaK 1 CIIOCTEPEXKYyBaHI HU3bKOYACTOTHI JIAHI Ta
00’€THYETHCSA B €IUHY (DOPMY.

Ilepesazu. MF-FAVAR 3za6esneuye: (i) snu-
otcenHA po3miprocmi (HeBeJMKa KiIbKiCTh r 3a-
minoe yucsienni ny dakropn), (i) emitixicms mo
«PBaHUX KPaiBy Ta MPOITYCKIiB 3aBIsAKN (PaKTOPHIi
excrpakiii Ta (iii) yzazaavhenicms depe3 quHaMi-
KY CIJIbHUX KOMIIOHEHT, 1110 BiadiapTpoBye 306ype-
Huit myMm [2].

Jlani Ta meTogoJsioris

Onuc danuxr ma wacose Y320004HCEHHA.
Hocmimxenust 3ocepemkeno Ha micti Kuis. [Tlopi-
qui gani BPII (2004-2021) orpumano 3 Jlep:kas-
HOT ciry2K6u craructuku Ykpainu [20] Ta mesarpe-
rOBaHO y KBapTaJbHUN psiji 38 MeTonoM JleHTona
(1971) |7] i IloserTa (1984) [8]. Popmanbho, mpo-
neaypa Jenrona—ITloserra 3HaX0MuTh KBapPTAIb-
uuit pagt {y; }iL,, mo minimizye

4T
min » (y: — yt—l)2
{y:} =2
4T
st Y, w=Y, t=1...,T, (6)
t=4(1—1)+1
ne Y, — 1Ie cmocrepexkyBaHi pidHI miCyMKH.

OnruMizanis 3abe31edye IIABHICTb KBaPTAIbHUX
3MiH 3a 30epexkeHHs pivHOl y3romkernocti. Ile mo-
3BOJISI€ TOOYAyBATH TUIAJKUI KBapTAJIBHUN DS,
Y3rO/PKEHUH 3 PIYHUMU OPIEHTHPAMU, IO CTBOPIOE
OCHOBY /JIJIsI MOJIEJIIOBAHHS KBAPTAJIHLHOI'O 3POCTAH-
Hsl.

BucokogacToTHI IpeIMKTOPU BKJIIOYAIOTH IITO-
Micg49Hl MAKPOEKOHOMIUHI psifi (HAIIPUKJIAJ, CIIO-
JKUBYI IiHY, 3apobiTHA 11aTa, 00ir po3apibHoi Top-
ripii, OYJIBHUITBO, 3aiiHATICTH) Ta IHAMKATOPH
Google Trends, mo BimoOpaskarOTh IUHAMIKY 3a
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KJIIOYOBAMHY CJIOBAMHM, ITOB’SI3aHUMU 31 CIIOXKUBa-
HHAM 1 HacTposMu (30KpeMma, ineecmuyil, ihgas-
yis, 6e3pobimmas, 360ULG0HCEHHA, TTOIIIYKOBI 3aIIK-
tu moa0 6penis). omicauni psiayu KOHBEPTYIO-
ThCS Yy KBaPTAJIbHI ILISXOM IIiCYMOBYBaHHS JIJIsi
[TIOTOKOBUX 3MIHHUX Ta YCEPEIHEHHs JJIs 3aIacCiB;
pivHi 3MiHHI TPOJIOHTYIOTHCS Y MEXKaX POKY. 3MiH-
Hi JJorapupMyIOThCs 33 TOTPEOU Ta CTAHIAPTH3Y-
FOTHCS.

Banyqennst ganux Google Trends moTuBoBaHe
TXHBOIO JIOBEJIEHOIO YYTJIUBICTIO JI0 €KOHOMIiYHHUX
MOKIB 1 OBEIHKOBUX 3pyIieHb. Crnupaodnch Ha
IMmigr ta Posen (2009) [17] Ta Immako (2020)
|18], 6ymu 3i6pani iHmekcnm iHTEeHCHBHOCTI TOMTY-
Ky JJIsl KJIFOYOBUX CJIiB, ITOB’SI3aHUX 13 CIIOXKUBa-
HHAM («KYIUTH», <«3HUKKA», <IOJOPOXK>» ), IiHa-
mu («indusanisy, «geBanabBalis») Ta PUHKOM [Ipa-
i («poboray, «3apmuaras). i ingekcn Bimobpa-
2KalOTh MHUTTEBY CYCIIJIbHY yBary Ta O4YiKyBaHHS,
sIKi, SIK TPABUJIO, IIEPEIYIOTh OMIIIHHUM OUTYBa-
HHAM 1 1iHOBI# cTraructuri. lani Google 36mpaJiu-
cs moMicaIHo, HopMyBaJmcs mo mraan 0 — 100 i
arperyBaJiucsd y KBapTaJibHi CEPEJIHI JIJIS y3TOJIKe-
HHg 3 yacTroToro gannx BPII.

DaxmopHa eKkcmparyia 3a Ymos npony-
ckie. 3 orysay Ha He30aJIaHCOBAHICTH MOKPUTTS
Ta <«pBaHi Kpal», PO3IVISHYTO KiJbKa METOMIB Ha
OCHOBI TOJIOBHUX KOMIIOHEHT:

EMPCA: expectation—maximisation PCA — ire-
PAIliflHO BIJTHOBJIIOE TIPOIIYIIEHI 3HAYEHHS IIpU
OJIHOYACHOMY OITIHIOBaHHI HABAHTAXKEHb 1 (DAKTOP-
HUX OaJTiB;

BPCA: 6aeciscbka PCA 3 ampiopaumu posmo-
JilaMy Ta aBTOMATHUYHUM BU3HAYEHHSM DEJIEBAH-
tHocti (O6a Ta in. (2003) [9]);

SVDI: irepamiiiie HU3LKOpIBHEBE BiIHOBJICHHS
Marpuni 3a jgonomoro ycidenoro SVD (Xancen
(1987) [10]);

TW/TP: uigxonu Tall-Wide ra Tall-Projection
st «pBaHux Kpais» (Bait (2021) [11], Karan ta
in. (2023) [12]).

Y Bumasky manesni maHux s Kmesa meron
EMPCA, BPCA rta SVDI 3a6e3nedyiors crabiabHi
dakropu; merogu TW i TP 6yso Binxumeno gepes
HEJOCTATHIO KiJIbKICTh MOBHUX <«SKIPDHUX» PSJIiB 1
Opak IepeKpUTTs y BiKHAX.

Ouinrosarhs ma crema nepesipru. Jla-
rerTHi haxTopu (r = 2) BUOKPEMIIIOIOTHCS 3 KBAP-
TaJbHOI MATPHUIN NPEAUKTOPIiB X; 32 IOMOMOrOI0
koxkHOro 3i criitkux meronis (EMPCA, BPCA,
SVDI). VAR-monens st [Yy, f¢] i3 maramu p €
€ {2,4} yrBoproe ocuoBy MF-FAVAR. Yacose
po30uTTH JaHUX nepeadadac BUKOPUCTAHHS IIPU-
ommsuao 80% cmocreperkeHb IS OIHIOBAHHS Ta
20% nyis mepesipku. PexypcuBHI mporuosm rexe-
pyloTbcs Jjis TOpu30oHTIB 2, 4 Ta 24 KBapTaJju.
TouHicTe IPOTrHO3IB y3arajbHIOETHCS 33 TPHOMa

crangapraumu Merpukamu: RMSFE (rounicts y
roukoBomy BuMipi), CRPS (kauibpysanus po3mo-
miny) Ta SMAPE (o6merkeHa BigHOCHA TTOXHOKA)
(Yen Ta in. (2017) |13|, T'rerinr ta Padrepi (2006)
[14], Xaituaman Ta Kesep (2007) [15]).

H

RMSFE = % > (renr —yren)?  (7)
h=1

CRPS(F,y) = / - [F(2) — {2 > y}]%dz, (8)

100% <~ [dc — 1]
SMAPE = — . 9
P T

ne F' — nporuo3na (pyHKITiS pO3IOIiIy HMOBIpHO-
creil.

PesynbraTtu

OcHoeHi 6ucHO6KU. Y PI3HUX MTPOTHOZHUX
ropuzontax MF-FAVAR wna ocnoi EMPCA 3a-
Oe3medye HAMCTAOLMBHIINT Ta HAXTOYHIINT MTPOTHO-
3u. Jljist Jiy>Ke KOPOTKUX TOPU30HTIB (2 KBapTaJin)
EMPCA nocsarae najinmkunx suadenb RMSFE ta
CRPS; na cepennix ropusonTax (4 KBapTajm) KOH-
KypenTocipoMoxkauM € meron SVDI; ma goBrux
ropusonTax (24 xeapramu) EMPCA nempo mepe-
Beprrye BPCA.

Ak mokasano Ha puc. [I} Ha MOBroMy ropmsoHTi
y 24 kBapramu MF-FAVAR 3 daxkropHoio ekcrpa-
krieio EMPCA zabe3nedye HaitToO4HINI TPOrHO3U
JK Yy TOYKOBOMY, TaK 1 y PO3MOJIIBYOMY BUMIpI.
Tpaekropis RMSFE ta CRPS st oBroro ropu-
30HTY CBIIYUTH PO HEBEJIMKY, aJieé CUCTEMATUIHY
nepesary EMPCA najx BPCA, Toni sk SVDI je-
MOHCTPYE€ TipIni pe3yJIbTaTh, MO y3TOIKYEThCA 3
MiICYMKOM y TaOJI.

Puc. 1. Jlosruit ropusont (24 xBapTasm)
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Tabauysa 1. TouHicTh IPOrHO3YBAHHS 38 TOPU3OHTAMU
(mozaBubipKoOBe y3araJbHEHH: )

Merozn lopuzonr | RMSFE | CRPS
EMPCA 2Q 0.0033 | 0.0034
BPCA 2Q 0.0034 | 0.0034
SVDI 4Q 0.0167 | 0.0093
EMPCA 24Q 0.0208 | 0.0116

IIpumimxa. TouHiCTh TPOrHO3YBaHHS 3POCTAE 3aBIAKHI
crabimizanil guHaMiku (pakTOpPiB Yepe3 3HUXKEHHS
poamipaocti. EMPCA nocitiioBHO J1ocsira€ HAWHMKYINX
noxubOK Ha BCiX MOPU30HTAX, OCOOJIMBO JIJ1sI
24-KBapTaJIbHOI'O TOPU30HTY, IO LJIFOCTPYETHCS HA PHUC. El

ITpocmoma modeai ma cmitikicmo. llepe-
BipKa Ha CTIfIKiCTh, sIKa BUKJIIOUAE TUKHEBI iHIIM-
karopu (po3pimzkeni Ta mrymosi) Ta 36epirae Ga-
30B€ SJIPO TMIOMICAYHHUX 1 MOPIYHUX 3MIHHUX, I10-
Kpariye TouHicTb, npu oMy EMPCA 3HOBY je-
MoHCTpye mepeBary. lle migkpeciioe BazKJIMBICTH
E€KOHOMHUX HAOOPIB 3MIHHUX Y 3MINTaHOIACTOTHUX
Mozensx |25 3).

BucHOBKHY Ta HAIPSMHU MOJAJIBIIAX
JIOCJILI2KEHb

Mogess MF-FAVAR npononye npakrutdne pi-
[IEHHsI JIJIsi PerioHajbHOTO nowcasting B ymoBax
obmezkenoi jocrymHocti ganux. Jnsg Kwuesa mo-
enmHaHHsa YacoBo ge3arperosanoro BPII 3 Buco-

KOYaCTOTHUMHU MAKPOEKOHOMIYHUMU Ta U pOBU-
MU IHITKATOPAMU, CTUCIUME 33 JIOIIOMOI'0I0 MeTO-
niB dakroprol ekcrpakiil Ha ocaHoBi PCA, 3a6e3-
Ievye TOYHI KBapTaJbHI NOWCASt-IIPOTHO3H MTOIIPHU
zarpuMku odiniitaux mybsikaniit. EMPCA Buss-
JISETHCS TIOCJIJOBHO CTIMKUM METOJIOM BUJIiJIEH-
s PaKTOPiB T TaHes el i3 «pPBAaHUME KPasiMI»,
0c0o6JIMBO Ha KOpOTKuX ropusonTax; SVDI nemon-
CTPYE KOHKYPEHTHI pe3yJIbTaTh Ha CepejHiX TIo-
puzonrtax; BPCA mabmmxkaerbea 10 EMPCA Ha
JIOBIIIUX ITPOMiYKKax. BUKOpucTanHs oBeiHKOBUX
nmannx 13 Google Trends migBummio gyTimBicTh
KOPOTKOCTPOKOBUX ITPOTHO31B, 0COOIMBO ¥ TTepion
CTPYKTYPHHUX 3JIAMIB Ta HOPYIIEHb CTATUCTUIHOTO
360py, 110 IiIKPECIIOE TOTeHIia IudpPOBUX 1HIU-
KATOPIiB JIJIT MOHITOPHUHTY PETiOHAJIHHOT EKOHOMIKHI
B peaJIbHOMY daci.

IMonansui JocipKeHHEsT MOXKyYTh: (1) mommpu-
TH Tiaxin #Ha OaraToperioHaJ bHI MaHeg i 3 METOIO
BUKODHCTaHHd Kpoc-cekuiitnol imdopmarii (Do-
cren Ta iH. (2022) [16]), (ii) inTerpyBaTu momaTko-
BI BHCOKOYACTOTHI curHaJU (MOOLIBHICTH, TpaH-
3aknil, comjanbui Menia), a takox (iii) 3miiicHu-
TH MOPIBHAHHS 3 TTIHOOKUMU 3MiMTAHOYACTOTHIMEI
mogtensimu abo ribpumavmu MF-MIDAS. Orpuma-
Hi Pe3yJIbTaTH MiITBEPIKYIOTh, 10 (paKTOPHE CTHU-
CKAHHsI € KJIFOUOBUM €JIEMEHTOM JIjisi CTabiJIbHOTO
nowcasting 3a yMOB KOPOTKHX Ta HEPEryJIsipHUX
perionajbHUX BUDIPOK.
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S. Drin, A. Zhuravlova, G. Kriukova

NOWCASTING REGIONAL GDP WITH
MIXED-FREQUENCY FACTOR MODELS FOR
UKRAINIAN REGIONS

Timely assessment of regional economic activity is essential for evidence-based policy and crisis
response, particularly in economies where official statistics are released with significant delays. In
Ukraine, regional Gross Regional Product (GRP) figures appear only once per year and with a lag of up
to 16 months, severely limiting real-time monitoring. This study develops a Mixed-Frequency Factor-
Augmented Vector Autoregression (MF-FAVAR) model to nowcast quarterly GRP growth for the Kyiv
region by combining annual, quarterly, and monthly indicators.

The proposed framework integrates traditional macroeconomic statistics with high-frequency digital
signals derived from Google Trends, capturing shifts in consumer sentiment and behavioural patterns.
These digital indicators serve as real-time proxies for household sentiment, consumption intentions, and
labour market expectations, offering a complementary perspective to lagged official statistics.

Empirical results demonstrate that EMPCA-based factor extraction delivers the most stable and
accurate nowcasts across short, medium, and long horizons. In particular, EMPCA achieves the lowest
Root Mean Squared Forecast Error (RMSFE) and Continuous Ranked Probability Score (CRPS), con-
firming its robustness under sparse and noisy conditions. The findings suggest that mixed-frequency
factor-augmented frameworks offer a practical and efficient solution for regional nowcasting under data
scarcity, making them especially relevant for transition and crisis economies such as Ukraine.

Keywords: MF-FAVAR, FAVAR, Nowcasting, EMPCA, GRP, RMSE, MAPE, Google Trends.
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ITERATIVE DEMAND OPTIMIZATION USING THE
DISCRETE FUNCTIONAL PARTICLE METHOD

This article addresses the challenge of assortment planning in retail under uncertain demand and
operational constraints. It develops a hybrid methodology that integrates SARIMAX time-series fore-
casting with the Discrete Functional Particle Method (DFPM) for optimisation, enabling both strategic
(long-term) and tactical (monthly) decision support.

The proposed framework combines statistical forecasting with iterative optimisation in order to balance
predictive accuracy and operational feasibility. In the forecasting stage, a SARIMAX model with exoge-
nous regressors captures seasonality, promotions, and demand fluctuations, while a safequard mechanism
prevents excessively pessimistic predictions. In the optimisation stage, DFPM is applied to a quadratic
objective under linear constraints, with parameters tuned using eigenvalue analysis of the risk matriz.
A nowvel operational risk metric—the Inventory Efficiency Ratio—is introduced, defined as the ratio of
leftover stock value to revenue, and used to construct the covariance structure for optimisation.

A hybrid strategy blends the mathematically optimal allocation with a baseline derived from historical
sales shares, ensuring both practical stability and data-driven improvements. Tactical adjustments refine
this strategic solution by incorporating seasonal indices and business constraints such as minimum and

mazimum category weights.

The framework is implemented in Python and evaluated on real-world retail data from a Ukrainian
anti-stress toy retailer. Results demonstrate a 25% reduction in operational risk and a threefold increase
in inventory turnover, while maintaining realistic revenue forecasts.

Owverall, the work contributes a flexible and reproducible decision-support methodology that unifies
modern forecasting and optimisation techniques, providing practitioners with a tool for improving as-

sortment decisions in dynamic retail environments.

Keywords: retail assortment, DFPM, inventory efficiency, operational risk, time series forecasting.

Introduction

Modern companies face immense pressure to
accelerate and refine decisions related to prod-
uct assortment due to rapid changes and grow-
ing competition in the retail landscape. The
volume, velocity, and volatility of business data
make intuitive or situational approaches insuffi-
cient. Advances in optimization theory and fore-
casting models enable the design of robust, flexible
decision-support systems that bridge the gap be-
tween business intuition and data-driven strategy.

In retail, risk manifests primarily through op-
erational inefficiencies — such as capital immobi-
lized in unsold inventory and delayed responsive-
ness to demand changes. This demands a rethink-
ing of risk modeling tailored specifically to the re-
tail domain. This perspective parallels the clas-
sical mean—variance approach in portfolio theory
introduced by Markowitz (1952) [3], where risk
and return are modeled jointly for optimal alloca-
tion. In later developments, Rockafellar and Urya-
sev (2000) [6] introduced the Conditional Value-at-
Risk (CVaR) measure, which has become a corner-
stone in modern optimization under uncertainty.

© S. Drin, I. Avdieienko, R. Chornei, 2025

At the same time, simplistic forecasting tools
often prioritize short-term fluctuations at the ex-
pense of strategic seasonal trends, thereby under-
mining long-term planning. As a result, there is
a critical need for integrated models that combine
predictive accuracy with optimization under un-
certainty. Such models must not only capture pat-
terns in consumer demand but also align with op-
erational constraints to ensure that solutions are
implementable in practice.

External regressors such as prices, promotions,
and advertising campaigns play a critical role in
retail demand forecasting. Similar lagged-effect
modeling has been successfully applied to the eval-
uation of advertising campaign effectiveness (Drin
& Reznichenko (2022) [9]), supporting our inclu-
sion of lagged variables in the SARIMAX frame-
work.

This work proposes a novel, multi-layered
framework for assortment optimization that incor-
porates two key components: SARIMAX - based
demand forecasting and the Discrete Functional
Particle Method (DFPM) for iterative optimiza-
tion. Additionally, we introduce a new operational
risk measure — Inventory Efficiency Ratio (IER)
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— designed to quantify inefficiencies in the retail
pipeline.

By embedding these techniques into a unified
system, we offer a practical solution for improving
capital productivity, reducing inventory holding
costs, and enhancing responsiveness in assortment
planning. The methodology is validated through
real-world data and demonstrates substantial per-
formance improvements over standard planning
strategies.

Methodology for strategic assortment
optimization

The foundation of this study lies in creating a
multi-phase methodology for identifying the most
effective strategic distribution of resources among
various product categories. This method em-
ploys an advanced iterative optimization technique
known as the Discrete Functional Particle Method
(DFPM). However, it modifies and incorporates it
within a broader framework that guarantees both
the consistency and real-world applicability of the
outcomes. This section elaborates on the mathe-
matical formulation of the issue and the particular
execution of the solution approach.

Forecasting with SARIMAX

To predict SKU-level demand, we employ a
Seasonal Autoregressive Integrated Moving Aver-
age model with exogenous regressors (SARIMAX),
which extends the classical ARIMA framework de-
veloped by Box and Jenkins (2015) [1] and further
elaborated in modern forecasting practice by Hyn-
dman and Athanasopoulos (2021) [2] to explicitly
capture seasonal effects and incorporate external
predictors:

p q
ve=p+ > Gt Y Oie;
i=1 i=1

S
+ Z BrTr,e + Z D, yi_sT + €,
k

s=1

where z, ; are external regressors (e.g., price, pro-
motions, holidays), T is the seasonal period, and
€; is white noise with zero mean and variance o2.

For SKUs with sufficient sales history, SARI-
MAX provides reliable forecasts. However, for new
products without historical data, cold-start fore-
casting methods (Drin & Shchestyuk (2024) [7])
or machine-learning approaches such as Light GBM
(Toloknova, Kriuchkova & Drin (2024) [8]) may
serve as complementary models, ensuring that as-
sortment planning can extend beyond established
categories.

Model selection and order determination are
guided by information criteria (AIC) and validated
through rolling cross-validation to avoid overfit-
ting [1; 2]. This ensures that the model captures
both short-term dynamics and longer seasonal cy-
cles relevant for retail demand.

To prevent forecasts from becoming unrealisti-
cally pessimistic in periods of high volatility, we
introduce a safeguard mechanism:

gt = max(g)t, T g)y

where 7 is the historical mean demand, and 7 €
€ [0.2,0.4] is an empirically tuned parameter. This
lower bound preserves robustness by preventing
implausibly low values, while still allowing the
model to reflect genuine downward demand shifts.
The adjusted forecasts thus remain conservative
yet usable for downstream optimisation.

Problem formulation for product
assortment optimization

We begin by formulating a quadratic optimiza-
tion problem for retail assortment allocation under
operational risk, tailored to the specific context of
retail management. We consider a category con-
sisting of k products. Let d; = (dus,...,dr;)T be
the k-dimensional vector of observed sales quanti-
ties for these products at time ¢ = 1,..., N. We
assume the second moment of d; is finite.

Let w = (wy, ..., wg)T be the vector of weights
for each product in the category, where w; denotes
the share of jth product. We define 1 € R” as the
vector of ones.

A key distinction of our approach is how we de-
fine "risk" and "return." In this study, both con-
cepts are interpreted in operational terms, reflect-
ing inefficiencies in inventory management and the
expected revenue from product categories.

e Return Vector p: The vector p € R* rep-
resents the expected return for each category,
which we define as the historical average rev-
enue.

e Risk Matrix R: The matrix R € R*** rep-
resents the operational risk. It is defined as
the covariance matrix of the Inventory Effi-
ciency Ratio (E;(t)). This ratio, calculated
for each category ¢ at each time period ¢, is
given by:

Ei(t) = Value of Leftovers;(t)

1
Revenue; (t) (1)
A high value indicates operational ineffi-
ciency. Therefore, R models the fluctuations
and interplay of these operational inefficien-
cies across categories.
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Risk operator R: covariance vs.
penalty. In this work, we examined two
alternative formulations of the risk matrix:
Covariance-based form: R = Cov(IER).
This approach models the co-movement of
inefficiencies across categories.  The off-
diagonal entries represent interdependencies:
when two categories tend to show inefficiency
simultaneously, this increases concentration
risk. This form captures diversification ef-
fects but requires reliable correlation esti-
mates.

Diagonal penalty form: R = diag(IER).
Here, each category is penalized by its
own average inefficiency only, ignoring cross-
category correlations. The matrix is diago-
nal, computationally simple, and more stable
when data is scarce or noisy.

The covariance form provides a richer struc-
ture and reflects interaction effects, but it is
sensitive to data quality and sample size. In
the practical case study, both constructions
were considered: while the covariance form
served as the main theoretical and practical
basis, the diagonal penalty form was noted
as an alternative that can provide additional
stability under limited retail data conditions.

Optimization with DFPM

To solve the constrained quadratic optimization
problem formulated in the previous section, we
employ the Discrete Functional Particle Method
(DFPM), an iterative technique introduced by
Gulliksson and Mazur (2020) [4], which is particu-
larly well-suited for problems where the risk matrix
R may be singular or ill-conditioned.

The core idea of DFPM is to find the minimum
of a convex function V(u) by treating it as a po-
tential field for a physical system. This approach
is grounded in the theory of damped second-order
gradient systems developed by Bégout, Bolte, and
Jendoubi (2015) [5], where the stationary point of
the system corresponds to the minimizer of the po-
tential function:

i(t) +nut) = —VV(u(t)), n>0, (2)

where @ and 4 are the first and second time deriva-
tives of the position vector u, and 7 is a damping
coefficient.

Application to the Constrained Problem

Our main optimization problem is constrained:

min %wTRw

st. Bw =, (3)
wERF

where R is the operational risk matrix. The fac-
tor % is introduced as a standard convention in
quadratic optimisation: it does not affect the min-
imiser but simplifies the gradient expression, since
Vwsw? Rw = Rw instead of 2Rw. The constraints
are given by:

17 1
B(T>GRM, c( >eR2 (4)
14 ,U/target

Here, the first row of B corresponds to the con-

dition
w'l=1,
which enforces that the weights across all prod-
uct categories sum to one, i.e. the entire assort-
ment share is fully allocated. The second row cor-
responds to
wT,u = Mtarget,

which ensures that the expected total revenue (cal-
culated as the weighted average of historical cat-
egory revenues ) reaches a predetermined target
level fitarget- Thus, the constraint system (Bw =
= ¢) simultaneously guarantees both normaliza-
tion of the assortment shares and achievement of
the revenue target.

To apply DFPM, we first eliminate the linear
constraints by parameterizing the solution vector
w. Any feasible w that satisfies Bw = ¢ can be
written as:

w = Zu + g, ue R (5)
where:

e g = BT(BBT) !¢ is a particular solution to
the constraint system.

o 7 € RF*(k=2) i5 a matrix whose columns
form an orthonormal basis for the null space
(kernel) of B, meaning BZ = 0.

e u is a new vector of variables in a lower-
dimensional, unconstrained space.

Note that the dimension of the reduced vec-
tor v is k — 2. This follows from the fact that
the constraint matrix B € R?** has rank 2 (the
two constraints — normalization of weights and the
revenue target — are linearly independent). There-
fore, the null space of B has dimension k — 2,
and u parametrizes this (k — 2)-dimensional un-
constrained space.

Substituting the parameterization w = Zu + g
into the quadratic objective, we denote

(u) = L(Zu+9)"R(Zu+ g). (6)

Expanding the product yields

®(u) = § ("2 RZu+ 29" RZu+ g Rg). ()
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The last term %gTRg is constant with respect to
u and therefore does not affect the minimization.
Dropping this constant, the problem simplifies to

Lu™(ZTRZ)u + (Z"Rg)Tu.  (8)

min 3

u€ERk—2

Defining

M =Z"RZ, d= Z"Ryg,
we obtain the equivalent unconstrained problem of
minimizing the potential

V(u) = %uTMu + d"u. 9)

From equation (9) we compute the gradient of
the potential. The derivative of the quadratic term
%UTM u gives Mu, while the derivative of the lin-
ear term d'u gives d, so that

VV(u) = Mu+d.

Substituting this result into the damped dy-
namical system yields
a(t) +na(t) = —(Mu(t) + d). (10)
To solve this numerically, we introduce the veloc-
ity v(t) = u(t) and apply the iterative symplectic
Euler scheme with a time step At:

vgr1 = (1 — Atn)v — At(Muy, + d) (11)

Uk+1 = Uk + Atvk+1 (12)

Here, the factor (1— At n) represents the damp-
ing applied to the velocity vector vg. In the multi-
dimensional case, this notation corresponds to the
identity matrix I acting on the vector.

The system of equations described above cor-
responds exactly to the discrete dynamical scheme
used in DFPM. The process is initialized, typically
with ug = 0 and vy = 0, and iterated until conver-
gence. Once the optimal u* is obtained, the final
weight vector is reconstructed as:

Woptimal = Zu” +g. (13)

The reconstruction formula (13) follows di-
rectly from the parameterisation w = Zu-+g. Since
u* is the minimiser of the reduced unconstrained
problem, substituting it back yields a feasible vec-
tor Woptimal that automatically satisfies the origi-
nal constraints Bw = c.

Selection of At and n The efficiency of the
DFPM solver critically depends on the choice of
the step size At and the damping coefficient 1. To
ensure the fastest convergence without oscillations,
these parameters are set based on the eigenvalues
of the matrix M. Let the smallest positive and

largest eigenvalues of M be Apin and Apax, respec-
tively. The optimal parameters are given by:

2
B V )\min + V Amax ’

>\min )\max

7’] = 2 —_————.
\% >\min + V /\max

At
(14)

This choice guarantees that the spectral radius
of the iteration matrix is minimized, leading to the
most efficient convergence of the method.

A Hybrid methodology for strategic and
tactical assortment planning

While the methods described in the previ-
ous sections — such as SARIMAX for forecasting
and DFPM for optimization—are powerful tools in
their own right, their isolated application is insuffi-
cient for solving the complex, multi-faceted prob-
lem of retail assortment management. A purely
statistical forecast may ignore long-term strategic
goals, while a pure mathematical optimization can
yield results that are unstable and impractical for
implementation.

To solve these problems, this research offers a
new, multi-step method that combines different
approaches into a single framework. This frame-
work separates long-term strategic decisions from
short-term tactical changes, making sure the final
recommendations are reliable, practical, and fol-
low business principles. The process has two main
stages: Strategic Optimization and Tactical Plan-
ning.

Stage 1: Strategic optimization with a
hybrid approach

The goal of the strategic stage is to determine
a single, stable vector of foundational weights,
Witrategic, that reflects a balanced view of histor-
ical performance and optimized risk. The output
of the DFPM solver might lead to aggressive and
inconsistent solutions, where categories with sig-
nificant sales history might be assigned near-zero
weights. To mitigate this, we use a Hybrid Strat-
egy.

This strategy blends the 'pure’ mathematical
optimum with a baseline allocation that represents
established business experience.

1. Base Allocation (Whase): This alloca-
tion’s weights are determined by the histor-
ical revenue share of each category over the
analysis window (Th;s¢, typically 24 months).
It represents the ’as-is’ strategy, acknowledg-
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ing historically successful categories.

Yot Py
k This )
Zj:l >y Pt

where Py; is the revenue of category ¢ at time
t.

2. Optimal Allocation (Woptimal): This is
the weight vector obtained using the DFPM
solver, which minimizes the operational risk
subject to the revenue target constraint,
based on historical data (see Optimization
with DFPM).

Wbase,i =

3. Strategic Hybrid Allocation (Wsirategic):

The final strategic weights are a weighted
average of the base and optimal allocations,
controlled by a blending factor a € [0, 1],
which acts as a "confidence" parameter:

Wstrategic = a'Wbase+(1_a)'Woptimal- (15)

This blending ensures that the final strategy bene-
fits from mathematical optimization without dras-
tically deviating from established, historically suc-
cessful allocations. This Wiirategic Vector serves as
the foundational input for the next stage.

Stage 2: Tactical planning for future
periods

The strategic weights, being static, do not ac-
count for future demand fluctuations or seasonal-
ity. The tactical planning stage adapts this long-
term strategy to the specific conditions of each
of the upcoming H forecast periods (typically 12
months).

Demand forecasting with safeguards.
First, a demand forecast for each category, @ f;, is
generated for the next H months using the SARI-
MAX model, as detailed in Section Forecasting
with SARIMAX. A forecast floor is applied to pre-
vent overly pessimistic statistical forecasts from
unrealistically diminishing the prospects of histor-
ically strong categories. The final forecast for each
category cannot be lower than a certain percent-
age (Yfioor, €-8., D0%) of its average sales over the
last 12 months.

Seasonal adjustment. To account for pre-
dictable cyclical demand, a historical seasonal in-
dex, S; m, is calculated for each category ¢ and each
month m € {1,...,12}. The strategic weights are
then modulated by this index to produce a time-
varying seasonal plan:

Wseasonal,i (t) = Wstrategic,i : Si,m(t)7

where m(t) is the month corresponding to time
period t. The resulting weights are then re-
normalized to sum to 1 for each period.

Application of business constraints. Fi-
nally, hard business constraints are applied to en-
sure the practical feasibility of the assortment plan.
The weight for each category in each future period,
w; (), must lie within a predefined range:

Wmin S wz(t) S Wmax -

This step, guarantees assortment diversity and
prevents unrealistic concentration in a single cate-
gory. The weights are re-normalized one last time
to produce the final, actionable plan, Wgya1.

This multi-stage methodology transforms the
raw output of an advanced optimization algorithm
into a practical, robust, and strategically sound
plan for managing a product assortment.

Case Study: Anti-Stress Toys

We applied the framework to a dataset from a
Ukrainian retailer specializing in anti-stress toys.
The dataset included sales history, prices, and pro-
motional data for over 100 SKUs across a year.

The SARIMAX model identified strong weekly
and monthly seasonal components and significant
impact from promotional events. After forecasting
future demand, the DFPM-based optimizer was
used to determine the optimal monthly assortment
plan subject to constraints on storage, budget, and
product categories.

Aggregate performance analysis: the
business impact. The following block summa-
rizes the overall "before and after" effect of imple-
menting the proposed strategy.

Metric Before After

Total turnover (UAH)
Avg. monthly leftovers (UAH)
Overall turnover rate

54784003 44614922
8085476 2100943
6.78 21.24

Table 1. Performance metrics before and after
implementing the strategy

The overall turnover rate is defined as the
ratio of total sales revenue to the average monthly
value of inventory left in stock:

Total Revenue
Turnover Rate =

Avg. Monthly Inventory Value’

It is inversely related to the Inventory Efficiency
Ratio (IER): a higher turnover rate indicates more
efficient use of inventory, as each unit of stock gen-
erates more revenue. Thus, an increase in turnover
reflects better capital utilization and lower risk of
excess or obsolete stock.

This output highlights the main value proposi-
tion of the model.
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e Enhanced operational efficiency: the
most notable outcome is the substantial en-
hancement in inventory management. The
model suggests a strategy that lowers the av-
erage monthly value of surplus stock from
8.1 million UAH to 2.1 million UAH.
This creates an additional 6 million UAH in
available working capital.

e Increased inventory turnover: conse-
quently, the overall turnover rate skyrockets
from 6.78 to 21.24, a three times increase.
This indicates that products will sell much
faster relative to the inventory held, a sign
of a highly efficient and healthy retail oper-
ation.

e Realistic turnover forecast: the pro-
jected total turnover is lower than the his-
torical one. This is not a model failure but
rather a realistic forecast generated by the
SARIMAX component, which likely detected
a general downward trend in the market for
this category. The model finds the best pos-
sible strategy under these forecasted condi-
tions.

Operational cost analysis. This final block
provides a quantitative assessment of the model’s
primary objective: managing operational costs,
defined as the covariation of the inventory effi-
ciency ratio.

Metric Value
Base plan cost (last 12m)  1.57
Hybrid strategy cost 1.43
Change -8.9%

Table 2. Operational cost comparison (last 12
months)

The analysis of this table reveals a crucial in-
sight.

The Key Finding: The main finding shows
that over the past 12 months, a newly developed
strategy, based on 24 months of historical data,
led to 8.9% reduction in operational costs
compared to the baseline. This suggests that the
model has successfully identified long-term trends
to create an effective and cost-efficient strategy for
changing market conditions.

In summary, the findings demonstrate that
this new hybrid approach effectively transforms
the theoretical DFPM algorithm into a practical
decision-making tool. It offers a balanced strategy
that greatly improves operational efficiency and is
more effective at controlling costs than using a sim-
ple historical method.

Conclusion

This work set out to develop and validate a
hybrid framework for retail assortment planning
that couples SARIMAX-based demand forecast-
ing with the Discrete Functional Particle Method
(DFPM) for optimisation under uncertainty. By
integrating seasonality and exogenous drivers into
the forecasting step and by tuning DFPM’s step
size and damping coefficient via the spectral prop-
erties of the risk matrix, the proposed methodology
achieves both rapid convergence and robust solu-
tions.

Applied to a real “Antistress Toys” dataset
from a Ukrainian retailer, the framework gener-
ated a strategic allocation that reduced opera-
tional risk by 25% compared to the historical base-
line while simultaneously more than tripling inven-
tory turnover. These tactical refinements—forecast
floors, seasonal indices, and business-rule weight
bounds—produced monthly assortment plans that
were both data-driven and operationally feasible,
striking a practical balance between risk reduction
and market responsiveness.

Beyond the performance gains, this work con-
tributes three key advances: 1. A data-driven risk
metric (the Inventory Efficiency Ratio) that uni-
fies leftover stock and revenue into a covariance
structure suitable for optimisation. 2. Eigenvalue-
guided DFPM tuning that guarantees stable, fast
convergence even when the risk matrix is ill-
conditioned. 3. A lightweight ’forecast-floor’ safe-
guard that prevents overly pessimistic SKU fore-
casts and preserves business-meaningful diversity.

Looking forward, there are several promising
extensions to this work. First, while the cur-
rent study focuses on a single category, apply-
ing the hybrid framework across multiple, inter-
dependent categories—and accounting for cross-
category substitution effects—would demonstrate
its scalability and capture richer demand inter-
actions. Second, enriching the forecasting com-
ponent with advanced methods such as hierarchi-
cal machine-learning models or deep-learning time-
series approaches (e.g., LSTM) could boost pre-
dictive accuracy. Third, embedding more com-
plex business rules—like non-linear shelf-space con-
straints or service-level requirements—and testing
alternative risk measures (e.g., Conditional Value
at Risk[6] or maximum drawdown) would enhance
the framework’s flexibility. Finally, integrating
real-time data streams and online learning tech-
niques could enable continuous, automated assort-
ment optimisation in rapidly changing market en-
vironments.

In summary, this study demonstrates that
tightly coupling advanced forecasting and optimi-
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sation methods yields actionable, measurable im- ducible decision-support tool, while opening av-
provements in assortment planning. The hybrid enues for future extensions in multi-category and
framework offers practitioners a flexible, repro- non-linear retail settings.
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ITEPATUUBHA OIITUMI3AIIIA ITOIIUTY 3
BUKOPUNCTAHHAM METOAY INCKPETHUX
OYHKIIOHAJIBHUX YACTNMHOK

Y crarTi pO3IIAHYTO IPOOJIEMY IIJIAHYBaHHS aCOPTHUMEHTY B pO3ApiOHiit TOPTiBji 3a yMOB HeBU3HA-
YEHOTO TOTUTY Ta OMePAIiitHIX 00MeKeHb. Po3p0ob1eHo TibpuaHy METOI0IOTIIo, M0 MOEIHYE TPOTHO3Y-
BaHHs 94acOBUX psiiB 3a gorromororo SARIMAX ra onTuMisaliiio METOI0M JUCKPETHUX (PYHKIIOHAIbHUX
gactuaok (DFPM), mo 3a6e3nedye sik crpaTeriudy (IOBrOCTPOKOBY ), Tak i TAKTUUHY (IOMICSIHY) i/
TPUMKY IPUAHSITTS PIIlIEHb.

3alpooHOBaHa CTPYKTYpPa IHTErpye CTaTUCTUYHE MPOIHO3YBAHHS 3 IT€PATUBHOK ONTUMI3AIE0 JIJIs
JOCATHEHHsI OajlaHCy MiXK TOYHICTIO MPOrHO3Y Ta MPAKTUYHOIO peasiizoByBaHicTio. Ha erami mporuo-
gysanus Mozesb SARIMAX i3 3oBHimHIME perpecopamMu BpaxoBY€ CE30HHICTD, aKIiHHI aKTUBHOCTI Ta
KOJIMBAHHS TIOTIUTY, TO/I K MEXaHIi3M «3amobizKHOTo Oap’epay 3axXUIae Bif HAAMIPHO MECHUMICTHIHUX
nporuosziB. Ha erami ontumizarnii DFPM 3acTocoByeThest /10 KBapaTUIHO! 3a/1adi 3 JiHIHHIMEI 0OMe-
JKEHHSIMU, IIPUIOMY MTapaMEeTPH i IONPAIOTHCS 38 JOIIOMOTOI0 CIIEKTPAJIHLHOTO aHAJI3y MATPUIl PU3UKY.
VBOIUTHCST HOBA METPUKA OIEPAIliifHOr0 pu3nKy — KoedimieHT e(peKTUBHOCTI 3aI1aciB, BUSHAYEHUN sIK
Bi[HOIIIEHHST BAPTOCTI 3aJIUMIKIB /10 JOXOY, KUl BUKOPUCTOBYETHCS /sl TIOOYI0BH KOBaPiaIiiiHol cTpy-
KTYpH OIITUMI3alrii.

lNi6punna crparerisa moeaHye MaTeMaTHIHO OITUMAJIBHE PillleHHsT 3 6a30BUM PO3IIOI1LIIOM, OTPUMAHUAM
3 iCTOpUYHMX JAaHUX, IO 3a0e3Meuy€e OJHOIACHO CTADIMbHICTD i mimBuieHHst edekTuBHOCTI. TakTmdHi
KOPUT'YBAHHSI BJOCKOHAJIIOIOTH CTPATETIvHE PIillIeHHS MIJISIXOM yPaxXyBaHHs CE30HHUX 1HJEKCIB Ta Oi3Hec-
OOMEKEHb.

Metromosorito peasizoBano B Python Ta mepepipeHo Ha peajibHHX JaHUX YKPaIlHCBKOI'O pUTeMepa
AHTUCTPEC-IrpammoK. Pe3yIbraTi MoKa3yloTh 3HMKEHHsSI OlepaliifHoro pusuky Ha 25% Ta Tpupasose
3pocTaHHs 0OOPOTHOCTI 3amaciB 3a 30€PEKEHHs PEATICTUIHAX ITPOTHO3IB JTOXOLY.

3arasoMm, pobOTa MPOIOHYE THYYKY Ta BIITBOPIOBAHY METOMOJIOTIIO MMIITPUMKH DIllIEHb, KA
o0’eIHy€e CyYacHI MeTOMW WPOTHO3YBAHHSA I ONTHMI3aIll, HAJAIOYN TPAKTUKAM IHCTPYMEHT JIJIst
migBuIeHHsa e(dEeKTUBHOCTI YIPABIIHHS aCOPTUMEHTOM Yy JUHAMIUHUX yMOBaxX PO3/PIOHOTO PHH-

KY.
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THE STOCHASTIC EXPERIMENT FOR SOME
GENERALIZATIONS OF THE SECRETARY PROBLEM

The paper considers some generalizations of the secretary problem, which is a classic problem in
optimal stopping theory. We assume that the manager is somewhat more flexible and changes his goal
to hire one of the top two best candidates. Another generalization is the searching the candidate of the
top € percent. It means that we agree to choose the candidate who differs from the absolute leader by no
more than a specified amount (e percent). Starting with classical secretary problem, we discuss in detail
optimal solution for the secretary problem with the two best, following results in various sources. We
review some approaches to this problem, which give the same optimal solution. After that we present
our results of the stochastic experiments for both generalizations. By simulating numerous iterations of
the candidate selection process, we estimate the probability of successfully selecting the best candidate.
We demonstrate that with increasing €, the probability (rate) of success increases, and the number of
candidates that were previously rejected decreases. Moreover, when we generate a list of candidates
with random quality scores we use a random number generator to assign scores from different kind of
distribution that reflects the quality of candidates.

We conclude that stochastic experiment based on Monte Carlo method is a powerful statistical tech-
nique that can be employed to analyze the different generalizations od Secretary Problem

Moreover, the Secretary problem is applied not just in human resources for the searching the best
candidate, but across various fields: in project management, in resource allocation, in computer science.
Thanks to the proposed approaches, the manager or other scientist gets a tools, which allows him to
use a strategy that mazimizes the chance of stopping with the two or more best candidate and take into
account the different kind of distribution that reflects the quality of candidates.

Keywords: Secretary problem, optimal stopping, stochastic experiment, Monte-Carlo method.

Introduction

The "secretary problem", also known as the
"marriage problem" or "best choice problem", was
first introduced in the 1950s by mathematician
Martin Gardner in his "Mathematical Games" col-
umn in Scientific American. Gardner posed the
problem in the context of hiring a secretary, which
led to its common name. The essence of the prob-
lem revolves around making a decision when faced
with a sequence of options, where an immediate
decision is required for each option.

The secretary problem is a classic problem
in optimal stopping theory that has applications
across various fields. There are a lot of fields where
the secretary problem is applied. In human re-
sources, the secretary problem can help in design-
ing optimal interview strategies. Employers can
decide how many candidates to interview before
making an offer, which helps in selecting the best
candidate for a job while minimizing the risk of
choosing too early. The problem can be applied
to dating scenarios where an individual must de-
cide when to settle down with a partner. The op-
timal stopping rule suggests evaluating a certain
number of candidates before making a final choice.

© D. Melnyk, N. Shchestyuk, Y. Zakhariichenko, 2025

The secretary problem can help in investment de-
cisions. Investors often face a series of opportuni-
ties to invest in stocks or projects. The secretary
problem can guide them on when to take action
based on the performance of previous options, al-
lowing them to maximize potential returns. It is
known the secretary problem has applications in
real estate, sports drafts, in project management,
in resource allocation and so on. In computer sci-
ence, the secretary problem aids in developing al-
gorithms for searching through data sets. It helps
in determining when to stop searching and select
the best option based on previous comparisons.

In each of these fields, the secretary problem
provides a framework for making optimal decisions
under uncertainty, balancing the need for timely
choices with the desire for the best possible out-
come. Today, the secretary problem remains an ac-
tive area of research. It has been connected to var-
ious mathematical disciplines and has led to new
insights in areas like machine learning and artificial
intelligence.

The problem can be mathematically formulated
using probability theory. The optimal strategy in-
volves rejecting a predefined number of candidates
(often around 37 percents of the total pool) before
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starting to accept the next best candidate you en-
counter. This strategy maximizes the probability
of selecting the best candidate. After Gardner’s
introduction, mathematicians and statisticians ex-
plored the problem further (see for example |[1],
Hill,|5]). They analyzed the mathematical proper-
ties of the problem and derived strategies for var-
ious scenarios.

In the decades that followed, the problem was
expanded to include variations and extensions,
such as the influence of incomplete information,
the implications of risk aversion, and the case with
more than one position to fill.

In our paper we consider some generalizations
of this problem. We assume the manager is a little
more flexible and changes his goal to hiring one of
the two best candidates. Another generalization is
in determining the probability that we end with a
candidate in the top € percent. It means that we
agree to choose the candidate who differs from the
absolute leader by no more than a specified amount
(e percent) We would like to figure out how many
people would we interview in this case and what
would be our probability of success.

We discuss in detail one in the section 2. We
review two different approaches to this problem
(see |7] and [9]), which give the same optimal so-
lution. In the section 3 we present the results
of the stochastic experiments for both generaliza-
tions. By simulating numerous iterations of the
candidate selection process, we estimate the prob-
ability of successfully selecting the best candidate.
Moreower, when we generate a list of candidates
with random quality scores we use a random num-
ber generator to assign scores from different kind of
distribution that reflects the quality of candidates.

We conclude that stochastic experiment based
on Monte Carlo method is a powerful statistical
technique that can be employed to analyze the dif-
ferent generalizations of the secretary problem.

Optimal solution for the secretary problem
with the two best

Classical secretary problem. We start with
the problem statement of the secretary problem in
classical variant. The basic problem can be stated
as follows (see for example [1], |5]):

1. There is a single position to fill.

2. There is a fixed and known number n of
applicants for a single position.

3. The applicants (candidates, secretaries) can
be ranked from best to worst unambiguously.

4. The applicants are interviewed sequentially

in random order, with each order being equally
likely.

5. Immediately after an interview, the inter-
viewed applicant is either accepted or rejected, and
the decision is irrevocable.

6. The decision to accept or reject an appli-
cant can be based only on the relative ranks of the
applicants interviewed so far.

The goal of the general solution is to have the
highest probability of selecting the best applicant
of the whole group. This is the same as maximiz-
ing the expected payoff, with payoff defined to be
one for the best applicant and zero otherwise.

We would like a strategy that maximizes the
chance of stopping with the best candidate. The
following strategy Sj is proposed for example in
[1],[5]. Under it, the manager rejects the first k&
applicants and defines the best applicant among
these k applicants. Then he selects the first subse-
quent applicant that is better than applicant from
first k. Suppose the best applicant is at position
m. Then our strategy Sy results in our selecting
the best applicant if and only if there is no one
among people k + 1,...,m — 1 who is better than
the best person in the first k. Thus, if the best
applicant is at position m then we select the best
person precisely when the best person among the
first m — 1 is in the first & people. The probabil-
ity the best of the first m — 1 is in the first k is
just # Therefor for an arbitrary rejecting first
k candidates, probability strategy Sj wins is

Prob(Sy wins) Z Prob(win| best at m)x*
m=k+1

S ko1

«Prob(best at m) = Z —_—— =
o M 1n
n n—1 _

k 1 k 1 1

L IS DE S
m=k+1 m=1 m=1

If we take into account harmonic number { — th is
approximately In/ for [ large, then

k n—1
LS

Prob(Sk wins) = )=
For n and k large, we may replace n — 1 with n
and k — 1 with k. Thus we are trying to optimize
g(z) == Inz Wherel<x_%<n
To ﬁnd where a function is largest, we check

the critical and endpoints. Letting g(z) = lm , We
see the endpoints give g(n) = l”“ . As
1—Inx

IOy
g (‘r) - fE2 )

¢'(z) = 0 implies Inz = 1 or x = e. Thus the op-
timal & is about % and the probability we end up
with the best is approximately
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Secretary problem with the two best. The
next question would be: what if the manager is a
little more flexible and changes his goal to hiring
one of the two best candidates? In this case what
strategy gives the largest probability that we end
up with either the best or second best candidate?
The answer turns out to be over 50 percent! We’ll
denote the location of the best and second best
candidates as m; and mo. We assume again we
have a simple strategy of inter- viewing the first k&
candidates, and afterwards discuss some variants
(see |7], p-36-37 in more detail).

If both m; < k and mo < k we always lose,
because we skip the first k candidate.

If the best is in the first £ and the second is
not, we lose unless the second best happens to be
in the final position. Thus the probability we win
in this case is %%

If the second best candidate is in the first &
and the best is not, we automatically win with
this strategy! The probability of this happening
is %”T_k If k is of the same order of magnitude
as n, then this will be a significant probability of
success.

After that we analyze the case when the top
two candidates are not in the first k.  De-
note A = 7Spwins” for our case, Hy, m,
= " bestatmy, secondat my” The probability of
success A in this case is

1
= - ~ 36,8%.
e

n—1

> i Prob(A|Hp, my)Prob(Hp, ms)

mi=k+1mo=m;+1

n—1 n k 9
Z Z my —1n(n—1) -

mi=k+1mao=mi+1

2k 1
n(n—1) Z ml—l(n_ml)_
mi=k+1
2k n—2 k
= —_— —1 —_
—(n(—7) —1+-)

In the last expression to evaluate the sum — we
wrote n —mq asn—1—(my —1) and took into ac-
count harmonic number. Combining all the differ-
ent probabilities, we see the probability of winning
is

Prob(Sy wins) = %—F*(l—f)—k;(ln(z)—l—l—ﬁ).

As k will be of the same size as n, the k/n? term
is negligible and if we let = n/k we just need to
optimize the function

1

glx)=—1—--)+ %(lnx— 1+ ;)

To simplify calculus we let y = 1/2 = k/n and get
hy) = y(1 —y) +2y(=lny — 1 +y)
Then the derivatives are
h'(y) = =3+ 2y — 2lny,

W(y) =20 1),
Y
Numerically solving h'(y) = 0 implies y ~ 0,3071
and we can check this is a maximum. Substitut-
ing this into our formula, we find the probability
of winning with this strategy is about 0.51239. It
means we have greater than a 50% chance of get-
ting one of the top two candidates!

Remark. We would like to notice that there is
an similar exploration to solve the secretary prob-
lem with two best, which the reader can find in
19].

Stochastic experiment for the secretary
problem

In this section we present the results of the
stochastic experiments for the secretary problem
obtained by Monte Carlo approach. Monte Carlo
method is a powerful statistical technique that can
be employed to various problems: option pricing
[3], |10], diffusion modeling|2|, portfolio optimiza-
tion |11] and other.

By simulating numerous iterations of the candi-
date selection process, you can estimate the prob-
ability of successfully selecting the best candidate
and evaluate the effectiveness of different strate-
gies. For Monte Carlo Simulation we use the next
steps [8], 4]

1. Define the parameters: a number of candi-
dates (n) and a number of simulations (N).

2. Simulate candidate quality. For each iter-
ation, generate a list of candidates with random
quality scores. We have done it using a random
number generator to assign scores from a uniform
distribution and then some other distributions that
reflects the quality of candidates.

3. Implement the Selection Strategy. First we
choose parameter k. Then suppose the manager’s
strategy is (like in the original version of the secre-
tary problem) to reject the first k candidates and
then hire the next candidate who is better than all
candidates seen thus far.

4. Run the simulation. For each of the N itera-
tions we generate the candidate quality scores (n)
and apply the stopping rule to decide whether to
accept or reject each candidate. Then for the first
generalization we track whether the selected can-
didate is the best or second best candidate among
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all those presented. For the second generalization
we track whether the selected candidate is in the
top € percent.

5. Collect Results. Record the number of times
the selected candidate is the best or second best
(for one generalization) or is in the top e percent
(for the second generalization) across all iterations.
This will allow us to calculate the success rate of
the strategy.

6. Analyze the outcomes. Calculate the pro-
portion of successful selections (number of success-
ful selections / total iterations). Compare the suc-
cess rates of different strategies, including the clas-
sic optimal stopping rule and any alternative meth-
ods we have tested. Visualize the results using
graphs, to illustrate the distribution of outcomes.

First, we apply the Monte Carlo simulation for
Secretary problem with the two best candidates.
Using Python, we visualize the success rate of the
strategy and the theoretical probability of the op-
timal stopping for different k.

—— CTOXaCTUYHI 3HaYEHHA
= AHanNITUYHI 3HAYEHHSA

0.5
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Figure 1. The compare theoretical probability and
the success rate of the optimal strategy for the two
best.

Then we visualize the Monte Carlo simulation
for Secretary problem with the top € percent (for
the second generalization). On the picture we can
see the dependence of the success rate from e for
uniform distribution.

Figure 2. Graphical representation for the
dependence of the success rate from e for uniform
distribution.

From the graph in Fig. 2 we clearly see that
with increasing €, the probability (rate) of success
increases, and the number of candidates k that
were previously rejected decreases. For example,
for € = 2% the maximum value of the success rate
is 45,77 and k = 31, for € = 4% the maximum is
52,42 and k = 25, for € = 10% these values are
68,55 and k = 19 respectively.

The next step is to learn the behavior of the
rate of successful experiments for a normal distri-
bution. Compared to a uniform distribution, we
have a less rapid growth with increasing degree.
However, the probability of success still increases,
and the number of candidates that need to be re-
viewed and rejected decreases.

YacTka ycnixis

Figure 3. Graphical representation for the
dependence of the success rate from e for normal
distribution

Similarly, let us examine the behavior of the
probability of success for the exponential distribu-
tion.
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Figure 4. Graphical representation for the
dependence of the success rate from e for exponential
distribution

Compared to the previous graphs, we immedi-
ately notice a very weak increase in the proportion
of successful experiments with increasing e.

Conclusion
In the paper some generalizations of the classi-

cal secretary problem were considered to be closer
to the conditions of the real world. The analyt-

ical analysis and the results of the stochastic ex-
periments showed that if the selection criteria are
made softer, choosing not only the best candidate,
but also others beside him, the probability of a suc-
cessful choice will be significantly increased. Thus,
if a manager is some flexible and ready to make a
concession of up to 10%, the probability of success
increases to 68.55%, which is almost twice as much,
compared to the value of 36.8% for the classical op-
tion. In this case the number of candidates that
need to be rejected, also decreases from 37 to 19
(for 100 candidates). At the same time, the mod-
ification, which allows choosing not only the best,
but also the second best candidate, also gives a sig-
nificant increase in success. With a smaller number
of candidates considered, namely 30%, the proba-
bility of success is 51.24%. The results are quite
applicable, and can be used for real-world situa-
tions in which it is necessary to make irreversible,
after-the-fact decisions.

Moreover, in stochastic experiment of the sec-
retary problem we apply a random number gener-
ator to assign scores to candidates not only from
a uniform distribution, but from some other dis-
tributions that reflect the quality of candidates.
We assume that the normal distribution is natu-
rally more suitable for describing the distribution
of candidate scores.
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Meavrux . JI., Hlecmiox H. 0., axapitivenxo 0. O.

CTOXACTUYHUI EKCIIEPUMEHT /19 JEAKNX
Y3ATAJIBHEHD ITPOBJIEMI CEKPETAP{

YV crarTi po3mIsIAaI0ThCA AedKl y3arajJbHEeHHs 33/1a9i CeKPEeTapsi, SKa € KJIACHIHOI 33/1a9€l0 B TeO-
pil onTuMaBHOT 3yMTUHKU. Mu MpHUIycKaeMo, M0 MEHEIKep JEIT0 THYUKIMIA i 3MiHI0OE CBOIO METY TaK,
1100 HAWHATH OHOI'O 3 JBOX HAaWKpAIIUX KaH/IUIATIB. [HIINM y3arajbHEHHAM € HONIYK KaHIUJIATa Cepe/l
MIPETEH/IEHTIB 3 BEPXHBOTO € KBaHTU/d. [le o3Havae, 10 MU MOTOJIKYEMOCA BUOPATH KAHIUIATA, SKU
BIJPIZHAETHCA Bijl abCOIOTHOrO Jiijiepa He Olablne HiK Ha 3ajany Beauduny (€ Biacorkis). [lounnaodn
3 KJACUIHOI 33J1a4i ceKpeTaps, MU JIETAIbHO PO3IJVISJIAEMO ONTHMAJIbHE PIllIeHHS 3a/1a¢i MOITyKYy CeKpe-
Taps 3 IBOMAa HAWKPAIIMMHI KAaHIUIATAMUA, TOTPUMYIOUNCH PE3YJIbTATIB, HABEIEHNX Y PI3HUX JKEPEIax.
Mu HABOAMMO TOSICHEHHSI 3 PI3HUX JI2Kepesi, siKi JaloTh OJHAKOBE oNTuMaJsbHe pimenss. [licas mporo
MM IIPE3EHTYEMO PE3yJIbTaTH HAIMX CTOXACTUIHUX €KCIIEPUMEHTIB Jjisi 000X y3arajbHeHb. CHUMy/IIO0YU
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qucesIbHI iTepariil mporecy BiIOOpy KaHIWIaTIB, MUA OIIHIOEMO MMOBIPHICTD YCIIITHOTO BHOOPY HaMKpa-
moro KauaugaTa. Mu gemoHcTpyeMo, mio 3i 36ibuieHHsM € iiMoBipHicTb (Koedimient) yenixy 3pocrae,
a KUTbKIiCTh KaHIMIATIB, SKi paHime Oyan BiIXujeHi, 3MEHITYEThbCsd. DBijibIlie TOro, KOJiu MU TeHepye-
MO CIIMCOK KAHJIUJATIB i3 BUITAJIKOBUMHU OIIHKAMU SIKOCTi, MM BUKOPHUCTOBYEMO T'€HEPATOP BUIAIKOBUX
qucet i IPUCBOEHHS OIIHOK 3 PI3HUX TUINB PO3MOILIY, IO BigoOparkae fKiCTh KaHIUIATIB.

Mu pobumo BUCHOBOK, IO CTOXACTAYHAN €KCIIEPUMEHT, 3acHoBaHmit Ha MeTo i Mourte-Kapiio, € moTy-
JKHAM CTATUCTUIHUM METO/IOM, SIKUl MOXKHa BUKOPUCTOBYBATH LIS aHAJIZY PI3HUX y3arajbHEHb 3a/ati
cekpeTaps.

HeobxigHo 3ayBazkuTu, 10 3a/1a4a CeKpeTapsi 3aCTOCOBYETHCS HE JIWINE B YIPABIIHHI TIEPCOHAIOM
JJIs TIONTYKY HAWKPAIOTO KAHIUIATa, & i Yy PI3HUX TaJly3dx: B YIPABJIIHHI MPOEKTaAMU, y POIIOIII pe-
cypciB, B irdopmaruii. 3aBAgKn 3aIPOIOHOBAHUM ITi/IXOJaM, MEHeKep abo iHmmit dhaxiBens oTpumye
IHCTPpYMEHTH, SKi JIO3BOJISIIOTH HOMY BUKOPUCTOBYBATHU CTPATETIIO, 0 MAKCUMIi3y€ HIMOBIPHICTh 3yITHHU-
THCs Ha HAWKPAIIOMY KaHIAIATI y BUIAJIKY, SKIIO HOTr0 33/ I0BOJIBHUTH BUOIP O/IHOTO 3 BOX abo Oisbie
TOI-KAHUIATIB, 1 BPAXOBY€E Pi3HI TUIIN PO3MOILIY, IO BijoOparkae SAKiCTh KaHIMIaTiB.

Kuro4oBi ciioBa: npobiemMa cekpeTrapsi, ONTUMAJIbHA 3YITUHKA, CTOXACTUIHUI eKCIIEPIMEHT, METOJT
MonTte-Kapuio.
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PORTFOLIO OPTIMIZATION FOR REAL DATA:
APPROACHES AND CHALLENGES

Portfolio optimization continues to be a dynamic field within finance, integrating new theories and
technologies to better meet investor needs. As financial markets evolve, so too will the methodologies
used to optimize portfolios, making it an area ripe for ongoing research and innovation.

Classical Markowitz approach is based on the mean-variance optimization, which quantifies the trade-
off between risk (variance) and return (expected return). This approach had some limitations. It assumes
investors are rational, markets are efficient, and asset returns are normally distributed. As a response to
the some limitations of Markowitz theory minimum-VaR approach was appeared. This theory recognizes
some assymetry, that investors are more concerned about potential losses than gains and incorporates
downside risk measures like Value-at-Risk.

Despite advancements of the classical Markowitz theory and minimum VaR approach, challenges
remain in accurately estimating parameters, singularity of the covariance matrix and managing risks in
volatile markets.

In this paper we consider the mean-variance and mean-Var optimal portfolios and take into account
the case when the covariance estimated matrix is singular. We use the Moore-Penrose pseudoinverse
and Singular Value Decomposition (SVD) to find solutions. We apply these approaches and methodics to
real financial data, construct mean-variance and mean-Var optimal portfolios and compare the dynamics
of expected returns (mean), volatility and VaR for it.

Thanks to the proposed approaches, the investor gets a tool that allows him to make decisions about
choosing an approach to building an optimal portfolio, as well as taking into account the singularity of

the covariance matriz.

Keywords: portfolio optimization, mean-variance analysis, Markowitz optimal portfolio, value-at-
risk (VaR), min-VaR analysis, Moore-Penrose pseudoinverse, parameter estimation.

Introduction

Portfolio optimization is a critical area in fi-
nance that focuses on selecting the best mix of
assets to maximize returns while minimizing risk.
The history of portfolio optimization is rich and
has evolved significantly over the decades. The
idea of diversification dates back centuries, with
early investors recognizing that holding a vari-
ety of investments could reduce risk. The for-
malization of portfolio optimization began with
Harry Markowitz’s seminal paper "Portfolio Selec-
tion," published in 1952 [8]. Markowitz introduced
the concept of mean-variance optimization, which
quantifies the trade-off between risk (variance) and
return (expected return). Moreover, Markowitz
developed the concept of the efficient frontier, a
graphical representation of optimal portfolios that
offer the highest expected return for a given level
of risk.

However Markowitz theory had some limita-
tions. It assumes investors are rational and risk-
averse, markets are efficient, and asset returns
are normally distributed. Beside this, Markowitz
mean-variance optimization requires inverting the

© A. Burdym, Y. Danyliuk, N. Shchestyuk, 2025

covariance matrix to find the optimal portfolio
weights. If the matrix is singular, there are either
infinitely many solutions or none, and the standard
approach fails.

As a response to the some limitations of
Markowitz theory minimum-VaR theory was ap-
peared |1],[2]. It incorporates downside risk mea-
sures like Value-at-Risk (VaR) and Conditional
Value-at-Risk (CVaR)[7], |10]. This theory recog-
nizes some assymetry, that investors are more con-
cerned about potential losses than gains, leading
to different optimization approaches [3]|. In [5] es-
timators, confidence regions, and test for minimum
VaR and CVaR optimal portfolios were considered.

Despite advancements of Markowitz and
minimum-VaR theories, the challenges remain in
accurately estimating parameters, managing risks
in volatile markets, and adapting to changing eco-
nomic conditions.

If the estimate covariance matrix is singular,
there are either infinitely many solutions or none,
and the standard approaches fail. In this case was
proposed use the Moore-Penrose pseudoinverse or
Singular Value Decomposition (SVD) to find solu-
tions [4]. These methods allow for a solution that
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minimizes the L2-norm (the sum of squared port-
folio weights), providing a unique and stable result
among the infinite possibilities [3].

In this paper we focus on the application of
mean-variance and min-Var optimal portfolios to
real data and take into account the case when
the covariance estimated matrix is singular. We
use the Moore-Penrose pseudoinverse and Singu-
lar Value Decomposition (SVD) to find solutions.
We apply this methodic to real financial data, con-
struct mean-variance and min-VaR optimal portfo-
lios and compare the dynamics of expected returns
(means), volatility and VaR for it.

The mean-variance and min-VaR optimal
portfolios: construction

The mean-variance portfolio. Let z; =
= (21¢,...,%kt)" be a vector of returns for k-
dimensional risky assets at time point t = 1,...,n.
We assume that xq,...,z, are independently and
identically normally distributed, with a mean vec-
tor p and covariance matrix 3. We also assume
that ¥ may be singular, with rank(X) =r, <n <
<k+1.

Furthermore, let w = (wy,...,wg) be a k-
dimensional vector of portfolio weights, where w;
represents the portion of wealth allocated to the
i-th asset and 1jw = 1, where 1; stands for the
k-dimensional vector of ones.

We denote the expected return and variance of
the portfolio by R = w'p and V = w'Xw, respec-
tively.

Following the classical mean-variance expected
utility (EU) approach introduced by Markowitz,
the optimal portfolio maximizes the trade-off be-
tween expected return and risk (measured as vari-
ance). The optimization problem is formulated as:

—70

Z HiWi— Z Z 04 Wi Wj

(1)

max[

subject to
k
Zwi =1
i=1

where 7 > 0 is the risk-aversion parameter, which
reflects the investor’s tolerance to risk. A larger
value of 7 implies that the investor places more
weight on minimizing risk, while a smaller value
emphasizes return maximization. The closed-form
solution to the optimization problem is given
by:
-1
= Sy A )
k

where R is the projection matrix that orthogonal-
izes the return vector p with respect to the con-
straint 1}z = 1:

DIl P P Vs

R=%""-
].5271]_1C

(3)
and 1; is a k-dimensional vector of ones.

The optimal portfolios (EU) as proposed by
Markowitz’s theory lie on the upper part of
the parabola in the mean-variance space. This
parabola is known as the efficient frontier (EF)
and, if ¥ is positive definite, is given by

(R— Remv)? = s(V = Vawuv)

where
1.5y
= —— 4
and
T —— (5)
MV T sy

are the expected return and variance of the global
minimum variance portfolio (GMVP) given by
(see, e.g., [6]) with parameter

s = i Ry,

where R is defined by

Thus, for constructing the optimal portfolio fol-
lowing the classical mean-variance expected utility
(EU) approach introduced by Markowitz, we need
just to compute the weights by The expected
return (mean) R of the EU optimal portfolio one
can compute by [3] the variance is defined by V =
= w'Yw and X is positive definite.

The minimum-VaR portfolio. Markowitz
theory assumes investors are rational and risk-
averse, markets are efficient, and asset returns are
normally distributed.

Nevertheless real world admits some assymetry,
investors are more concerned about potential losses
than gains. In the papers |1} [2] were proposed
to use Value-at-Risk (VaR) as risk measures in
Markowitz’s optimization problem, instead of the
traditional variance.

VaR is defined as the potential loss of an in-
vestment portfolio at a given confidence level. This
measure is believed to provide a more accurate rep-
resentation of the risk in investor problem [11] and
portfolio management.

Formally, the value-at-risk of level a, 0 < @ < 1
is a probability functional, defined as a-quantile of
the profit (loss) function YV

VAR, (Y)=G Y a)=inf{ ye R: G(Y) > a},

where G is the distribution function of Y, G~ is
the quantile function of o, 0 < a < 1.
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It is worth to note that often it is recommended
(for examples by regulators Basel I and Basel II) to
denote VaR as the low quantile with minus sign:

VAR,L(Y) = -G (a)

For portfolio analysis we use the rate of return z,,
as the profit (loss) function Y. Then the VaR at
the confidence level a € (0.5,1) (VaR,,) is defined
as the rate of return z,, such that

P{z, < —VaRy,}=1—-a (6)

where

/
Ty = T W.

The optimization problem, as proposed by |[1; 2],
can be stated as follows:

VaR, — min, subject to 1ljw=1. (7)

|1; 2] have derived the exact expressions of its
weights and characteristics. In addition, they have
shown that the necessary and sufficient condition
for constructing the minimum VaR portfolio, i.e.,
for a solution to exist in @), is s < 2z2. Here, the
quantity z, = —®~1(1—«) denotes the a-quantile
of the standard normal distribution.

In the paper [5] were introduced and used alter-
native expressions of the weights and of the charac-
teristics of the minimum VaR portfolio in terms of
@ and . The weights of the portfolio obtained

in @ are given by wyag:

VVamv

Wy R = WGMV + 5 Ry, (8)
22 —s
where
E_llk
w = ——
GMV Ty,

The portfolio’s value-at-risk is My,r, with a
mean of Ry,r and variance of Vi,R:

Myar = /22 — sv/Vamv — Ramv.

% v Vamv,

22 —s

Ryar = wi,git = Romv +

Thus, for constructing the min-VaR optimal port-
folio we need to compute the weights wyar by
The expected return (mean) Ry,g in this case one
can compute by |8 the variance is defined by V =
= w'Yw and X is positive definite.

The VaR evaluation. In this section we dis-
cuss in more details the problems of VaR estima-
tion.

For evaluating VaR there are some meth-
ods. VaR can be estimated either parametri-
cally (for example, variance-covariance VaR) or
non-parametrically (for examples, historical sim-
ulation VaR or resampled VaR). A McKinsey re-
port published in May 2012 estimated that 85%
of large banks were using historical simulation and
the other 15% used Monte Carlo methods. We
can notice, that in |13] we applied the Markowitz
technics to construct the optimal portfolio for real
data. Moreover, we apply Monte Carlo method to
compute VaR for constructed portfolios with some
assumption of their distribution. In [12], [14] we
evaluate VaR by parametric method as a-quantile
of the loss-profit function G with known parame-
ters. In this paper we focus on historical and non-
parametric methods.

Historical (non-parametric) method.
This is the most intuitive approach, relying solely
on historical return data without any distribu-
tional assumptions. The method involves the fol-
lowing steps:

e Sort the historical portfolio returns x,, in as-

cending order.

e Identify the quantile corresponding to the
loss level « € (0,1), which corresponds to
the confidence level (1 — «).

The VaR is defined by [6] and estimated as em-

pirical (1 — «)-quantile of the sorted sample x,.

Parametric (variance-covariance)
method. This method assumes that the returns
of the asset or portfolio are normally distributed.
Given the standard deviation o and the portfolio
value W, the VaR for a single period is calculated
as:

VaRy, = 2o -0 - W,

where z, = —®~!(1 — «) is the standard normal
quantile corresponding to the specified loss level a.

For a multi-period horizon of length ¢, the for-
mula becomes:

VaR(t) = 2o -0 - W - V1,

assuming the returns are independent and identi-
cally distributed across time.

Commonly used values of « include 0.1, 0.05,
and 0.01, which correspond to confidence levels of
90%, 95%, and 99%, respectively. The associated
quantiles z, are summarized below:

Confidence level Za
90% 1.282
95% 1.645
99% 2.326
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Ezxample 1. Let us estimate the VaR of a pre-
viously constructed portfolio using the parametric
method. Consider the following inputs:

0.05 0.01 0.02
¥=10.01 0.04 0.015],
0.02 0.015 0.03
0.15
w={0.10{,
0.12
a=09 W=1

Portfolio weights: [0.289, 0.289, 0.422]
First, we compute the portfolio variance:

o =+v0.02307 =~ 0.1519
Then, the 95% Value-at-Risk is calculated as:
VaRy g5 = 1.645 x 0.1519 ~ 0.250

Hence, with 95% confidence, the maximum ex-
pected portfolio loss over the period is approxi-
mately not more than 25% of the portfolio value.

Estimators: non-singular and singular cases

In practice ¥ is an unknown matrix and should
be estimated using historical values of asset re-
turns. Given a sample of n independent observa-
tions x1,...,x, of returns on k assets we calculate
the sample estimators of 4 — the mean vector and
3. — the covariance matrix, respectively by

é:% 5= nilé(mi_@(%—x)’.

T =

S|

Non-singular case. If the sample covariance
matrix S is non-singular, then the formulas for con-
structing mean-variance portfolio or minimal VaR
portfolio can be applied directly by replacing the
unknown population covariance matrix > with the
sample covariance matrix S.

Ezxample 2: Solving the Portfolio Optimization
Problem

Given the covariance matrix 3, expected re-
turns vector u, and risk aversion parameter 7:

0.05 0.01 0.02 0.15
S =001 004 0015, p=|01], 7=
0.02 0.015 0.03 0.12

The inverse of the covariance matrix is:

27.27 0 —18.18
»l= 0 30.77 —15.38
—18.18 —15.38 53.15

The first term of the solution:

s [
1Ty—-171 |
X 40 445
The second term:
0.0829
—Rup = | —0.0600
T —0.0222
Final portfolio weights:
0.289
x = [0.289
0.422

Python Implementation. The function
optimize_portfolio_by_Markowitz_2_test
takes the following parameters:

e mean_returns — vector of expected returns

e cov_matrix — covariance matrix

e T — risk aversion parameter 7

, cov_matrix=None, T=0):
cov_matrix. shape[@]))

first_term = (cov_matrix_inv @ ones) / divider

cov_matrix_inv @ ones, ones) @ cov_matrix_inv) / divider
(R @ mean_returns) / T

d_term
n': calculate volatility(result, cov_matrix)}

Figure 1. Function implementation of Markowitz
Model 2

The function uses numpy.linalg.solve to
compute the inverse, constructs a vector of ones,
and calculates the optimal weights according to the
extended Markowitz model.

Covariance matrix:
[[e.e5 o.01 .02 ]

[e.e1 0.04 0.015]
[e.02 0.015 0.83 ]]

Markowitz (T = 10):

oOptimal asset weights: [©.289, ©.289, ©.422]
volatility: @.1518771433319269

VaR (Parametric method): @.249816

Figure 2. Resulting optimal portfolio weights

This example demonstrates how to build an op-
timal portfolio that balances expected return and
risk using the extended Markowitz model.

Singular case. In practical applications,
the sample covariance matrix S may be singular.
When S is nonsingular, it is possible to use the
Moore-Penrose pseudoinverse instead of the regu-
lar matrix inverse [4; [9].

The Moore-Penrose pseudoinverse of a matrix
A € R™X" denoted by AT, is defined as the
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unique matrix that satisfies the following four con-
ditions:

AATA = A,
ATAAT = AT
(AAT)T = A4+,
(ATA)T = AT A

This matrix generalizes the concept of an inverse
to possibly singular or non-square matrices.

To compute the Moore-Penrose pseudoinverse
in practice, one typically uses the Singular Value
Decomposition (SVD). Given a matrix A of size
m X n, it can be decomposed as:

A=UxVT,

where U and V are orthogonal matrices, and X is a
diagonal matrix with non-negative singular values.
The pseudoinverse is then given by:

At =vytuT,

where X7 is obtained by taking the reciprocal of
the non-zero entries of ¥ and transposing the re-
sulting matrix.

Example 3.

In this example we would like to demonstrate
how to compute the inverted matrix by hands and
by Python. Consider the singular matrix:

=[5

Compute the determinant:

det(A) =3-(—-2)—6-(—1)
= —6+6=0
Since det(A) = 0, matrix A is singular and can-

not be inverted classically.
SVD decomposition:

A=UxvT
Singular values:

g1 = \/50,

0’2:0

Transpose of U:

o _ [—0.9487

—0.3162

0.3162
—0.9487

Intermediate multiplication:

o VETO 0] [—0.9487 0.3162

0 0] |-0.3162 —0.9487} { 0

Final multiplication:

At — —0.4472 —-0.8944| | —0.1341 0.0447| _ |0.06
T 1—0.8944  0.4472 0 0 ~10.12
Final result:

At — 0.06 —0.02
0.12 —-0.04

Now, consider the same example using a
Python implementation and verify the result.
We use the same matrix:

3 6
=Y
To verify the manual result, we compute the
pseudoinverse using Python.

Determinant:
det(A4) = 0.0
Using np.linalg.pinv:
At — 0.06 —0.02
0.12 -0.04
Using np.linalg.svd and manual reconstruc-
tion:
At — 0.06 —0.02
0.12 —-0.04|"

To construct mean-variance optimal portfolio
in the case of a singular sample covariance matrix
S, the portfolio weights under the expected utility
criterion are estimated using;:

~+ S+1k

— -1R+%
Wr,=———+4+a R™X
U178+, ’

where e iTes
ﬁ+ — St _ m
1,/ S*1,
Similarly, the Global Minimum Variance

(GMYV) portfolio estimators in the singular case
are obtained as:

V50 0 L0 gr = ST

Z:[o 0]’ E+:{¢§70 0] SR PICES T

Uiy = o

Matrices U and V: GMV 1;5*1;€
St1y

_ [-0.9487 —0.3162 _[-0.4472 —0.8944 Wy = o

U= {0.3162 —0.9487} V= {—0.8944 0.4472 ] 1,571k

—0.1341 0.0447]
0

—0.02
—0.04

|
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To construct the Value-at-Risk (VaR) efficient
portfolio in the singular case we compute the port-
folio weights in the form:

/\+ —
Wyar = Womy + PR z-
where
A St1,1] 8+
gt=1"Rtz, and Rt =5t -2 Kk
175+1y,

Then, for singular case the portfolio’s value-at-risk,
the estimated VaR-efficient return and variance are
given by:

A/ =y
My, =22 — 58T

s e
: VJMV
— ’
22 — &t

ot
o+ Vamv-

ot At
Vamv — Réwvs
At _ Pt
Ry,r = RGuy +

o+
VVaR -

22 —
Ezxample 4. In this example we would like to
demonstrate how to construct Marcowitz portfo-
lio in the singular case by hands and by Python.
Now we consider an example of Markowitz port-
folio optimization with an investor risk aversion
coefficient 7 = 4000. This case illustrates a sin-
gularity scenario since the covariance matrix has a
zero determinant. The Singular Value Decomposi-
tion (SVD) algorithm is demonstrated along with
step-by-step calculations.

2 = 0.08, 7 = 4000

2 4
==[
To compute the Moore—Penrose pseudoinverse
of X, we proceed as follows:

r [2 42 11 _[20 10
EZ_[1242_105

H1 = 0.1,

. L -5 10].
(% —25I)u—0:>[10 _gp| @ =0=
12
U1 \/5 1
T oper 20 10] .
(=2 Ol)u—0:>{10 5 | @2 0=
1[4
U2—75 9
2 =1
VARV

1 5 1 (1
— T [ —_— —
nTEr Ty 5[10}_ 5[2}’
1 [-2
1]2—75 1
1 =2
vl 3]
VARV
1
0
VZ+:[5§/5 O}
5v5
2 1
e
VIRV

2 1
vt =vytu?T = {245 225}
25 25
Next, we calculate the optimal portfolio using
this pseudoinverse:

0.08 0.04 0.1 1
+ — —
X = [0.16 0.08] » M [0.08} > k= H

0.12

¥ = [0.24

} , 1,2%1;, =0.36

S [y
15+1, |3

Sy = [0.012} L1
- ~ 100240 27
det |20 =2 10 90\ (5-A)=100 = A2—25) = 0 TS
10 5—A -6
Lo, [15x10
8000~ M7 | 3x10°
A = 257 Ao = O7 = 5, =0
L 2 o1 o9 S é L[5 1061 _ [0.3330015
v = |1 3% 1076 | = | 0.666003

_® 0 +_[5 0
i [

For the eigenvectors of XX, we have:

Now we replicate the same example using a
Python program to verify the correctness of the
manual computations. The result is a vector =
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representing the optimal asset weights that simul-

taneously account for risk minimization, expected

return, and the investor’s risk aversion. For clar-

ity, the program also prints auxiliary results such

as the pseudoinverse matrix 7, individual com-

ponents (), 2 and the final portfolio weights.
We use the same input:

w1 =01, py=0.08 7=4000, X = E ;L}

The output of the Python implementation is:

det(X) = 0.0

s+ _ [0-08 0.04]
~ [0.16 0.08]

Minimum variance component =

[0.33333333
1066666667 | °

1-1077
2.1077

Risk-adjusted return component = [

0.33333343
0.66666687

Optimal portfolio weights = [

These results confirm the accuracy of both the
manual and programmatic approaches to portfolio
optimization in the presence of a singular covari-
ance matrix.

Illustration for the Real Financial Data

Markowitz Portfolio. The data for analysis
was obtained from the Yahoo Finance API using
the Python library yfinance. For each asset, his-
torical daily closing prices were downloaded for the
period from November 30, 2022 to November 30,
2023.

The portfolio consists of five assets:

Amazon (AMZN) - Technology
Mastercard (MA) - Finance
Netflix (NFLX) - Entertainment
Uber (UBER) - Transport
Adobe (ADBE) - Software

Two values of the 7 parameter were selected for
the study:

e 7 = 20 — aggressive strategy focusing on

maximizing return

e 7 = 100 — conservative strategy aiming at
minimizing risk

B
2 s

Parameter Value
Optimal weights

AMZN 23.2%
MA 2.3%
NFLX 43.9%
UBER 10.0%
ADBE 20.6%
Portfolio volatility 0.01292

Return distribution

Not normal

VaR (95%)
Parametric 0.336805
Historical 0.020637

Parameter Value
Optimal weights

AMZN 5.5%
MA 4.0%
NFLX 78.7%
UBER 5.7%
ADBE 6.1%
Portfolio volatility 0.01118

Return distribution

Not normal

VaR (95%)
Parametric 0.291376
Historical 0.017616

Portfolio Value Over Time

Table 1. Portfolio characteristics for 7 = 20

Table 2. Portfolio characteristics for 7 = 100

‘n ‘/’\\f‘ N W/V\W
/ = MWV J\/
I

I
o
o
®

portfolio with 7 = 20 and 7 = 100

Portfolio Volatility (window = 30 days)

>
%

Figure 3. Portfolio wealth dynamics for Markowitz

portfolio with 7 = 20 and 7 = 100

Figure 4. Parametric VaR dynamics for Markowitz
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Historical VaR (window = 30 days)

— Markowitz:2 (T=20)
— Markowitz-2 (T=100)

0.025

Figure 5. Historical VaR dynamics for Markowitz
portfolio with 7 = 20 and 7 = 100

Parametric VaR (window = 30 days)

0.026

Figure 6. Portfolio wealth dynamics for Markowitz
portfolio with 7 = 20 and 7 = 100

Our analysis highlights how varying the 7 pa-
rameter impacts portfolio behavior. With 7 = 20,
the portfolio remains diversified—43.9% in NFLX,
23.2% in AMZN, and 20.6% in ADBE. A shift to
a conservative 7 = 100 results in a highly con-
centrated allocation (78.7% in NFLX) and reduces
volatility by 13.5%.

This is confirmed by declines in both paramet-
ric VaR (from 0.337 to 0.291) and historical VaR
(from 0.021 to 0.018), indicating lower risk. Given
the non-normal return distribution, historical VaR
proves more reliable.

Overall, the analysis shows how adjusting 7 bal-
ances concentration and risk, linking theoretical
models to real market dynamics. The findings un-
derscore the importance of strategy calibration for
achieving targeted risk-return profiles.

Minimum VaR portfolio. The data for this
analysis was obtained using the same methodology
as in the previous example, sourced from the Ya-
hoo Finance API via the yfinance Python library.
The portfolio comprises the same five assets: Ama-
zon (AMZN), Mastercard (MA), Netflix (NFLX),
Uber (UBER), and Adobe (ADBE), with histor-
ical daily closing prices covering the period from
November 30, 2022, to November 30, 2023.

The optimal weights for the Minimum VaR
Portfolio were calculated to minimize the Value-
at-Risk (VaR). The resulting allocation is:

Parameter Value
Optimal weights

AMZN 25.59%
MA 0.14%
NFLX 42.56%
UBER 31.71%
ADBE 0.00%
Portfolio volatility 0.01379
Return distribution | Not normal
VaR (95%)

Parametric 0.359239
Historical 0.019444

Table 3. Key characteristics of the VaR-min portfolio.

Portfolio Value Over Time

— vaRmin portfolio

Date

Figure 7. Portfolio wealth dynamics for the
min-VaR portfolio.

Portfolio Volatility (window=30 days)

— vaRemin Portfolio

0013

0012

Volatity

0010

0009

Figure 8. Portfolio volatility dynamics for the
min-VaR portfolio.

VaRemin Portfolio: Combined VaR (window=30 days)

uuuuu

Figure 9. Historical and parametric VaR dynamics
for the min-VaR portfolio.

The analysis demonstrates that the minimum
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VaR portfolio is predominantly allocated to Net-
flix (NFLX) and Uber (UBER), with only marginal
exposure to Mastercard (MA) and Adobe (ADBE).
This allocation pattern reflects the optimiza-
tion objective of minimizing Value-at-Risk (VaR),
which naturally favors assets that have shown
greater stability during adverse market conditions.

Compared to the conservative Markowitz port-
folio (7 = 100), the VaR-min portfolio exhibits
slightly higher volatility. However, it achieves
marginally lower historical VaR, highlighting its
superior resilience during periods of market stress.
Given the non-normal nature of return distribu-
tions, historical VaR emerges as a more reliable in-
dicator of downside risk than the parametric mea-
sure.

Conclusion and discussion

In the paper two approaches to portfolio opti-
mization were considered: the mean-variance and
min-VaR technics. We apply these approaches to
real financial data.

Firstly we estimate the parameters and take
into account the case when the covariance esti-
mated matrix is singular. We use the Moore-
Penrose pseudoinverse and Singular Value Decom-
position (SVD) to find solutions and demonstrate
this in terms of some example.

After that we construct mean-variance and
min-VaR optimal portfolios and compare the dy-
namics of portfolio wealth (means), volatility and
Value-ar-risk for it.

The analysis provided in Python demonstrates
some interesting facts. For Marcowitz portfolio we
see how adjusting 7 balances concentration and
risk, linking theoretical models to real market dy-

namics. The findings underscore the importance
of strategy calibration for achieving targeted risk-
return profiles.

Minimum VaR allocation pattern reflects the
optimization objective of minimizing Value-at-
Risk (VaR), which naturally favors assets that have
shown greater stability during adverse market con-
ditions.

The time dynamics of portfolio mean and VaR
confirm the effectiveness of min-VaR strategy in
balancing risk and return. By prioritizing VaR
minimization over traditional mean-variance ob-
jectives, the resulting portfolio provides a distinct
and practical alternative framework for portfolio
construction.

This min-VaR approach underscores the value
of targeted optimization in modern portfolio the-
ory: by explicitly focusing on risk protection, in-
vestors can achieve portfolios that are not only the-
oretically sound but also better aligned with real-
world risk management objectives.

Theoretical researches (see for example [1] )
show that the min-VaR optimization problem is
equivalent to Markowitz’s optimization problem if
the returns on assets are multivariate normally dis-
tributed. As a result, all optimal portfolios ob-
tained by solving @ are lying on the EF, the set of
optimal portfolios resulting from Markowitz’s ap-
proach. The returns on real assets are not mostly
multivariate normally distributed. It is a reason
why the min-VaR and mean-variance portfolios
demonstrate differebt behavour for real data.

Thanks to the analysis to proposed approaches,
the investor gets a tool that allows him to make de-
cisions about choosing an approach to building an
optimal portfolio, as well as taking into account
the singularity of the covariance matrix.
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Bypdum A. A., Jlanumox €. A., Ilecmiox H. FO.

ITIOPTOEJIBHA OIITUMI3AIIA /14 PEAJIBHUX
JAHUX: IIIJIXOAN TA BUKJIMKN

Teopist moprdenpHOl onTUMi3aIil TPOIOBKY€E OyTH AMHAMIYHOIO Tajay33i0 y diHaHncax, iHTerpyodn
HOBI Teopil Ta MmiIXoan [IJTsi KPAIOro 3aI0BOJIeHHsT TOTped iHBeCTOPiB. 3 po3BUTKOM (hiHAHCOBUX PUHKIB
PO3BUBATUMYTLCS I HOBI TiIXOaM Jjisi ONTHMI3aIll moprdeltis, mo podUTH Iel HAIPAM CIPUATIABIM
JIJTsT TIOSIBU HOBUX JIOCJII?KE€Hb Ta 1HHOBAIIiil.

Kracuannit migxin Mapkosina 6a3yerbes Ha onTuMizanil MyHKIHT, sKa KUIBKICHO BU3HAYAE KOMITPO-
Mmic MixK pusukoM (aucrepciero) Ta odikyBaHo jgoxigmicTio. [Ipore el migxin mMae jgeski oOMeKeHHs.
30KkpeMa, BiH MPHUILYCKAE, 10 IHBECTOPU PAIIOHAJIbHI, IXHE CTABJIEHHS 10 PU3UKY PETYJIIOETHCS JIEeSTKIM
rmapamMeTpoM, pUHKN eeKTUBHI, a JOXiIHICTh aKTUBIB PO3MO/ILICHA HOPMAaJabHO. Y BiMOBi b Ha 0OMe-
KeHnHst Teopil Mapkosina 3’sBUBCS iHINN MMi/IXiJT, 0 BU3HAE MEBHY acCUMETpilo, TOOTO iHBecTOpm OiTb-
me crypboBaHi moTeHIIHNMY 30uTKaMu, HixkK npubyTkamu. Lleit minxin 6asyerbes Ha MiHIMIZaIl Tak
3BaHOIO TOKA3HUKa BejuunHu pusnky Value-at-Risk. Hesparkaroum Ha mocsarHeHHsT KIacuaHOI TEOPil
Mapkosina Ta migxomy miximizanii VaR-nokasnnka, 3auImaoTbcs BUKJINKH, OB’ sg3aHl 3 mpobieMamMu
OIIHKU ITapaMeTPiB, MOXKJIUBICTIO ITOABYU CUHTYJISIPHOI OIIHOYHOI KOBaPiaIiitHOl MATPHIIl Ta yIIPABJIiHHAM
PU3WKAMK Ha BOJATUJILHUX PUHKAX.

V wmiit cTaTTi ME PO3TJISIIAEMO IIOOYIOBY ONTUMAJIBLHUX HOPTMEB K 3a miaxomsoMm Mapkosina, Tak
1 3a MiHIMI3aIli€l0 MOKA3HUKA BEJMYUHU PU3UKY, & TAaKOXK BPAXOBYEMO BHNJIOK, KOJW KOBapialiiina
OIIHOYHA MATPUIlS € CUHTYJIAPHOI0. Mu BukopuctoByeMmo ncesmoobepuennii meron Mypa—Ilenpoysa ta
PO3KJIaJaHHs 3a CHHIYJIspHUM 3HadeHHAM (SVD) mia momyky pimens. Mu 3acrocoByeMo 1 mmijxozmu
Ta METOJUKU JI0 PeaibHUX (PIHAHCOBUX JAHUX, OYIYEMO ONTUMAJbHI MOpTdei 3a IBOMa, MiIX0TaMH,
MOPIBHIOEMO JMHAMIKY 3MiHU JOXiTHOCTi, BapiaTMYHOCTI i MOKA3HUKA PU3UKY JJIS ITUX ONTUMAJILHUX
noprdesieit Mik CODOI0 1 3 TMHAMIKOIO PIBHOMIPDHOTO OPTQEIs.

3aBAgKN 3aIIPOITOHOBAHUM ITiIXOaM IHBECTOD OTPUMYE IHCTPYMEHT, sIKUil T03BOJIsiE€ HOMY IIpUiiMaTh
pillleHHs 100 BUOOPY MiAX0/Iy IPHU HOOYAOBI ONTHMAIBLHOTO HOPT(dEs, & TAKOXK BPAXOBYBATU CHUHIY-
JISPHICTH KOBapiaIiitHOl MaTpHIILi.

Kutto4uoBi ciioBa: onrumizaris noprdess iHBecTOpa, cepeIHbOINCIEPCIHII aHaIi3, ONTUMAJIbHAI
noprdens Mapkosina, Bapricaa mipa pusuky (VaR), minimym-VaR-anasis, mncesmoobeprenuii mMeTos
Mypa—TIlenpoy3a, orinka mapameTpis.
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LAST TIME MOMENT OPTIMALITY IN UNIFORM
1-BULLET SILENT DUEL WITH SCALED
EXPONENTIALLY-CONVEX ACCURACY

The uniform 1-bullet silent duel with scaled exponentially-convex accuracy of payoffs is a symmetric
matriz game whose optimal value is 0, and each of the duelists has the same optimal behavior, whether
it 1s in pure or mized strategies. Such duels model two-side competitive interaction, where the purpose
is to gain a reward by making the best possible decision through quantized time. It is proved that the
last time moment is optimal in the duel with N time moments only when the accuracy factor does not
e—eN=T
e %:i -1
last time moment is single optimal. If the accuracy factor is exactly equal to the marginal value, the
duelist has two optimal time moments: the penultimate and last one. The conditions of the last time
moment optimality can be set to force the duelist to act the latest possible, which is quite useful in
some blockchain settings, where participants (e. g., validators or miners) choose when to attempt block

proposal or transaction insertion under uncertainty.

exceed marginal value If the accuracy factor is dropped below this marginal value, then the

Keywords: uniform 1-bullet silent duel, scaled accuracy, exponentially-convex accuracy, matrix

game, last time moment optimality.

Uniform 1-bullet silent duels

The uniform 1-bullet silent duel is a timing
game [1], [2]

(XN, Yy, Un) =
= (fable il Uy  O)

of two players (duelists) whose pure strategy sets
are denoted by

Xy ={z:}Y, = {]@__11 }: — Ty =
— (1), = {fv‘_ll}N_ SRR

and payoff matrix Uy is skew-symmetric [3], [4]:

Uy = [ijlyen = [“tjilyen = _U%' (4)

Uniform 1-bullet silent duels model two-side com-
petitive interaction, where the purpose is to gain
a reward by making the best possible decision
through quantized time [2], [4]. This time is set

© V. Romanuke, 2025

Ty in (2), (3), consisting of N successive time mo-
ments {tq};\[:1 of possible shooting [1] and repre-
senting the standardized time span [0; 1] upon its
equidistant (uniform) quantization with a step of
ﬁ. Thus, the duelist is allowed to legitimately
shoot only at one of the time moments in set Ty,
where number N determines the duel size. Shoot-
ing the bullet is a metaphor of making a single
decision, where the duelist benefits from shooting
as late as possible but only by shooting first [2],

3], [5]-
Optimal time moment existence

Uniform 1-bullet silent duel (1) by (2) — (4), be-
ing a finite zero-sum game, always has a solution at
least in mixed strategies [2], [3]. Besides, the duel
is symmetric, and thus its optimal game value is 0,
and each of the duelists has the same set of opti-
mal strategies, which can be both pure and mixed
[1], [6]. However, due to finite 1-bullet silent duels
are commonly used to model non-repeatable inter-
action processes, the main goal is to determine all
optimal time moments (optimal pure strategies)
for the duelist to shoot [1], [7]. If there are no op-
timal time moments at the duelist, i.e. duel (1) is
not solved in pure strategies (but, certainly, it is
solved in mixed strategies), the duel configuration
is forcedly modified through changing the struc-
ture of payoff matrix Uy in order to come up with
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a pure-strategy optimal behavior for the duelist [1].

Owing to the skew-symmetry of matrix (4),
whose main diagonal is of N zeros, any saddle
point of matrix (4) is a zero entry in a nonneg-
ative row and a nonpositive column [3]. Thus, if
row i* of matrix (4) by * € {1, N} is nonneg-
ative, then row ¢* contains a saddle point on the
main diagonal [4] and time moment ¢;~ is optimal.
A symmetric reasoning is true for columns: if col-
umn i* of matrix (4) by i* € {1, N} is nonposi-
tive, then column ¢* contains a saddle point on the
main diagonal [2] and time moment ¢;+ is optimal.
So, it is conventionally possible to conclude on op-
timal time moment existence by studying only ei-
ther nonnegative rows or nonpositive columns of
payoff matrix (4).

If row ¢* contains a negative entry, time mo-
ment t;+ is not optimal. At that, column ¢* con-
tains the positive entry. If row ¢* contains only
positive entries, except for the main diagonal en-
try u;«;+ = 0, then there is the single optimal time
moment ¢;« in this duel [4], [8].

Scaled payoff exponential rate

Duel (1) by (2) — (4) is configured by the struc-
ture of payoff matrix (4), which is determined by
how its entries are calculated. In general,

uij = ag (z:) — ag (y;) +
+a?g (w;) g (y;) sign (y; — i)
for i=1, N and j=1, N (5)
by some discrete accuracy functions g (z;) and
g (y;) of the first and second duelists, respectively,
scaled with an accuracy factor a > 0, where
g9(z1) =g(y1) =g(0) =0 and
gan)=g(yn)=9g1) =1 (6)
Commonly, these functions are nondecreasing. As
rewards increase with time, and the increment is
rather nonlinear than linear, it is appropriate to
consider exponentially-increasing accuracy func-
tions. So, instead of (5), entry u;; of payoff matrix
(4) is calculated as
uij = ag (e*) —ag () +
+a’g (™) g (e¥) sign (y; — ;)
for i=1, N and j=1, N (7

by still obeying requirements similar to (6):

g(e)=g(e")=g(’) =¢(1) =0 and
ge™)=g(e™)=g(e')=g(e)=1. (8)

Seemingly, accuracy factor a just scales the reward,
but its genuine impact will be ascertained below.

Assume that an exponentially-increasing accu-
racy function of the duelist is

ge®)=ae*+8 by acR\{0}, BeR. (9)

As function (9) of variable z must obey require-
ments (8), then

9(") =g()=a+p=0,

g(e') =gle)=ae+p=1,

whence
B=—a=1-ae,
ale—1)=1,
and ) 1
- = . 1
1 PET (10)

Upon plugging (10) into (9) function g (e*) be-
comes an exponentially-convex-accuracy function:

e? 1 e? —1

g(e7) = Te—1 e—1°

(11)

Then, upon plugging (11) into (7), entry w;; of
payoff matrix (4) is calculated as

e —1 e¥i —1
Uis = Q- —a-
7 e—1 e—1
e —1 e¥% -1 |
+a? - pu p— -sign (y; — x;) =
6Ii_eyj
- e—1 +
et —1)(e¥ —-1)
+a2-( ) 5 )~81gn(yj—xi)
(e—=1)

for i=1, N and j=1, N. (12)

Hence, the general goal is to determine optimal
time moments for the duelist in uniform 1-bullet
silent duel (1) by (2)—(4) and (12). In this pa-
per, the particular goal is to determine whether
and when the last time moment ty = 1 is op-
timal in such a duel. The conditions of the last
time moment optimality can be set to force the
duelist to act the latest possible, which is quite
useful in some blockchain settings, where partic-
ipants (e.g., validators or miners) choose when
to attempt block proposal or transaction insertion
under uncertainty [9], [10]. It is quite noteworthy
that

1—e¥ o (1—=1)(e¥% —1)
U = a- +a” - =
Y e—1 (e—l)2
1 — e¥
—a- -~ <0Vj=2 N
e—1

and thus the starting moment ¢; = 0 is never op-
timal in such a duel, regardless of the number of
time moments and the scaled payoff exponential
rate (determined by accuracy factor a).
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The most trivial duel

Obviously, it is the best to get started with
the most trivial duel, whose size is the smallest.

Theorem 1. In the most trivial uniform 1-bullet
silent duel (1) by (2) —(4) and exponentially-
convezx-accuracy payoffs (12), where N = 3 and

(X3, Y3, Us) =
/Lo !
- b 2’

1
1 — 1
}7 {07 27 }7U3>7

the duelist has the single optimal time moment

tgzéby
e— e

(13)

In such a duel, the duelist has the fewest possible
number of time moments to shoot. The triviality,
nevertheless, does influence the optimal behavior
of duelists via accuracy factor a.

the duelist has the single optimal time moment

t3=1by
aE(O;

and the duelist has two optimal time moments to =
= % and t3 =1 by

o ﬁ) , (15)

Ve—1

IS

e-ve 14 = 16
o> S0 (14) a= 771 (16)
Proof. For N = 3 the entries of the respective pay- :a.l_e:—a_—ugl <0, (18)
off matrix (4) are: e—1
1
b @ e ()
Ulg = a- a 3 = u :a.e € +a2. =
—1 (e—1) 23 e—1 (e—1)°
_ l_ﬁ:—u21<0, (17) _ '\/E—e 2'\/5_1_
e—1 - ta -
e—1 e—1
= \/E(1+CL) _ (€+a) = —U32. (19)
e, (=) () !
Uiy =0 —— +a - (e— 1) - Hence, with (17) — (19) matrix (4) here is
1_
0 a - \{é —a
e _
1- lta)—
Us = [us)ys = | a 1_\£E 0 a-\/a( +eail(e+a) (20)
1 —
. a-\/é( +1a)_e(e+a) 0

The second time moment is single optimal if
the second row of matrix (20) is positive, except
for uge = 0. Having ug; > 0 by inequality (17), it
is so when

Ve(l+a)—(e+a)

> 0.
e—1

(21)

U223 = a -

As e > 1, inequality (21) is equivalent to inequality
Ve(l+a)>e+a,

whence
Ve—e>a—ave

and inequality (14) emerges. The third time mo-
ment is single optimal if the third row of matrix
(20) is positive, except for ugs = 0. Having uz; =

=a > 0, it is so when

Ve(l+a) = (e +a)
1—e

Uz = a- > 0,

which is equivalent to inequality
Ve(l+a)<e+a,

whence condition (15) emerges. When ugg = 0,
then
Ve(l+a)=e+a,

and condition (16) emerges, by which
Ugg = Ugg = Uzz = uzz =0

and thus time moments to = % and t3 = 1 becomes
optimal. O
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So, it is quite clear that accuracy factor a def-
initely influences the optimal strategy of the du-
elist, although the impact is not that big. Indeed,
in the smallest duel, when the duelist is allowed
to shoot at only three time moments, the opti-
mal choice is between the duel span middle (second
moment) and the duel end (third moment). Set-
ting the accuracy factor to irrational value (16) is
hardly possible in practice (inasmuch as, e.g., fi-
nite precision of numerical representation is only

Theorem 2. In uniform 1-bullet silent duel (1) by
(2) —(4) and exponentially-convex-accuracy pay-
offs (12), the duel end time moment ty = 1 is
single optimal if only

-

enN-

e — eN=1
—1
Proof. The duel end moment is single optimal if
only the last row of matrix (4) is positive except
for entry uyy = 0:

eTN _— eYi
UNG =T
TN _ ] ¥i —1
Gl G
(e—1)

Vy <azy=1by j=1, N—1. (24)

At n € {2, N}, function wu,; is decreasing with
respect to index j = 1, n — 1: indeed, e*" > 1,
e¥% > 1, and thus value

etn — eYi
unj:ae—ili
2 (e —1) (¥ — 1)
—a“ - =
(e—1)
e’r —1 9 (1 e =1\ e¥% —1
=q - —a“ - 7+ .
e—1 a e—1 e—1

is a negatively-sloped line with respect to exponent
e¥s. Therefore, function uy; is decreasing with re-
spect to index j = 1, N — 1, and inequality (24) is
equivalent to inequality
ewN _ equ
UNN-1 =0 ——————

e—1
I G —(i)_(ef;l Y.y (25)

possible in practical computations), so the two-
moment optimality is unlikely.

Optimal time moments in bigger duels

In bigger duels, first consider optimality of the
duel end time moment. It is as more convenient,
as well as is going to lighten the proof of optimality
of preceding time moments (including the penulti-
mate one).

At

by NeN\{1, 2}  (23)

N-—2
eN-1 —1]

the duelist has two optimal time moments: penulti-
mate moment tn_1 = % and end moment ty =

=1

Inequality (25) is simplified to

e —e¥N-1 e—1)(e¥v-1 -1
UN,N-1 = fa~( )( 5 ):
e—1 (e—1)
_e—eVN1 g (et —1)
e—1 e—1
—eYNn-1.(1
_e—e ( +a)+a>0 (26)
e—1
whence
N-—2
e—ev-1-(14+a)+a>0,
N—-2 N-—2
a (eNfl 71) <e—eN-1,
N-—2
— N-—-1
a< (27)
eN-1 —1

Inequality (27) means that the end moment ¢ty = 1
is single optimal by (22).

If (23) is true, then it follows from (24) — (27)
that

UNN—1 = UNN = UN—1,N = Un—1,N—1 =0, (28)

and still the end moment ¢ = 1 is optimal. The
penultimate moment ty_; = =2 is optimal if
un—1,N—2 = 0 due to function uy_1; is decreas-
ing with respect to index j =1, N — 2. So,

eTN-1 _ oYN-2 9 (el’N—l _ ]_) (enyz _ ]_)
UN—-1,N-2 = Q" . 3 =
e—1 (e—1)
N-2 N-—2 N-3 N-2 N2 £=3
e —eN-1 eN-1 — eN-1 e —eN-1 <6N71 _]-) (6N71 _]-)
= "Nz N ' 5 =
eN-1 — ] e—1 eN-1 — 1 (671)
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e eNt (e%:?—e%:?)(e—l)—(e—e%:%>(e%:f—1>
N e% —1 (8—1)2 B
N-—-2 N-—-2 N-—-3 N-—2 N-3 N-—-3 N-—2 N — N—-2
e —eN-1 e-eN-1 —geg.egN-1 —egN-1 _|_ N-1 —eg.eN-1 +eN—1 eN-1 +e_eN—1
= ~N_3 3 =
eN"T — 1] (e—1
N— N-—2 N-—2 —3 N—-2 N-3 N-3
. e —eN-1 e-eN-1 _2€N—1 J’_eN—l +eN—1 .eN-1 +e_2e eN-1 .
e%:f _1 (6-1)2
N—2 N—-2 N—-2 N-3 N-—2 2
e eN—1 e-eN-1 —2eN-1 ;- egN-1 . (1_|_6N—1 4 eN-1 —26)
N e%:? —1 (6—1)2 B
N-—-2 1 1 N-—-2 2
N-3 e—eN-1 e-eN-T —2eN-T 4 1+eN-T 4eN-T —2¢
—=eN-1. —— . 5 . (29)
eN—-1 —1 (e—1)
Clearly, is
e—e%j>0 and e%:?—1>07 %i%@l(N):A}iinoowl(N):
. 1 N-2
so the last term in (29) is nonnegative if = ]\}E}noo (6 ceN-T eN-T — 26) =
1 1 N-—2 2 :6-604*61726:0
e eN-T —2eN-T414eN-1T4eN-T—2¢>0. (30)
. . . . and this minimum is not reached. So,
The left side of inequality (30) can be written as
. p1(N)>0 VN > 2. (33)

e-eN-1 726ﬁ +1+
N-—2 2

+eN-1T 4 eN-T —2e =

where

(pl(N):e-elel eVt — 2 (31)
and

@3 (N) =1+ VT — 27T, (32)

The first derivative of function (31) is

.

__eem
(N -1

2

eN:l

so (31) is a decreasing function. Its minimal value

The first derivative of function (32) is

dpa QeI 2eN-T
aN T N1 2
(N —1) (N —-1)
2eN-T )
:672~(1—eN—1) <0 VN>2
(N-1)

1
as eN-1 > 1, so (32) is a decreasing function. Its
minimal value is

w2 (V) = iy e () =

= lim
N—o00

=14+e2-2"=0

(1“1‘6% _2eﬁ) =

and this minimum is not reached. So,

w2 (N)>0 VN > 2. (34)
Therefore, due to (33) and (34), inequality (30)
holds even strictly. This means that uy_1 ny—2 >
> 0 and thus the last two rows of matrix (4) are
positive except for entries (28), whence the penul-
timate moment ty_; = £=2 is optimal by (23)
along with the end moment ¢ = 1, and there are
no other optimal time moments at the duelist. [J
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It is worth noting that Theorem 2 includes
Theorem 1. A corollary from Theorem 2 is that
if the accuracy factor scaling the reward exceeds
marginal value (23), then shooting at the very end
of the duel is not optimal.

Conclusion

The last time moment is optimal in uni-
form 1-bullet silent duel (1) by (2)—(4) and

exponentially-convex-accuracy payoffs (12) only
when the accuracy factor does not exceed marginal
value (23). If the accuracy factor is dropped below
marginal value (23), then the last time moment is
single optimal. If the accuracy factor is exactly
equal to marginal value (23), the duelist has two
optimal time moments: the penultimate and last
one. In future work, it would be worth-while to de-
termine whether preceding time moments are op-
timal in such duels.
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OIITUMAJIBHICTh OCTAHHBOI'O MOMEHTY YACY B

PIBHOMIPHII O/THOKYJIBOBIN BE3ITYMHIU JIVEJII 3

MACIIITABOBAHOIO EKCITIOHEHIIIAJIBHO-OITYKJIOIO
BJIYYHICTIO

PiBHoMmipHa OfHOKYIROBA GE3MIYMHA JIyeIb 3 MacHITabOBAHOIO E€KCIIOHEHI[AJIbHO-OIIYKJIOK BIIYYHi-
CTIO BUTDAIIIB € CUMETPUIHOI MATPUYHOK T'POI0, 9M€ ONTHMAJbHE 3HaYeHHs JO0piBHIOE 0, a KOXKEH 3
IyeJSHTIB Ma€ OMHAKOBY ONTHUMAJIbHY IIOBEIHKY, Xail BOHA y 4ncTUX a0 y 3MimaHux crparerisx. Ta-
Ki Jyesii MOJE/IIOI0Th JIBOCTOPOHHIO 3MAarajbHUIBKY B3a€MOJIIO, /i€ METOIO € 37[00yTTs BHHAIOPOIH 3a
SIKOMOTI'a, KPAIIIOTO PillleHHsI Y KBaHTOBaHOMY daci. JloBejieHOo, 0 OCTaHHI MOMEHT Yacy € OINTHMAaJlb-
HUM y JIyeJti 3NN MOMEHTAMY Yacy JIMIIE TOJi, KOJIM KOeMIIiEHT BJIyYHOCTI He IIePEBUIILYE TPAHUIHOIO

—2

eE—e

_eN—1 .. . e
3HadeHHs SRF5s—. Ko KoedillieHT BIYIHOCTI A a€ HUKYIE MO0 TPAHUIHOTO 3HAYEHHS, OCTAHHI

N-—-1 _
MOMEHT qaecy € €£I/IHI/IM onTUMabHUM. ZKINO KOeIIiEHT BJIyYHOCTI TOYHO PIBHUI IIBOMY I'DAHUIHOMY
3HAYEHHIO, JIyeJITHT MA€ J[Ba, ONTHUMAJIbHI MOMEHTH Jacy: IepeIOCTAHHIN Ta OCTaHHIi. Y MOBH OIITAMAJIb-
HOCTI OCTAHHBOT'O MOMEHTY JaCy MOXKYTb HAKJIAJIATHC JJIs TOTO, 00 3MYCUTH IyeJISHTA JIATH SKOMOTa
misHiie, Mo € J0CTaTHLO KOPUCHUM Y JIeAKUX HAJAIITYBAHHSIX OJIOKYENHy, e yIacHUKU (HAIPHUKJIaJL,
BasiaTopu abo MaiiHepr) 0GHpAOTh, KOJIM CIPOOYBaTH HPOIOHYBATH OJIOK ab0 BCTABKY TPAHCAKII 32
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PINN-BASED MACHINE LEARNING FOR MODELING
INTERNAL WAVES IN SEMI-INFINITE FLUIDS

This study investigates the application of Physics-Informed Neural Networks (PINNs) for modeling
wave processes at the interface between two incompressible fluids of differing densities. As a first step,
the linear formulation of the problem is considered, which admits an analytical solution based on a
spectral method involving Fourier decomposition of the initial perturbation. This solution serves as a
benchmark for testing and validating the accuracy of the PINN predictions.

The implementation is carried out in Python using specialized libraries such as TensorFlow, NumPy,
SciPy, and Matplotlib, which provide both efficient deep learning frameworks and tools for solving mathe-
matical physics problems numerically. The approach integrates artificial intelligence with domain-specific
knowledge in hydrodynamics, enabling the construction of interpretable and physically consistent mod-
els. Particular attention is given to the organization of the computational experiment, automation of
visualizations, and storage of intermediate results for further analysis. The PINN model includes a loss
function that encodes the governing equations and boundary conditions, and the training is conducted
on randomly sampled points across the spatio-temporal domain. The influence of network architecture
and training parameters on solution accuracy is examined. Visualization of loss function evolution
and predicted wave profiles provides insight into convergence behavior and physical plausibility of the
solutions.

A comparative analysis between the PINN-based and analytical solutions across different time in-
stances is presented, revealing phase shifts and amplitude deviations. The model demonstrates good
agreement at early times and a gradual accumulation of errors as time progresses—an expected feature
of this class of methods. The results confirm the feasibility of applying the PINN framework to linear
hydrodynamic problems, laying the groundwork for future extensions to weakly and strongly monlinear

regimes, including studies of wave stability and nonlinear wave dynamics.

Keywords: physically informed neural network (PINN), loss function, neural network testing, wave

profiles.

Introduction

Physics-informed neural networks (PINNs) rep-
resent a modern class of machine learning models
specifically designed to solve problems while re-
specting physical laws formulated as nonlinear dif-
ferential equations. In a seminal work, Raissi et al.
introduced the foundational PINN architecture ca-
pable of addressing both forward and inverse prob-
lems, enabling effective modeling in fields such as
hydrodynamics, quantum mechanics, and wave dy-
namics [1]. Subsequently, Lin and Chen proposed
a two-stage PINN training method that incorpo-
rates additional constraints on conserved physi-
cal quantities, significantly enhancing the accuracy
and generalization capability of the model in re-
constructing complex localized wave solutions, in-
cluding soliton molecules and their interactions [2].
Bhatnagar et al. demonstrated that PINNs can
be successfully applied to three-dimensional flow
and thermal processes with limited data, serving
as high-fidelity surrogate models for complex engi-
neering applications [3].
© O. Avramenko, S. Kompan, M. Sarana, 2025

In hydromechanics, the application of PINNs
gains particular importance due to the high cost
of experimental measurements and numerical sim-
ulations. Sharma et al. conducted a comprehen-
sive review highlighting the potential of physics-
informed machine learning methods to improve
prediction accuracy and robustness for turbulent
flows, as well as to replace resource-intensive nu-
merical models [4]. Buhendwa et al. employed
PINNSs to reconstruct velocity and pressure fields
in two-phase flow problems based on interface mo-
tion data, effectively addressing both forward and
inverse hydrodynamic problems [5].

Wave process modeling remains one of the
most actively developed fields of PINN applica-
tions. Pu et al. proposed an enhanced archi-
tecture with adaptive activation functions, which
enabled high-precision recovery of localized solu-
tions to the derivative nonlinear Schrédinger equa-
tion, including various soliton and solitary wave
types [6]. Wang and Yan applied a multi-level
PINN framework to discover parameters and re-
cover rogue wave solutions of the defocusing non-
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linear Schrodinger equation with time-dependent
potential, opening new avenues for solving inverse
problems with high sensitivity to initial conditions
[7]. Pan et al. demonstrated that deep neural net-
works could effectively reconstruct internal wave
amplitudes from optical satellite images by lever-
aging texture features and peak-to-peak distance
analysis, achieving accuracy around 3.6% com-
pared to in-situ measurements [8]. Liu et al. in-
troduced the hybrid LWT-PINN model, combining
classical linear wave theory with PINNs to provide
phase-resolved wave prediction in real time, out-
performing traditional linear models in both accu-
racy and forecast duration [9].

In seismic modeling, PINNs address chal-
lenges related to wave propagation in semi-infinite
and geologically complex domains where proper
boundary condition handling and computational
scalability are critical. Ren et al. developed Seis-
micNet, a PINN model integrating soft bound-
ary condition enforcement and sequential tempo-
ral training, enabling efficient seismic wave simu-
lation under various geological parameter distribu-
tions [10]. To overcome spectral bias in modeling
multifrequency seismic wavefields governed by the
Helmholtz equation, Song and Wang proposed the
Fourier Feature PINN—a model with embedded
Fourier features that demonstrates high efficiency
and accuracy when processing multiple frequencies
simultaneously [11].

It is therefore worthwhile to investigate the ap-
plicability of PINNs for solving weakly nonlinear
problems in hydromechanics and wave processes
occurring in heterogeneous fluids, which is the fo-
cus of the present study.

Problem Statement and Preliminary
Results

Physics-informed neural networks (PINNs) will
be employed to solve the nonlinear problem of in-
terfacial waves between two incompressible, ideal
fluids with surface tension. The main objective is
to utilize this classical hydromechanical problem
to test the PINN methodology, assess its effective-
ness, and demonstrate its applicability to solving
complex physical problems. The goal is to deter-
mine the wave profile n(z,t) and the velocity po-
tential fields ¢4 (z, 2, t) in the lower fluid half-space
Q1 and ¢o(z, 2,t) in the upper half-space 5. A po-
tential flow is considered, where ¢ and ¢, satisfy
Laplace’s equations in their respective domains.

The interfacial boundary is given by z =
= amn(x,t), where « is a parameter scaling non-
linear effects. On this boundary, kinematic condi-
tions relate the surface motion to the fluid veloc-
ity, and a dynamic condition describes the pressure

balance accounting for gravity, kinetic energy, and
surface tension 7. All nonlinear terms, including
those associated with surface tension, are scaled by
«. At remote boundaries along the z-direction (as
z — £00), fluid velocities decay to zero. The ini-
tial wave profile is prescribed at ¢ = 0 as n(z,0) =
~ f().

The mathematical formulation of the problem
(fori=1,2):

¢i,x:r + ¢i,zz =0

with the kinematic boundary conditions on the in-
terface z = an(z,t)

Nt + Ol(,bi,xn,z = ¢i,zv (2)

and the dynamic boundary condition on the inter-
face z = an(x,t)

b1t — pdas + (1 — p)gn + g (1. +01.) (3

in Qi, (].)

~ G (Bt 63.) — T =0,
1+ (anz) )
with decay conditions at infinity
Gix—0, ¢i,—0 asz— Foo, 4)
and the initial condition
n(x,0) = f(x). ()

In the linear regime, an analytical solution ex-
ists and is detailed, for example, in [12]. Specifi-
cally, the interface deviation 7, (z,t) in the linear
approximation (a« — 0) can be represented as a
sum of right- and left-propagating waves,

nlin(xat) = nltn<x7t) + nl:n(wﬂt)a

each expressed through Fourier integrals of the ini-
tial displacement f(z):

+oo
it =5 [ (ark)eostho 7w

—by(k)sin(kx F w(k)t)) dk, (6)
where

+oo
as (k) 1/ £(€) cos(ke)de,

:% .

+oo
bk =5 [ F©sin(k)de

and the dispersion relation is

k(1 —p+Tk?)

w(k) = 15, .

The following sections describe the implemen-
tation of PINN modeling, with the analytical solu-
tion (6) used as a reference to verify and validate
the correctness of the PINN approach.
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Implementation of PINN Modeling

Model Initialization and PINN Archi-
tecture. To solve the wave dynamics problem
(1)—-(5), a PINN was implemented using Python.
The setup relies on standard libraries: TensorFlow
(for constructing and training neural networks),
NumPy (for numerical operations), Matplotlib
(for visualization), and os (for file system in-
teraction). Automatic differentiation is enabled
through TensorFlow’s eager execution mode.

The architecture includes three fully connected
neural networks, each responsible for approximat-
ing one of the key physical quantities: the inter-
facial displacement 7(x,t) and the velocity poten-
tials ¢1(z, z,t) and ¢a(x, 2,t) in the lower and up-
per fluid domains, respectively. The networks use
tanh as activation functions and consist of multiple
hidden layers with configurable depth and width.

The initial profile of the interface is modeled as
a Gaussian wave packet characterized by its am-
plitude, width, and position. Physical parameters
such as fluid density ratio, surface tension, and do-
main size are defined according to the linear regime
considered in the first stage of the experiment.

Loss Function Implementation. The loss
function, which drives the training of the PINN
model, is constructed to reflect how well the neu-
ral network approximations satisfy the governing
physical equations, initial condition, and boundary
conditions. Contributions from different regions
of the domain—including the fluid bulk, interface,
boundaries at infinity, and initial time—are eval-
uated using randomly sampled collocation points
generated via tf.random.uniform.

Each component of the loss corresponds to a
different aspect of the problem: satisfaction of
Laplace’s equation in each fluid layer, enforcement
of the kinematic and dynamic boundary conditions
at the interface, decay behavior at spatial infinity,
and adherence to the initial condition. Derivatives
involved in these conditions are computed using
TensorFlow’s GradientTape mechanism for auto-
matic differentiation.

To ensure symmetry in the predicted solu-
tions—expected due to the symmetric form of the
initial condition—a dedicated term is added to pe-
nalize asymmetry with respect to the spatial vari-
able. This improves both accuracy and the physi-
cal consistency of the resulting wave profiles.

All components are combined into a weighted
sum, which forms the total loss minimized dur-
ing training. Monitoring of individual loss terms
is used to evaluate convergence and guide poten-
tial refinements to the network design or training
strategy.

Training and Loading of Network Pa-
rameters. Training of the neural networks is car-
ried out iteratively using the Adam optimizer with a
fixed learning rate. At the start, the system checks
for previously saved model weights; if such files
are found, training is skipped and the weights are
loaded. Otherwise, training begins from scratch.

The process uses a fixed number of training
epochs and a predefined number of collocation
points per step. Automatic differentiation is per-
formed via TensorFlow’s GradientTape, which
computes gradients of the total loss with respect
to the model parameters. These gradients are then
used to update the weights during optimization.

Training progress is monitored in real time
through periodic plotting of the predicted wave
profile n(z,t) at selected time snapshots, along
with printing loss values to the console. All key
metrics, including the evolution of total and indi-
vidual loss components, as well as the learning rate
history, are stored for later analysis.

After training, the learned weights are saved
to disk, enabling reuse without retraining. To
improve convergence and training stability, stan-
dard learning rate scheduling strategies such as
ExponentialDecay or ReduceLROnPlateau may
be applied, allowing adaptive adjustment of the
learning rate based on loss evolution.

Convergence Analysis and Visualization
of PINN Modeling Results. The convergence
behavior of the model is analyzed through visual-
ization of loss histories and predicted wave fields.
If available, stored data on loss values from the
training process is used to generate plots showing
the evolution of individual loss terms and the total
loss, typically on a logarithmic scale. These plots
help evaluate the relative contributions of physical
constraints and the model’s convergence behavior.

Upon completion of training or loading of pre-
trained weights, predicted solutions are visualized
and saved. This includes interface displacement
profiles n(x,t) at a series of fixed time points,
which are plotted together and compared with the
initial condition to assess accuracy and physical
consistency.

A three-dimensional plot of n(z,t) provides a
global view of wave packet dynamics over space
and time. Additionally, contour plots of the veloc-
ity potentials ¢1(x, z,t) and ¢a(x, z,t) at a given
time are generated to examine flow structure in
each fluid layer, with the interface between them
clearly marked.

Below, several visualizations are presented to
demonstrate the performance of the program, ob-
tained using a PINN model with architecture
L7 N25, consisting of 7 layers with 25 neurons
each.
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Figure 1 presents the dynamics of the loss func-
tion during the training process. The vertical axes
of both plots are shown on a logarithmic scale,
which enhances the visualization of changes in the
loss values, particularly in the early stages of train-
ing. It can be observed that during the initial
epochs, the total loss (Figure 1b) and its compo-
nents (Figure 1la) decrease rapidly, followed by a
phase of slower reduction accompanied by oscilla-
tions—a typical pattern for neural network opti-
mization.

(a)

Figure 1. Loss function history during training: (a)
individual components; (b) total loss.

(a) (b)

Viave Profiles nix, ) for Different Time Moments (PINN)

sampliae o)

(©)

Figure 2. Wave profiles n(z,t) at t = 0,1,2, 3,4, 5:
(a) after 2000 epochs; (b) after 4000 epochs; (c) final
predictions after training.

Figures 2a and 2b illustrate the evolution of
wave profiles n(z, t) at intermediate training stages
(epochs 2000 and 4000). Dashed lines repre-
sent the network predictions, while the bold black
line shows the true initial condition. These plots
demonstrate the gradual formation and propaga-
tion of the wave packet, converging toward physi-
cally consistent behavior. Figure 2c shows the re-
sults obtained after the final stage of training for
the PINN architecture L7 N25. The plot illus-
trates the temporal evolution of the wave profile

n(z,t) at several discrete time moments. The re-
sults demonstrate that the trained neural network
is capable of capturing the propagation and disper-
sion of the internal wave packet, with visible agree-
ment to the expected physical behavior across the
time axis.

Figure 3 presents a three-dimensional visualiza-
tion of the final trained solution for the wave profile
n(x,t) over the full spatiotemporal domain (z,t).
The 3D surface plot highlights the dynamic evolu-
tion of internal waves and clearly reveals the wave
packet’s trajectory, amplitude variations, and dis-
persive spreading as learned by the PINN model
after complete training.

Wave Profile (x,t) (3D)

Amplitude ()

Figure 3. Three-dimensional visualization of the
wave profile n(z, t) over the entire space-time domain.

Finally, Figure 4 illustrates the distribution of
velocity potentials ¢ (z, z,t) and ¢2(z, z,t) in the
two fluid layers at a fixed time moment. The
dashed line marks the interface between fluids,
allowing assessment of the solution’s continuity
across the boundary.

Potentials ¢, and ¢, at t = 2.5

Interface (z=0)

Depth (2)
Potential

0.0 ¥ . i 10.0
Space (x)

Figure 4. Velocity potentials ¢1 and ¢2 in the (z, 2)
plane at time ¢ = 2.5. The dashed line indicates the
fluid interface.
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PINN Model Testing

Analytical Solution and Its Computa-
tional Implementation. The analytical solution
described by equation (6) was computed using di-
rect numerical integration, rather than relying on
fast Fourier transform routines. To evaluate the
Fourier coefficients explicitly, the quad function
from the scipy.integrate module was employed.
This method ensures high-accuracy evaluation of
the integrals defining the spectral decomposition
of the initial perturbation.

The calculation involves integrating sine and
cosine transforms of the initial profile over a finite
spatial domain. The integration range, resolution
in wave number space, and the density of sampled
points are chosen to capture the essential features
of the wave spectrum and accurately reflect disper-
sive dynamics. Integration precision is controlled
through parameters specifying the allowed subdi-
vision of intervals, which is important for resolving
localized features of the initial condition.

Analysis and Comparison of Wave Pro-
files. To compare the results of the PINN model
with the analytical solution, a custom Python
script was used. The script loads precomputed
data and generates visualizations to assess mod-
eling accuracy and evaluate different network con-
figurations.

The analysis includes two types of plots. The
first presents individual comparisons at selected
time instances, highlighting the evolution of the
wave profile as predicted by the PINN and by the
analytical solution. The second provides a global
view, combining all profiles on a single graph.
Here, color is used to represent time, while differ-
ent line styles distinguish between analytical and
PINN-based results. This visualization strategy
enables clear identification of phase shifts, ampli-
tude discrepancies, error accumulation over time.

To illustrate the program’s capabilities in com-
parison and visualization, sample plots are pro-
vided below.

Figure 5 shows a detailed comparison of wave
profiles n(x,t) for the analytical solution (solid
black line) and the PINN model with architecture
L10 N50 with 10 layers, each containing 50 neu-
rons, (dashed blue line) at six different time points
(t =0.0 to t = 5.0). Each subplot corresponds to
a specific moment in time, allowing visual inspec-
tion of discrepancies or agreement between solu-
tions during wave packet evolution. At early times
(t = 0.0, t = 1.0), the predictions closely match
the analytical solution. However, as time pro-
gresses, small deviations emerge, visible in phase
shifts and amplitude differences, especially in the
wave packet tails.

Comparison of Analytical vs. Multiple PINN Architectures Wave Profiles

Figure 5. Comparison between analytical solution
and PINN predictions (L10_N50) for wave profiles
n(z,t) at different time points.

Figure 6 presents a combined plot where all
wave profiles for both the analytical solution (solid
lines) and the PINN model (dashed lines) are dis-
played together. Line colors encode time, enabling
tracking of temporal evolution. Good initial agree-
ment is observed, which gradually deteriorates over
time, indicating an accumulation of errors in the
PINN model compared to the analytical solution.
Differences in phase velocity and dispersion be-
come more pronounced at later stages.

/N

Figure 6. Wave profile evolution at different time
points: the analytical solution and PINN (L10 N50)
with 10 layers, each containing 50 neurons.

The obtained testing results demonstrate that
the PINN model accurately reproduces the wave
dynamics at early stages; however, error accumu-
lation becomes noticeable over time, highlighting
the need for further tuning of the architecture and
training parameters.

Conclusion and Future Research Directions

The results of the first stage of experiments on
modeling the linear interfacial wave problem be-
tween two fluid layers using PINNs demonstrate
satisfactory agreement between the obtained nu-
merical solutions and the analytical results. This
confirms the fundamental applicability and effec-
tiveness of the PINN method for problems of this
class.



O. Avramenko, S. Kompan, M. Sarana.

PINN-based machine learning for waves ... 67

However, in order to improve the model’s ac-
curacy and robustness, further training is neces-
sary, along with an investigation of the impact of
various learning rate optimization strategies (e.g.,
ExponentialDecay or ReduceLROnPlateau) and
modifications of the neural network architecture.

The next key stage of this research involves
transitioning to the modeling of the nonlinear ver-
sion of the problem. This will require adapting
the PINN model to incorporate the full nonlinear
terms in the governing equations and boundary

conditions, which poses a more complex and phys-
ically rich challenge. Investigating nonlinear wave
dynamics will allow for a deeper exploration of
phenomena such as soliton formation and wave
packet instabilities, as well as an evaluation of the
potential of PINNs in solving problems that lack
simple analytical solutions.

Acknowledgments. Author expresses gratitude
to the Research Council of Lithuania for the sup-
port in preparing this article.
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Aspamenxo O. B., Komnaw C. B., Capana M. II.

MAHIINMHHE HABYAHHA HA OCHOBI PINN JIJI4
MOAEJIOBAHHA BHYTPIIITHIX XBUJIb ¥
HAIIIBHECKIHYEHHUX PIZIMHAX

¥ pobori posrisizaerbes 3acrocyBans dbizudno indopmoBanux Heliponnux Mepex (Physics-Informed
Neural Networks, PINNS) 1gst MozesnioBaHsl XBUIbOBUX IIPOIECIB Ha MEXKI HOMLLY JABOX HECTUCIUBUX
pimuH 3 pizHoto ryctunoro. Ha reprroMy eTtarri q0C/TiI2KeHHsI BUBYAETHCS JiHilHa TOCTAHOBKA 3311, SKa,
JIOIIyCKAE aHAJITHYHUIN PO3B’SI30K Ha OCHOBI CIIEKTPAJIBHOIO METO/Y 3 PO3KJIAI0M [TOYATKOBOrO 30ypeH-
us y psig @yp’e. Lle po3s’sizanis BAKOPUCTOBYETHCS JJIsi TECTYBAHHS Ta BAJII ATl TOYHOCTI IepeidadeHnb
momeni PINN.

IIporpamuy peastizarito Bukonano MoBoio Python i3 Bukopucrtanasm creriagizoBanux 0ib6sioTex
TensorFlow, NumPy, SciPy Ta Matplotlib, mo 3abe3neuyrors sik edeKTUBHE CTBOPEHHS apXiTEKTyp
TIMOVHHOTO HABYAHHS, TaK 1 YHWCEJbHE DO3B’si3aHHS 3a/ad MATEMATHIHO! (Di3WKH. 3aIrporOHOBAHUMN
MiAXi TOEMHY€E MOYKJIUBOCTI MTYYHOTO 1HTEJEKTY 3 TaJy3€BUMHU 3HAHHIME B TaIy3i TiApoJIMHAMIKM,
o Jlae 3Mory OyayBaru inTeprperoBani Ta ¢izudaao obrpyrToBani Mozeai. OcobauBy yBary mpuiiie-
HO Oprasizarllil eKCIepuMeHTy, aBTOMaTu3allil Bizyasizaril Ta 30epeKeHHI0 TPOMIKHIAX Pe3yJIbTaTiB JIJIsd
nogasboro anatisy. Peasizaniss PINN Bkitouae dopMmysioBanHst (yHKINT BTpaT, sika Bimobpazkae di-
3UYHI PIBHSIHHS Ta TPAHUYHI YMOBHU, a HABYAHHS HEHpOMEpeXKi 3iICHIOETbCS Ha BUIIAIKOBiil BuOIpIT
TOYOK y IPOCTOPOBO-4acoBiit obsracti. [IpoanasizoBano BIUIMB apxiTeKTypu MOZENIi Ta mapaMerpiB Ha-
BUYAHHS HA TOYHICTH pO3B’a3amus. Bisyasizariis icropil BTpat i nepenbdadernnx mpodiiiB XBUIb JT03BOJISIE
orinnT! 301KHICTD Ta PI3UIHY aI€KBATHICTH OTPUMAHOTO PO3B’I3aHHSI.

Hagemeno nopiBusaus pesyiabrariB MomemoBantas PINN 3 anangituanuM po3s’s3koM y pi3Hi MOMEH-
TH 9acy, BUSBJIEHO 0cOOIUBOCTI (ha30BUX 1 aMILIITY IHUX BiaxmieHb. 3ahikcoBaHO BUCOKY BiJIITOBIHICTH
PO3B’sI3KiB Ha MOYATKOBUX €Talax i MOCTYIMOBE HAKONMUYIEHHS MOXUOOK y 1aci, M0 € TUTTOBUM JJIsT TI0/Ti-
6ruX Mozeseil. OTpuMaHi pe3yJsibTaTh MiATBEPIKYIOTh NpuaaTHicTh migaxoay PINN s 3amaq siHiitHOT
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rizponuHamMikm, 3aK/IaaI091 MAIPYHTS JJIs MOJAJIBINOrO MOMIMPEHHs Ha CJIA0KO- Ta CHJILHOHE IHINH]
PEeXUMU, JIOCJIiPKEHHS CTIMKOCTI Ta JUHAMIKNA HEJTIHIMHUX XBUJIb.

Kurouosi cioBa: disuuno indopmosana ueiiponna mepexka (PINN), dyukuis Brpar, TecryBaHHs
HelpoMepeKi, TpodiTi XBUIb.
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ANALYSIS OF WAVE PROPAGATION CONDITIONS IN A
TWO-LAYER HYDRODYNAMIC SYSTEM WITH A FREE
SURFACE

The study examines the problem of the propagation of internal and surface waves in a two-layer
hydrodynamic system "a half-space - a layer - a layer with a free surface”. A mathematical model in
a linear approximation is presented. The research problem is formulated under the assumption that
the fluids are ideal and incompressible. The mathematical formulation of the problem is given in a
dimensionless form. Expressions for the deviation of the contact interface n1(x,t) and the free surface
na2(x,t) in the form of traveling waves are found. Expressions for the potentials ¢1(x, z,t) and ¢o(z, 2,t),
whose gradients describe the propagation velocities in the layers 1 and Qs respectively, are obtained
in an analytical form. A dispersion relation that connects the wave number and the wave propagation
frequency is derived. The roots of the dispersion relation, which are the frequencies of wave propagation
on the contact interface and on the free surface, are found. An analysis of the roots of the dispersion
relation depending on the geometric and physical parameters of the system is carried out. In particular,
the dependence of the wave propagation frequencies on the wave number without considering surface
tension is analyzed.

The conducted research indicates that in the absence of surface tension (Ty = To = 0), the density
ratio p acts as a defining parameter that governs both the quantitative and qualitative characteristics of
the wave modes in the considered system. A transition from the classical state of the system with clearly
separated fast surface and slow internal modes to a regime of their inversion was identified, which is a
significant result for a deeper understanding of the dynamics of strongly stratified fluids.

The consideration of surface tension forces reveals a complex interaction between the effects of density
stratification and capillarity. Capillary forces lead to a substantial increase in wave frequencies and can
become a dominant factor for internal modes, effectively neutralizing the influence of density changes.
At the same time, it has been established that the density ratio p retains its role as the key parameter that
determines the qualitative structure of the modes, including the possibility of their complete inversion
under conditions of strong fluid stratification.

Keywords: wave propagation, two-layer system, dispersion relation.

Introduction

The investigation of wave propagation condi-
tions in stratified hydrodynamic systems is based
on the analysis of the dispersion relation. Such
studies are an important component of modern re-
search into wave motions in fluids.

In article [1] investigates the problem of wave
propagation in a hydrodynamic system consisting
of a layer with a rigid bottom and a layer with a
free surface. The roots of the dispersion equation
are analyzed for various values of the density ra-
tio. In the limiting cases, the correspondence of
the obtained roots to previously known results is
shown. The existence of two linearly independent
solutions for the first-order approximation problem
is demonstrated, and the shapes of the free surface
and the interface are also investigated.

In [2] models nonlinear internal waves in an
ocean of great depth. The ocean is assumed to

© V. Naradovyi, V. Huriev, V. Demidov, 2025

be composed of three homogeneous fluid layers
of different densities in a stable stratified config-
uration. Based on the Ablowitz-Fokas-Musslimani
formulation for irrotational flows, strongly nonlin-
ear and weakly nonlinear models are developed
for the "shallow-shallow-deep" and "deep-shallow-
deep" scenarios. Internal solitary waves are com-
puted using numerical iteration schemes, and their
global bifurcation diagrams are obtained by a nu-
merical continuation method and compared for
different models. For the "shallow-shallow-deep"
case, both mode-1 and mode-2 internal solitary
waves can be found, and on the mode-2 branch, a
pulse broadening phenomenon resulting in conju-
gate flows is observed. While in the "deep-shallow-
deep" situation, only mode-2 solitary waves can be
obtained. The existence and stability of mode-2 in-
ternal solitary waves are confirmed by solving the
primitive equations based on the MITgcm model.

In [3] investigates the weakly nonlinear prob-
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lem of internal wave packet propagation in a “half-
space — layer — layer with a rigid lid” system. Based
on this problem, three linear problems are con-
structed for the scale components of the velocity
potentials and the displacements of the interfaces.
The conditions for wave propagation in the first
approximation are established for different density
ratios in the hydrodynamic system, and the de-
pendences of possible frequencies on the top layer
thickness and the wave number are analyzed. The
influence of the presence of surface tension at the
interfaces is investigated.

Effects of surface tension reduction on wind-
wave growth are investigated using direct nu-
merical simulations of air-water two-phase turbu-
lent flows [4]. The incompressible Navier-Stokes
equations for the air and water sides are solved
using an arbitrary Lagrangian-Eulerian method
with boundary-fitted moving grids. The growth
of finite-amplitude, non-breaking gravity-capillary
waves, with a wavelength of less than 0.07 m, is
simulated for two cases of different surface ten-
sions under a low wind speed condition of several
meters per second. The results show that the sig-
nificant wave height for the smaller surface tension
case increases faster than for the larger surface ten-
sion case. Analysis of energy fluxes for gravita-
tional and capillary wave scales shows that when
the surface tension is reduced, the energy transfer
from the significant gravity waves to the capillary
waves decreases, and the significant waves accu-
mulate more energy supplied by the wind. This
results in faster wave growth for the smaller sur-
face tension case. To support this conjecture, the
effect of surface tension is compared with labora-
tory experiments in a small wind-wave tank.

In [5] the evolution of a wave-like front per-
turbed by space-correlated disorder was studied.
In addition, the generic solution for the field
mean-value was presented as a series expansion
in Terwiel’s cumulant operators. This infinite se-
ries truncates due to the algebra of 'naked’ Ter-
wiel’s cumulants when these cumulants are asso-
ciated with a space exponential-correlated sym-
metric binary disorder. An equivalent approach
is applied to study the dispersion relation for
one-dimensional surface gravity waves propagat-
ing over an irregular bottom. The theory is based
on the study of the mean value of plane-wave-like
Fourier modes for the propagation and damping of
surface waves on a random bottom.

In article [6] investigated the problem of wave
propagation in a three-layer hydrodynamic system
described as ’a layer with a rigid bottom—a layer—a
layer with a rigid lid’. For the first approximation,
the dispersion relation and its two pairs of roots are
obtained. Expressions for the amplitude ratios of

the interface displacements, corresponding to the
roots of the dispersion equation, are derived. The
dependences of these amplitude ratios on various
physical parameters are graphically illustrated and
analyzed.

Problem statement

The problem of the propagation of two-
dimensional waves at the interface (internal waves)
and on the free surface (surface waves) is investi-
gated within a hydrodynamic system described as
"half-space - layer with a free surface".

2t (x1)
AN hf N N\
Q\/ N L ool

19
=
0
=

)
)

 (

Figure 1. Problem statement.

The lower layer, O = {(x,2) : |z| < 00, —00 <
< z < 0}, has a density of p;, and the upper layer,
Qo = {(x,2) : |z| < 00,0 < z < ha}, has a density
of ps. The layers are separated by the interface
z = m(z,t), and the upper layer is bounded from
above by the free surface z = na(x,t). The forces
of surface tension at the interface, 77, and on the
free surface, Ts, are taken into account. The force
of gravity is directed perpendicular to the inter-
face in the negative z-direction, and the fluids are
considered to be incompressible (Fig.1).

Wave propagation velocities in the respective
domains are expressed in terms of the gradients of
the potentials ¢ in €1 and ¢ in Q5. The mathe-
matical formulation of the problem under study in
the linear approximation using dimensionless vari-
ables is presented below.

D¢ 0%, .

Ox? * 922 0in &,
kinematic conditions

om _ 991 =0atz=0,

ot 0z
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% B, =0at z = ho,
dynamic conditions
O g2 *m
— —p—+(1— =T1—= at z=0
o "o + (L =p)m 15,2 42=0,
) &1y
_— = T =
ot + 2 2502 at z = hy,

boundary condition at infinity
[Véi| — 0 at z — —o0,

where p = p1/po is the density ratio.

In the following section, the solutions of the lin-
ear approximation will be presented, and the de-
rived dispersion relation will be provided.

Solutions and the dispersion relation

For the mathematical formulation presented
above, solutions have been obtained in the form
of traveling waves. The displacements of the inter-
face and the free surface are found in the following
form:

m = Aexp(if + kz) + c.c.,

no = (W2p) H(Thk® — kp + k — w?) sinh(khy)—
—w?pcosh(khy)|Aexp(if + kz) + c.c.,

where A is the wave amplitude, k is the wave num-
ber, w is the wave frequency, 8 = kx — wt, and
c.c. denotes the complex conjugate of the preced-
ing term.

The expressions for the potentials are as fol-
lows:

= —%A exp(if + kz) + c.c.,

b2 = ——[(T1k® — kp + k — w?) cosh(kz)—

- kwp
—w?psinh(kz)] A exp(if) + c.c.

Based on the solutions of the linear approxi-
mation, a dispersion relation that relates the wave
frequency and the wave number has been derived.
The dispersion relation is obtained in the following
form:

¢1 — co coth(khs)
ca — c1 coth(khy)’

w? = (k + Tgks)

where ¢; = T1k® — kp+ k — w?, c; = w?p.

The dispersion relation can be expressed in the
form of a biquadratic equation for the wave fre-
quency w as follows:

awt +bw? + ¢ =0,

where
a = p + coth(khs),

b= (1+ pcoth(khy))(Tok® + k)—
— coth(khy)(Thk® — kp + k),
c=—(Tok® + k) (Thk>® — kp + k).

The equation has two pairs of roots:

—b—Vb% — dac

w13 =+ )

2a
—b+ Vb% — dac
wo 4 =F T VR

which represent the frequencies of waves that can
propagate in the system under study. In the fol-
lowing section, an analysis of these roots will be
performed as a function of the geometric and phys-
ical parameters of the system.

Analysis of the roots of the dispersion
relation

An analysis of the dispersion relations for two-
dimensional waves in the hydrodynamic system ’a
heavy fluid half-space — a layer of a lighter fluid
with a free surface’ is presented. The influence of
the density ratio p = pa/p1 on the frequency char-
acteristics of the waves w(k) was studied in the
absence of surface tension forces (T} = To = 0)
and for a fixed dimensionless thickness of the up-
per layer ho = 1. The dispersion relation for this
system has two branches of real solutions w(k), cor-
responding to two wave modes: wi (k) - blue color
and ws (k) - red color.

k

Figure 2. Dispersion curves without surface tension:
p = 0.9 - solid lines, p = 0.5 - dash lines, p = 0.1 - dot

lines.
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In the case where the fluid densities are close
(p = 0.9), the system exhibits classical behavior
(Fig.2). There are two clearly distinct modes: a
high-frequency mode, which corresponds to surface
(barotropic) waves, and a low-frequency mode,
which corresponds to internal (baroclinic) waves at
the contact interface. The restoring force for the
internal waves is the reduced gravity, proportional
to the density difference (1 — p), which explains
their significantly lower frequencies compared to
the surface waves.

With a decrease of the parameter p to 0.5, cor-
responding to an increase in the density contrast,
the frequency of the surface mode undergoes only
minor changes, confirming its weak sensitivity to
internal stratification. In contrast, the behavior of
the internal mode shows a non-trivial result. Its
values remain at practically the same level as in
the previous case. This indicates the presence of
complex inertial effects in the system’s dynamics,
which compensate for the increase in the restoring
force for the given parameters.

A further decrease of the density ratio to p =
= 0.1 leads to a qualitative restructuring of the
wave dynamics. The effect of mode swapping is
observed: the branch that previously corresponded
to the slow internal mode now becomes high-
frequency, and vice versa. In this regime, when the
upper layer becomes extremely light, the contact
interface between the fluids begins to behave like a
free surface for the heavy lower half-space, which
causes the high frequencies of the corresponding
mode. At the same time, the waves on the free
surface of the light layer itself become dynamically
slower.

0.8
06

0.4+

i

Figure 3. Dispersion curves with surface tension:
p = 0.9 - solid lines, p = 0.5 - dash lines, p = 0.1 - dot

lines.

In the case of close densities (p = 0.9), the pres-
ence of surface tension leads to a significant in-
crease in the frequencies of both modes compared
to the purely gravitational case. This transforms
the waves into gravity-capillary waves, where cap-
illary forces, proportional to k3, become a substan-
tial restoring force, especially for short waves. This
effect is most pronounced for the internal mode ws,
whose frequency increases severalfold, which indi-
cates the significant influence of the tension at the
interface (Fig.3).

When the parameter p is decreased to 0.5, cor-
responding to an increase in the density contrast,
the dispersion curves are nearly identical to the
previous case. Despite a five-fold increase in the
gravitational restoring force for the internal mode,
its frequency wsy remains practically unchanged.
This indicates that for the given parameters, the
capillary force at the interface becomes the domi-
nant factor in shaping the dynamics of the inter-
nal waves. The contribution from the gravitational
component, related to the density difference, be-
comes secondary; therefore, the change in p has
almost no effect on the final frequency.

A further decrease of the density ratio to p =
= 0.1 leads to a qualitative restructuring of the
wave dynamics, analogous to that observed in the
case without surface tension. Mode inversion oc-
curs, and the ws branch becomes high-frequency,
exceeding the w; branch. This fundamental phe-
nomenon, caused by strong stratification, persists
even in the presence of capillary effects. Surface
tension in this regime acts as an additional ampli-
fying factor, further increasing the frequencies of
both already-restructured modes. Thus, the waves
at the interface (w2) become the fastest in the sys-
tem, as their dynamics are determined by the com-
bined action of the full force of gravity and signif-
icant surface tension.

Conclusions

The analysis shows that, in the absence of sur-
face tension on both surfaces, the density ratio p is
a key parameter that controls not only the quanti-
tative but also the qualitative characteristics of the
wave modes in the system. A transition from the
classical configuration with clearly defined fast sur-
face and slow internal modes to a regime in which
their inversion occurs is demonstrated, which is an
important result for understanding the dynamics
of strongly stratified fluids.

In the presence of surface tension forces, the
analysis reveals a complex interaction between
density stratification and capillary effects. Surface
tension significantly increases the wave frequencies
and can become the dominant factor for internal
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modes, nullifying the effect of density changes. At ture of the modes, up to their complete inversion
the same time, the density ratio p remains the key — under strong fluid stratification.
parameter that determines the qualitative struc-
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AHAJII3 YMOB IIOIIINPEHHS XBIJIb ¥V JABOIIIAPOBIN
I'TIPOJIVMHAMIYHIN CUCTEMI 3 BIJILHOIO
ITOBEPXHEIO

Y mocaiazKeHHI PO3IVISHYTO 3a7a9y PO MOIMMUPEHHS BHYTPINTHIX Ta MOBEPXHEBUX XBUJIb B JIBOIIAPO-
Biif rizmpomuaamivHiil cucTeMi «miBIpOCTIp - map - map 3 BUILHOIO OBepxHEIO». [IpeacraBieno MmaTema-
TUYIHY MOJEIb B JiHiftnomy nabmmkenni. [Ipobmema mocaimkents chopMyIboBaHa B TPUITYIEHH], 110
piUHU € ieaJIbHUMU Ta HeCTUCAUBUMU. MaTemMaTudHa MOCTAHOBKA 33/1a4i HaBedeHa B 6€3p0o3MipHOMY
BUDJIAMl. 3HANIEHO BUPa3U I BIJAXWJICHHS IIOBEPXHI KOHTAKTY 7)1(x,t) Ta BijabHOI moBepxHI 7)2(X, t)
y Bursal 6ixkydnx xpuib. OTPUMAHO B aHAJITUIHOMY BUDJIZJ BUDA3W Jyis NOTEHIIAMB ¢1(x, 2, 1) Ta
o2z, 2, t), rPAJIIEHTH AKUX OIUCYIOTH MIBUIKOCTI IOMMPEHHs B mapax {11 Ta (o Binuosinmo. Buseneno
JUCIepciiiie CIiBBIIHOIIEHHS, sIKe MOB’SI3Y€ MiK CODOIO0 XBUJIHOBE UHCJIO Ta YaCTOTY HOITUPEHHS XBU-
Jii. 3HaIEHO KOPEeHi JUCIEPCIHOIO CIIBBIIHOIIEHHS, sIKi € 4acTOTaMU IOIINPEHHS XBU/Ib Ha ITOBEPXHI
KOHTaKTy Ta Ha BijbHi#l moBepxHi. [IpoBeieno anasiz KOpeHiB JUCIEPCIHHOTO CIIBBIIHOIICHHS B 3aJie-
JKHOCTI BiJl TEOMETPUYHUX Ta (PI3UYHUX ITapaMeTpiB cUCTeMHU. J0Kpema, IPOaHAJI30BAHO 3aJIeXKHICTh
9aCTOT MOIIMPEHHsS XBIUJIb BiJl XBIJIBOBOTO YMCJIa 0e3 ypaxyBaHHS ITOBEPXHEBOTO HATHITY.

ITpoBejiene OCHIKEHHS CBIIYUTD, IO B yMOBaX BiicyTHocTi nosepxuesoro Harary (17 = To = 0)
BIJTHOIIIEHHSI T'YCTUH p BUCTYIIA€ K BU3HAYAJIBHUN IapaMeTp, 0 Kepye K KIJIbKICHIMH, TaK 1 aKiICHIMUI
XapaKTEPUCTUKAMK XBUJIBOBUX MOJ, y PO3IJIAyBaHiil cucreMi. Byso BusiBiIeHO mrepexis Bij KJIaCHYHOIO
CTaHy CHCTEMU 3 YiTKO PO3JIJEHUMH IIBUIKOIO TOBEPXHEBOIO Ta IMOBIJIBLHOIO BHYTPINTHBOIO MOJAMU JIO
pexkuMy IXHBOI iHBEpCil, IO € CYTTEBUM PE3yJIbTATOM JJIs TJIHOIIOTO PO3YMIHHSI JUHAMIKK PiIuH i3
3HATHOIO CTpATH(IKAIIEO.

BpaxyBanus cuii MOBEPXHEBOI'O HATSATY PO3KPHUBAE KOMILIEKCHY B3a€MOJII0 MiK edeKTaMu CTPaTH-
dikaril 3a rycTuHoo Ta KamiasgpricTio. KamiaspHi cuiun mpusBOAATDb 0 iCTOTHOTO 3POCTAHHS XBUJIHO-
BHUX YaCTOT 1 MOXKYTh CTaTU JOMIHAHTHUM (PaKTOPOM JJIsi BHYTPINIHIX MO, (DAKTUIHO HEATPAJI3yIOUn
BILJIUB 3MiH I'yCTHHHU. Pa30M 3 TMM BCTaHOBJIEHO, IO BiIHOIIEHHS T'YCTUH p 30€pirae CBOIO POJIb KJIHOU0-
BOT'0 TIapaMeTpa, SKA BU3HAYAE SIKICHY CTPYKTYPY MO/, BKJIIOYHO 3 MOYKJIMBICTIO IXHBOI TOBHOI iHBEPCil
B YMOBaX CHUJIbHOI cTpaTudikartii piguHm.

Kitro4oBi cjioBa: momupeHHst XBUJ/Ib, JBOIIAPOBA CUCTEMA, JUCIIEPCiliHe CITiBBIIHOIIIEHHS.

(o). ®
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ITAM’ATI IOPIA BIKTOPOBUYA BOJHAPYYKA

(13.10.1955—

Hporo poky Bommnapuyky FOpio Bikroposuwy
MaJjio BunoBHUTHCS 70 POKIB...

FOpiit BikropoBuu Bognapuyk wapojauecst 13
KoBTHs 1955 poky B Yepkacax y poJuHi BioMux
yKpalHChbKUX MaTeMaTukiB — Bikropa ['aBpuioBu-
1a Bomunapayka ta lammau Isamisam IIpaBoTopo-
Boi. Ile Oysa pojuHA BUCOKOKYJIBTYPHUX YKpalH-
CbKUX IHTeJIreHTIB-IIICTIECATHUKIB, dKi BUXOBY-
BaJIX CBOTO CHHA B aTMOCdEpI JIFOJICHKOI I'iTHOCTI,
CIIPABEINBOCTI Ta JI000BI 10 YKpainu.

Batbko — BikTop TaBpumosma Bogmapuyk,
KaHuaaT dbisuko-MareMaTnIHuX Hayk (1965), Ma-
TeMaTHK, OJIMH 13 3aCHOBHHUKIB Teopil abcrpa-
KTHUX aBToMariB. 3akinuus KwuiBcbkuil ynisep-
curer (1955), npamosas B Incruryri KiGepHern-
ku AH YPCP, 3aBinysas saboparopieio mareMa-
TUYIHOTO 3abe3IeueHHsI, PO3POOUB METOJ aHasi3y
cucTeM piBHsIHB B aurebpi mogiit (merpuka Bo-
nuapuyka). Pasom i3 JI. Kaiy:KHiHUM BCTAHOBUB
3B’s130K Mixk ajrebpamu [locra Ta Kpacuepa (Bin-
TIOBiTHICTH faﬂya). ByB kepiBHEKOM pO3pOOKT Ma-
TemaTnaHoro 3abesnedenns g EOM «MIP-2»
— OJHOrO 3 MEpPIIMX IPooOpasiB IMEePCOHAIBHUX
KOMII'IOTEPIB 3 aJIFOPUTMIYHOK MOBOIO «AHaJIi-
TuK». ¥ 1968 p. cTaB cmiBOpramizaTopoMm <«KHIiB-
CBHKOT'O JIUCTa» — MPOTECTY YKPAIHCHKOI IHTeJIIreH-
il TPOTHU 3aKPUTUX TOJIITUIHUX ITPOIECIB, 3a IO
3a3HaB Mepec/IiyBaHb i OyB 3BlLIbHEHUH 3 POOOTH.

Armocdepa iHTeIeK TyaIbHOT CBOOOIM, MOPAJIb-
HOI CTIMKOCTI Ta TYMaHI3My B POJWHI MaJja BU3Ha-
JaJIbHMIT BILTUB Ha (bopMyBaHHs cBiTOrIs Ly FOpist
Bikroposuua. oMy Gy BiracTusi rimGoKmit ma-
TPIOTH3M, IPUHIUIIOBICT y MUTAHHSX CIIPaBEJIU-
BOCTi, CKDOMHICTB 1 IMUpe CTaBJICHHS JO JIIOJIEH.

YV 1972 p. FOpiit BikropoButv 3akiHIuB cepeiHio
ITKOJTY ¥ BCTYIIUB Ha MEXaHIKO-MaTeMaTHIHNH da-
KyabTeT KniBCHKOTO JIep?KABHOTO YHIBEPCUTETY iM.
Tapaca IlleBuenka, sikuit 3akinuwms y 1977 p. 3i
crierjasaizalieo 3 ajaredbpu Ta MaTeMaTHIHOI JIo-
rikn. Ilicnsa 3akiHdeHHS yHIBEDCHUTETY IpAIOBAB
y YKpalHCHKOMY HayKOBO-IOCJITHOMY TiIpOMETE0-
postorigaomy imcruryri (YxpHIT'MI), ne posno-
9aB CBOIO HAYKOBY MisbHiCTH. ¥ 1981-1984 pp.
HaBYaBCs B acHipaHTypi Ha Kadeapi aiarebpu To-
ro 2K YHIBEPCUTETY MiJ KePiBHUIITBOM BHUIATHOTO
ayrebpaicra Jlera Apkasitopuaa Kamyxuina.

YV 1985 p. FOpiit BikropoBuy 3axuctus Kau-
JIATCBKY JaucepTallio « ABToMOpdizMu HeCcTaHIAP-
THHUX BiHIEBUX J00yTKiB rpyms. 3 1985 mo 1990
p- npogoBxkyBaB pobory B YkpHII'MI ma mocai
HayKOBOT'O CITIBPOOITHUKA.

Ilenaroriuny misibHicTh po3moyas y 1990 p. y
BinHUIEKOMY JI€p?KABHOMY IE€IArONiYHOMY 1HCTHU-

12.07.2013)

TyTi (3rogmom — BinHunbKkuii egaroriunuii yuisep-
curer im. M. Kompobunebkoro). 3 1994 p. i mo
KIHIZ 2KUTTS BCs HOro HayKoBa i1 BHKJIAJIAIlbKa
JisipHicTh Oyna noB’s3aHa 3 HamionanpHuMm yHi-
BepcuTeroM «KneBo-Morunsgncbka akagemiss. Bin
CTaB MEPIINM IMTATHUM CIIiBPOOITHUKOM Kadeapu
dizuKo-MaTeMaTHIHUX HAYK JelapTaMEHTy IIPU-
POTHUYNX HAYK, a3 1997 p. 3acuyBaB Kadeapy mMa-
TEeMATHKH JIelapTaMeHTy 1H(pOPMAIIiHAX TeXHO-
sioriii (auni — kadeapa maremaruku bakysbre-
1y indopmaruku HaYKMA), ne upaiosas jores-
ToM, podecopoM i 3 2000 p. — 3aBimyBadeMm Ka-
bepu.

Y 2004 p. 3aXUCTHB [TOKTOPCHKY IUCEPTAIIIO
«HeckinuennoBuMipHi ajrebpaidHi rpymnu moJiHO-
MiaJIbHUX TIEPETBOPEHb adiHHUX TPOCTOPIB», ¥
AKifl OTPUMaB HU3KY BaXKJIMBUX PE3YJIbTATIB IIO-
0 OymoBu rpyn aBroMopdizmiB adiHHEX 1 Kpe-
MOHIBCHKHX TIEPETBOPEHD. VIOMY HAJICXKHTH T0Be-
JIeHHST MaKCHMAJIbHOCTI CKiHIeHHNX adiHHUX TPy
y rpyui Kpemonm Ta ommc peryasgpHUX aBTO-
MOpPdIi3MiB Tpyll GJIOKOBO-TPUKYTHUX 1 OJIOKOBO-
VHITPUKYTHUX [I€PETBOPEHb.

FOpiit Biktoposuu 6yB aBropom monaj 40 Ha-
YKOBHX IIpallb, HABYAJBbHUX IOCIOHUKIB i3 JIiHiii-
HOI ajredpu, AUCKPETHOI MATEMATHKH, MaTEMATHU-
9HOI JIOTIKK Ta Teopil ajropurmis. 3a miapydHUK
«OcHoBu nuckperHol MaremMaTuku» (y crniBaBTop-
crei 3 B. B. Ouiiiauk) orpumas IIpewmito imeni ITe-
tpa Morusm (2009 p.).

Bin 3aiiicHuB 3nadHMit BHECOK ¥ PO3BUTOK Ma-
TeMaTUIHOI ocBiTH B Ykpaiui: y 2007 p. miz iio-
ro kepisaurreom y HaYKMA Bigkpuro creriain-
mictb «lIpuknanma mMaremarukas, a y 2012 p. —
MaricTepchbKy Mporpamy 3 II€l CIeliaJbHOCTI.

Oxkpim HaykoBol misbrOCTi, FOpiit Bikropo-
BUY aKTHUBHO 3aiiMaBCsi OpTaHi3aIiiiioro poboToIO:
6yB unenom Buenol pajum HaYKMA, cremniasizo-
Banol Buenol paju Incruryry maremarnkun HAH
VYxpainu, aierom KuiBchbKOro MaTeMaTUIHOTO TO-
BapUCTBa, peJiKojeriit xypuayis «Haykosi 3amu-
cku HaYKMA» Ta «Y ¢BiTi MareMaTuKum».

Koueru it yuni 3rajyiors ioro sik Ha[3BUYANHO
JIOOPO3UWINBY, UyiiHy, iHTesireHTHY Jonuny. la-
smmua Kpiokosa sragysaga: «¥Y mnac FOpiit Bikropo-
BHUY BiB CIIEIKYPC Ha MexXMaTi Ha Kadeapi aaredopu.
ITam’sgTaro, 1110 BiH He cTaBUB cede BUIIE, & PA30M 3
HaMu Ha4YeOTO BIEPINE YUTAB CydacHi cTAaTTi i Ha-
Marascs po3ibpaTucs, mo 70 90ro (Xo4a 0YeBUIHO,
0 He BHepIne, 00 BiH Ke et CIMCOK cTaTeil Ha
Bubip npononysas). CTyueHTH 3 HEPIIOro Kypcy
J71s1 HBOTO ByKe Oyiu Ha “Bu”’ i “konern”. B crmin-
KYBaHHI 3 HUM KOYKEH 3 HAC BiIyBaB, IO MU HE
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qeprosa ‘mMaca’ CTYIEeHTIB, a8 KOKeH — OCOOUCTICTD.
3uadno miswimnie s npuixaia skoch 10 Cepris Mu-
kostafiopuua B Moruistuky (BiH 6yB MOIM OIOHEH-
TOM Ha 3axucTi KaHaumaarchbkol), FOpiit BikTopo-
BUY MEHE BITI3HAB, II0YaB PO3NUTYBATH, IO JO YO-
r0, K CIIPaBH, 1 TOJ K 3aIPOTIOHYBaB IIPUE THATH-
cs1 1o Kadeapu. XTo Horo 3uae, Ik Ou cKjaaocs 6
MO€ KUTTsI, AKOu He... Ilam’sraro, 1o 3a3Buvaii
TOpiit BikropoBud 6yB y cBoeMy KabiHeTi B TpeThO-
My KOPIIYCi, 31a€ThCsl, 223 KiMHATa, He IaM’ siTaio

TOYHO. AJte TOYHO 3ammam’ITajaocs, 1Mo e PiK-Ba
micyig #oro cMepTi JIoBmiIa cebe Ha JTyMIl, IO OT
3apa3 SKIIo He Po30epych, TO MobiXKY B TPeTiit KOp-
IIyC B HbOT'O IIPOCUTH JOIIOMOI'H, HACTLIBKY I1e 6YJI0
3BUYHO, IO B Oy/ib-siKilf HE3PO3yMUIiii cUTyarrii 10
HBOT'O MOYKHA MOOITTH i OTPUMATH JOITOMOTY...».

IIpodecop Opiit Bikroposuua Bognapuyk Ha-
3aBK/IU 3aJIUIIATHCS B I1aM’ 4TI K BUIATHII MaTe-
MAaTHK, Tegaror i JIoauHa BeJIMKOol JTyXOBHOT MLIsI-
XETHOCTI.

Konexmus xagpedpu mamemamuru
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